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Abstract
Cosmological implications of neutrinos are reviewed. The following sub-
jects are discussed at a different level of scrutiny: cosmological limits on neu-
trino mass, neutrinos and primordial nucleosynthesis, cosmological constraints
on unstable neutrinos, lepton asymmetry of the universe, impact of neutrinos
on cosmic microwave radiation, neutrinos and the large scale structure of the
universe, neutrino oscillations in the early universe, baryo/lepto-genesis and
neutrinos, neutrinos and high energy cosmic rays, and briefly some more ex-
otic subjects: neutrino balls, mirror neutrinos, and neutrinos from large extra
dimensions.
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1 Introduction
The existence of neutrino was first proposed by Pauli in 1930 [1] as an attempt to
explain the continuous energy spectrum observed in beta-decay [2] under the assump-
tion of energy conservation. Pauli himself did not consider his solution to be a very
probable one, though today such observation would be considered unambiguous proof
of the existence of a new particle. That particle was named “neutrino” in 1933, by
Fermi. A good, though brief description of historical events leading to ν-discovery
can be found in ref. [3].
The method of neutrino detection was suggested by Pontecorvo [4]. To this end he
proposed the chlorine-argon reaction and discussed the possibility of registering solar
neutrinos. This very difficult experiment was performed by Davies et al [5] in 1968,
and marked the discovery neutrinos from the sky (solar neutrinos). The experimental
discovery of neutrino was carried out by Reines and Cowan [6] in 1956, a quarter of
a century after the existence of that particle was predicted.
In 1943 Sakata and Inoue¨ [7] suggested that there might be more than one species
of neutrino. Pontecorvo [8] in 1959 made a similar conjecture that neutrinos emitted
in beta-decay and in muon decay might be different. This hypothesis was confirmed
in 1962 by Danby et al [9], who found that neutrinos produced in muon decays could
create in secondary interactions only muons but not electrons. It is established now
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that there are at least three different types (or flavors) of neutrinos: electronic (νe),
muonic (νµ), and tauonic (ντ ) and their antiparticles. The combined LEP result [10]
based on the measurement of the decay width of Z0-boson gives the following number
of different neutrino species: Nν = 2.993± 0.011, including all neutral fermions with
the normal weak coupling to Z0 and mass below mZ/2 ≈ 45 GeV.
It was proposed by Pontecorvo [11, 12] in 1957 that, in direct analogy with (K0−
K¯0)-oscillations, neutrinos may also oscillate due to (ν¯ − ν)-transformation. After
it was confirmed that νe and νµ are different particles [9], Maki, Nakagawa, and
Sakata [13] suggested the possibility of neutrino flavor oscillations, νe ↔ νµ. A
further extension of the oscillation space what would permit the violation of the
total leptonic charge as well as violation of separate lepton flavor charges, νe ↔ νµ
and νe ↔ ν¯µ, or flavor oscillations of Majorana neutrinos was proposed by Pontecorvo
and Gribov [14, 15]. Nowadays the phenomenon of neutrino oscillations attracts great
attention in experimental particle physics as well as in astrophysics and cosmology.
A historical review on neutrino oscillations can be found in refs. [16, 17].
Cosmological implications of neutrino physics were first considered in a paper by
Alpher et al [18] who mentioned that neutrinos would be in thermal equilibrium in
the early universe. The possibility that the cosmological energy density of neutri-
nos may be larger than the energy density of baryonic matter and the cosmological
implications of this hypothesis were discussed by Pontecorvo and Smorodinskii [19].
A little later Zeldovich and Smorodinskii [20] derived the upper limit on the density
of neutrinos from their gravitational action. In a seminal paper in 1966, Gerstein
and Zeldovich [21] derived the cosmological upper limit on neutrino mass, see below
sec. 4.1. This was done already in the frameworks of modern cosmology. Since then
the interplay between neutrino physics and cosmology has been discussed in hundreds
of papers, where limits on neutrino properties and the use of neutrinos in solving some
cosmological problems were considered. Neutrinos could have been important in the
5
formation of the large-scale structure (LSS) of the universe, in big bang nucleosynthe-
sis (BBN), in anisotropies of cosmic microwave background radiation (CMBR), and
some others cosmological phenomena. This is the subject of the present review. The
field is so vast and the number of published papers is so large that I had to confine
the material strictly to cosmological issues. Practically no astrophysical material is
presented, though in many cases it is difficult to draw a strict border between the two.
For the astrophysical implications of neutrino physics one can address the book [22]
and a more recent review [23]. The number of publications rises so quickly (it seems,
with increasing speed) that I had to rewrite already written sections several times to
include recent developments. Many important papers could be and possibly are omit-
ted involuntary but their absence in the literature list does not indicate any author’s
preference. They are just “large number errors”. I tried to find old pioneering papers
where essential physical mechanisms were discovered and the most recent ones, where
the most accurate treatment was performed; the latter was much easier because of
available astro-ph and hep-ph archives.
2 Neutrino properties.
It is well established now that neutrinos have standard weak interactions mediated
by W±- and Z0-bosons in which only left-handed neutrinos participate. No other
interactions of neutrinos have been registered yet. The masses of neutrinos are either
small or zero. In contrast to photons and gravitons, whose vanishing masses are
ensured by the principles of gauge invariance and general covariance respectively, no
similar theoretical principle is known for neutrinos. They may have non-zero masses
and their smallness presents a serious theoretical challenge. For reviews on physics
of (possibly massive) neutrinos see e.g. the papers [24]-[30]. Direct observational
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bounds on neutrino masses, found kinematically, are:
mνe <
{
2.8− 2.5 eV [31, 32],
10 eV (other groups, see [10]) ,
(1)
mνµ < 170keV [33], (2)
mντ < 18MeV [34], (3)
while cosmological upper limit on masses of light stable neutrinos is about 10 eV (see
below, Sec. 4.1).
Even if neutrinos are massive, it is unknown if they have Dirac or Majorana mass.
In the latter case processes with leptonic charge non-conservation are possible and
from their absence on experiment, in particular, from the lower limits on the nucleus
life-time with respect to neutrinoless double beta decay one can deduce an upper limit
on the Majorana mass. The most stringent bound was obtained in Heidelberg-Moscow
experiment [35]: mνe < 0.47 eV; for the results of other groups see [25].
There are some experimentally observed anomalies (reviewed e.g. in refs. [24, 25])
in neutrino physics, which possibly indicate new phenomena and most naturally can
be explained by neutrino oscillations. The existence of oscillations implies a non-zero
mass difference between oscillating neutrino species, which in turn means that at least
some of the neutrinos should be massive. Among these anomalies is the well known
deficit of solar neutrinos, which has been registered by several installations: the pio-
neering Homestake, GALLEX, SAGE, GNO, Kamiokande and its mighty successor,
Super-Kamiokande. One should also mention the first data recently announced by
SNO [36] where evidence for the presence of νµ or ντ in the flux of solar neutrinos
was given. This observation strongly supports the idea that νe is mixed with another
active neutrino, though some mixing with sterile ones is not excluded. An analysis
of the solar neutrino data can be found e.g. in refs. [37]-[42]. In the last two of these
papers the data from SNO was also used.
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The other two anomalies in neutrino physics are, first, the ν¯e-appearance seen in
LSND experiment [43] in the flux of ν¯µ from µ
+ decay at rest and νe appearance in
the flux of νµ from the π
+ decay in flight. In a recent publication [44] LSND-group
reconfirmed their original results. The second anomaly is registered in energetic
cosmic ray air showers. The ratio of (νµ/νe)-fluxes is suppressed by factor two in
comparison with theoretical predictions (discussion and the list of the references can
be found in [24, 25]). This effect of anomalous behavior of atmospheric neutrinos
recently received very strong support from the Super-Kamiokande observations [45]
which not only confirmed νµ-deficit but also discovered that the latter depends upon
the zenith angle. This latest result is a very strong argument in favor of neutrino
oscillations. The best fit to the oscillation parameters found in this paper for νµ ↔ ντ -
oscillations are
sin2 2θ = 1
∆m2 = 2.2 × 10−3 eV2 (4)
The earlier data did not permit distinguishing between the oscillations νµ ↔ ντ and
the oscillations of νµ into a non-interacting sterile neutrino, νs, but more detailed
investigation gives a strong evidence against explanation of atmospheric neutrino
anomaly by mixing between νµ and νs [46].
After the SNO data [36] the explanation of the solar neutrino anomaly also disfa-
vors dominant mixing of νe with a sterile neutrino and the mixing with νµ or ντ is the
most probable case. The best fit to the solar neutrino anomaly [42] is provided by
MSW-resonance solutions (MSW means Mikheev-Smirnov [47] and Wolfenstein [48],
see sec. 12) - either LMA (large mixing angle solution):
tan2 θ = 4.1 × 10−1
∆m2 = 4.5 × 10−5 eV2 (5)
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or LOW (low mass solution):
tan2 θ = 7.1 × 10−1
∆m2 = 1.0 × 10−7 eV2 (6)
Vacuum solution is almost equally good:
tan2 θ = 2.4 × 100
∆m2 = 4.6 × 10−10 eV2 (7)
Similar results are obtained in a slightly earlier paper [41].
The hypothesis that there may exist an (almost) new non-interacting sterile neu-
trino looks quite substantial but if all the reported neutrino anomalies indeed exist,
it is impossible to describe them all, together with the limits on oscillation parame-
ters found in plethora of other experiments, without invoking a sterile neutrino. The
proposal to invoke a sterile neutrino for explanation of the total set of the observed
neutrino anomalies was raised in the papers [49, 50]. An analysis of the more recent
data and a list of references can be found e.g. in the paper [24]. Still with the exclu-
sion of some pieces of the data, which may be unreliable, an interpretation in terms
of three known neutrinos remains possible [51, 52]. For an earlier attempt to “satisfy
everything” based on three-generation neutrino mixing scheme see e.g. ref. [53]. If,
however, one admits that a sterile neutrino exists, it is quite natural to expect that
there exist even three sterile ones corresponding to the known active species: νe, νµ,
and ντ . A simple phenomenological model for that can be realized with the neutrino
mass matrix containing both Dirac and Majorana mass terms [54]. Moreover, the
analysis performed in the paper [55] shows that the combined solar neutrino data are
unable to determine the sterile neutrino admixture.
If neutrinos are massive, they may be unstable. Direct bounds on their life-times
are very loose [10]: τνe/mνe > 300 sec/eV, τνµ/mνµ > 15.4 sec/eV, and no bound
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is known for ντ . Possible decay channels of a heavier neutrino, νa permitted by
quantum numbers are: νa → νb γ, νa → νb νcν¯c, and νa → νb e− e+. If there exists a
yet-undiscovered light (or massless) (pseudo)scalar boson J , for instance majoron [56]
or familon [57], another decay channel is possible: νa → νb J . Quite restrictive limits
on different decay channels of massive neutrinos can be derived from cosmological
data as discussed below.
In the standard theory neutrinos possess neither electric charge nor magnetic
moment, but have an electric form-factor and their charge radius is non-zero, though
negligibly small. The magnetic moment may be non-zero if right-handed neutrinos
exist, for instance if they have a Dirac mass. In this case the magnetic moment should
be proportional to neutrino mass and quite small [58, 59]:
µν =
3eGFmν
8
√
2π2
≈ 3.2× 10−19µB (mν/eV) (8)
where GF = 1.1664 · 10−5GeV−2 is the Fermi coupling constant, e =
√
4πα = 0.303 is
the magnitude of electric charge of electron, and µB = e/2me is the Bohr magneton.
In terms of the magnetic field units G=Gauss the Born magneton is equal to µB =
5.788·10−15MeV/G. The experimental upper limits on magnetic moments of different
neutrino flavors are [10]:
µνe < 1.8× 10−10µB, µνµ < 7.4× 10−10µB, µντ < 5.4× 10−7µB. (9)
These limits are very far from simple theoretical expectations. However in more
complicated theoretical models much larger values for neutrino magnetic moment are
predicted, see sec. 6.5.
Right-handed neutrinos may appear not only because of the left-right transforma-
tion induced by a Dirac mass term but also if there exist direct right-handed currents.
These are possible in some extensions of the standard electro-weak model. The lower
limits on the mass of possible right-handed intermediate bosons are summarized in
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ref. [10] (page 251). They are typically around a few hundred GeV. As we will see
below, cosmology gives similar or even stronger bounds.
Neutrino properties are well described by the standard electroweak theory that
was finally formulated in the late 60th in the works of S. Glashow, A. Salam, and
S. Weinberg. Together with quantum chromodynamics (QCD), this theory forms
the so called Minimal Standard Model (MSM) of particle physics. All the existing
experimental data are in good agreement with MSM, except for observed anomalies
in neutrino processes. Today neutrino is the only open window to new physics in the
sense that only in neutrino physics some anomalies are observed that disagree with
MSM. Cosmological constraints on neutrino properties, as we see in below, are often
more restrictive than direct laboratory measurements. Correspondingly, cosmology
may be more sensitive to new physics than particle physics experiments.
3 Basics of cosmology.
3.1 Basic equations and cosmological parameters.
We will present here some essential cosmological facts and equations so that the
paper would be self-contained. One can find details e.g. in the textbooks [60]-[65].
Throughout this review we will use the natural system of units, with c, k, and h¯ each
equaling 1. For conversion factors for these units see table 1 which is borrowed from
ref. [66].
In the approximation of a homogeneous and isotropic universe, its expansion is
described by the Friedman-Robertson-Walker metric:
ds2 = dt2 − a2(t) d~r
2
1 + k~r 2/4
(10)
For the homogeneous and isotropic distribution of matter the energy-momentum ten-
11
Table 1: Conversion factors for natural units.
s−1 cm−1 K eV amu erg g
s−1 1 0.334×10−10 0.764×10−11 0.658×10−15 0.707×10−24 1.055×10−27 1.173×10−48
cm−1 2.998×1010 1 0.229 1.973×10−5 2.118×10−14 3.161×10−17 0.352×10−37
K 1.310×1011 4.369 1 0.862×10−4 0.962×10−13 1.381×10−16 1.537×10−37
eV 1.519×1015 0.507×105 1.160×104 1 1.074×10−9 1.602×10−12 1.783×10−33
amu 1.415×1024 0.472×1014 1.081×1013 0.931×109 1 1.492×10−3 1.661×10−24
erg 0.948×1027 0.316×1017 0.724×1016 0.624×1012 0.670×103 1 1.113×10−21
g 0.852×1048 2.843×1037 0.651×1037 0.561×1033 0.602×1024 0.899×1021 1
sor has the form
T 00 = ρ,
T ji = −pδji , (i, j = 1, 2, 3) (11)
where ρ and p are respectively energy and pressure densities. In this case the Einstein
equations are reduced to the following two equations:
a¨ = −(4πG/3)(ρ+ 3p)a (12)
a˙2
2
− 4π
3
Gρa2 = −k
2
(13)
where G is the gravitational coupling constant, G ≡ m−2P l , with the Planck mass equal
to mP l = 1.221 · 1019 GeV. From equations (12) and (13) follows the covariant law of
energy conservation, or better to say, variation:
ρ˙ = −3H(ρ+ p) (14)
where H = a˙/a is the Hubble parameter. The critical or closure energy density is
expressed through the latter as:
ρc = 3H
2/8πG ≡ 3H2m2P l/8π (15)
ρ = ρc corresponds to eq. (13) in the flat case, i.e. for k = 0. The present-day value
of the critical density is
ρ(0)c = 3H
2
0m
2
P l/8π = 1.879 · 10−29 h2 g/cm3 = 10.54 h2 keV/cm3 , (16)
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where h is the dimensionless value of the present day Hubble parameter H0 measured
in 100 km/sec/Mpc. The value of the Hubble parameter is rather poorly known,
but it would be possibly safe to say that h = 0.5 − 1.0 with the preferred value
0.72± 0.08 [67].
The magnitude of mass or energy density in the universe, ρ, is usually presented
in terms of the dimensionless ratio
Ω = ρ/ρc (17)
Inflationary theory predicts Ω = 1 with the accuracy ±10−4 or somewhat better.
Observations are most likely in agreement with this prediction, or at least do not
contradict it. There are several different contributions to Ω coming from different
forms of matter. The cosmic baryon budget was analyzed in refs. [68, 69]. The
amount of visible baryons was estimated as Ωvisb ≈ 0.003 [68], while for the total
baryonic mass fraction the following range was presented [69]:
ΩB = 0.007 − 0.041 (18)
with the best guess ΩB ∼ 0.021 (for h = 0.7). The recent data on the angular
distribution of cosmic microwave background radiation (relative heights of the first
and second acoustic peaks) add up to the result presented, e.g., in ref. [70]:
ΩBh
2 = 0.022+0.004−0.003 (19)
Similar results are quoted in the works [71].
There is a significant contribution to Ω from an unknown dark or invisible mat-
ter. Most probably there are several different forms of this mysterious matter in
the universe, as follows from the observations of large scale structure. The matter
concentrated on galaxy cluster scales, according to classical astronomical estimates,
gives:
ΩDM =
{
(0.2− 0.4)± 0.1 [72],
0.25± 0.2 [73] , (20)
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A recent review on the different ways of determining Ωm can be found in [74]; though
most of measurements converge at Ωm = 0.3, there are some indications for larger or
smaller values.
It was observed in 1998 [75] through observations of high red-sift supernovae that
vacuum energy density, or cosmological constant, is non-zero and contributes:
Ωvac = 0.5− 0.7 (21)
This result was confirmed by measurements of the position of the first acoustic peak
in angular fluctuations of CMBR [76] which is sensitive to the total cosmological
energy density, Ωtot. A combined analysis of available astronomical data can be
found in recent works [77, 78, 79], where considerably more accurate values of basic
cosmological parameters are presented.
The discovery of non-zero lambda-term deepened the mystery of vacuum energy,
which is one of the most striking puzzles in contemporary physics - the fact that any
estimated contribution to ρvac is 50-100 orders of magnitude larger than the upper
bound permitted by cosmology (for reviews see [80, 81, 82]). The possibility that
vacuum energy is not precisely zero speaks in favor of adjustment mechanism[83].
Such mechanism would, indeed, predict that vacuum energy is compensated only
with the accuracy of the order of the critical energy density, ρc ∼ m2pl/t2 at any
epoch of the universe evolution. Moreover, the non-compensated remnant may be
subject to a quite unusual equation of state or even may not be described by any
equation of state at all. There are many phenomenological models with a variable
cosmological ”constant” described in the literature, a list of references can be found
in the review [84]. A special class of matter with the equation of state p = wρ
with −1 < w < 0 has been named ”quintessence” [85]. An analysis of observational
data [86] indicates that w < −0.6 which is compatible with simple vacuum energy,
w = −1. Despite all the uncertainties, it seems quite probable that about half the
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matter in the universe is not in the form of normal elementary particles, possibly yet
unknown, but in some other unusual state of matter.
To determine the expansion regime at different periods cosmological evolution
one has to know the equation of state p = p(ρ). Such a relation normally holds in
some simple and physically interesting cases, but generally equation of state does
not exist. For a gas of nonrelativistic particles the equation of state is p = 0 (to be
more precise, the pressure density is not exactly zero but p ∼ (T/m)ρ ≪ ρ). For
the universe dominated by nonrelativistic matter the expansion law is quite simple if
Ω = 1: a(t) = a0 ·(t/t0)2/3. It was once believed that nonrelativistic matter dominates
in the universe at sufficiently late stages, but possibly this is not true today because
of a non-zero cosmological constant. Still at an earlier epoch (z > 1) the universe
was presumably dominated by non-relativistic matter.
In standard cosmology the bulk of matter was relativistic at much earlier stages.
The equation of state was p = ρ/3 and the scale factor evolved as a(t) ∼ t1/2. Since
at that time Ω was extremely close to unity, the energy density was equal to
ρ = ρc =
3m2P l
32πt2
(22)
For vacuum dominated energy-momentum tensor, p = −ρ, ρ = const, and the uni-
verse expands exponentially, a(t) ∼ exp(Hvt).
Integrating equation (13) one can express the age of the universe through the cur-
rent values of the cosmological parameters H0 and Ωj , where sub-j refers to different
forms of matter with different equations of state:
t0 =
1
H0
∫ 1
0
dx√
1− Ωtot + Ωmx−1 + Ωrelx−2 + Ωvacx2
(23)
where Ωm, Ωrel, and Ωvac correspond respectively to the energy density of nonrelativis-
tic matter, relativistic matter, and to the vacuum energy density (or, what is the same,
to the cosmological constant); Ωtot = Ωm + Ωrel + Ωvac, and H
−1
0 = 9.778 · 109h−1yr.
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This expression can be evidently modified if there is an additional contribution of
matter with the equation of state p = wρ. Normally Ωrel ≪ Ωm because ρrel ∼ a−4
and ρm ∼ a−3. On the other hand ρvac = const and it is quite a weird coincidence
that ρvac ∼ ρm just today. If Ωrel and Ωvac both vanishes, then there is a convenient
expression for t0 valid with accuracy better than 4% for 0 < Ω < 2:
tm0 =
9.788 · 109h−1yr
1 +
√
Ω
(24)
Most probably, however, Ωtot = 1, as predicted by inflationary cosmology and Ωvac 6=
0. In that case the universe age is
tlam0 =
6.525 · 109h−1yr√
Ωvac
ln
[
1 +
√
Ωvac√
1− Ωvac
]
(25)
It is clear that if Ωvac > 0, then the universe may be considerably older with the same
value of h. These expressions for t0 will be helpful in what follows for the derivation
of cosmological bounds on neutrino mass.
The age of old globular clusters and nuclear chronology both give close values for
the age of the universe [72]:
t0 = (14− 15)± 2Gyr (26)
3.2 Thermodynamics of the early universe.
At early stages of cosmological evolution, particle number densities, n, were so large
that the rates of reactions, Γ ∼ σn, were much higher than the rate of expansion, H =
a˙/a (here σ is cross-section of the relevant reactions). In that period thermodynamic
equilibrium was established with a very high degree of accuracy. For a sufficiently
weak and short-range interactions between particles, their distribution is represented
by the well known Fermi or Bose-Einstein formulae for the ideal homogeneous gas
(see e.g. the book [87]):
f
(eq)
f,b (p) =
1
exp [(E − µ)/T ]± 1 (27)
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Here signs ’+’ and ’−’ refer to fermions and bosons respectively, E = √p2 +m2 is
the particle energy, and µ is their chemical potential. As is well known, particles and
antiparticles in equilibrium have equal in magnitude but opposite in sign chemical
potentials:
µ+ µ¯ = 0 (28)
This follows from the equilibrium condition for chemical potentials which for an ar-
bitrary reaction a1 + a2 + a3 . . .↔ b1 + b2 + . . . has the form
∑
i
µai =
∑
j
µbj (29)
and from the fact that particles and antiparticles can annihilate into different numbers
of photons or into other neutral channels, a + a¯ → 2γ, 3γ , . . .. In particular, the
chemical potential of photons vanishes in equilibrium.
If certain particles possess a conserved charge, their chemical potential in equi-
librium may be non-vanishing. It corresponds to nonzero density of this charge in
plasma. Thus, plasma in equilibrium is completely defined by temperature and by
a set of chemical potentials corresponding to all conserved charges. Astronomical
observations indicate that the cosmological densities - of all charges - that can be
measured, are very small or even zero. So in what follows we will usually assume
that in equilibrium µj = 0, except for Sections 10, 11.2, 12.5, and 12.7, where lepton
asymmetry is discussed. In out-of-equilibrium conditions some effective chemical po-
tentials - not necessarily just those that satisfy condition (28) - may be generated if
the corresponding charge is not conserved.
The number density of bosons corresponding to distribution (27) with µ = 0 is
nb ≡
∑
s
∫ fb(p)
(2π)3
d3p =
{
ζ(3)gsT
3/π2 ≈ 0.12gT 3, if T > m;
(2π)−3/2gs(mT )3/2 exp(−m/T ), if T < m. (30)
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Here summation is made over all spin states of the boson, gs is the number of this
states, ζ(3) ≈ 1.202. In particular the number density of equilibrium photons is
nγ = 0.2404T
3 = 411.87(T/2.728K)3 cm−3 (31)
where 2.728 K is the present day temperature of the cosmic microwave background
radiation (CMB).
For fermions the equilibrium number density is
nf =
{
3
4
nb ≈ 0.09gsT 3, if T > m;
nb ≈ (2π)−3/2gs(mT )3/2 exp(−m/T ), if T < m. (32)
The equilibrium energy density is given by:
ρ =
∑ 1
2π2
∫
dpp2E
exp(E/T )± 1 (33)
Here the summation is done over all particle species in plasma and their spin states.
In the relativistic case
ρrel = (π
2/30)g∗T
4 (34)
where g∗ is the effective number of relativistic species, g∗ =
∑
[gb + (7/8)gf ], the
summation is done over all species and their spin states. In particular, for photons
we obtain
ργ =
π2
15
T 4 ≈ 0.2615
(
T
2.728K
)4 eV
cm3
≈ 4.662 · 10−34
(
T
2.728K
)4 g
cm3
(35)
The contribution of heavy particles, i.e. with m > T , into ρ is exponentially small if
the particles are in thermodynamic equilibrium:
ρnr = gsm
(
mT
2π
)3/2
exp
(
−m
T
)(
1 +
27T
8m
+ . . .
)
(36)
Sometimes the total energy density is described by expression (34) with the effective
g∗(T ) including contributions of all relativistic as well as non-relativistic species.
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As we will see below, the equilibrium for stable particles sooner or later breaks
down because their number density becomes too small to maintain the proper anni-
hilation rate. Hence their number density drops as a−3 and not exponentially. This
ultimately leads to a dominance of massive particles in the universe. Their number
and energy densities could be even higher if they possess a conserved charge and if
the corresponding chemical potential is non-vanishing.
Since Ωm was very close to unity at early cosmological stages, the energy density
at that time was almost equal to the critical density (22). Taking this into account,
it is easy to determine the dependence of temperature on time during RD-stage when
H = 1/2t and ρ is given simultaneously by eqs. (34) and (22):
tT 2 =
(
90
32π3
)1/2 mP l√
g∗
=
2.42√
g∗
(MeV)2 sec (37)
For example, in equilibrium plasma consisting of photons, e±, and three types of
neutrinos with temperatures above the electron mass but below the muon mass,
0.5 < T < 100 MeV, the effective number of relativistic species is
g∗ = 10.75 (38)
In the course of expansion and cooling down, g∗ decreases as the particle species
with m > T disappear from the plasma. For example, at T ≪ me when the only
relativistic particles are photons and three types of neutrinos with the temperature
Tν ≈ 0.71Tγ the effective number of species is
g∗ = 3.36 (39)
If all chemical potentials vanish and thermal equilibrium is maintained, the en-
tropy of the primeval plasma is conserved:
d
dt
(
a3
p+ ρ
T
)
= 0 (40)
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In fact this equation is valid under somewhat weaker conditions, namely if particle
occupation numbers fj are arbitrary functions of the ratio E/T and the quantity T
(which coincides with temperature only in equilibrium) is a function of time subject
to the condition (14).
3.3 Kinetic equations.
The universe is not stationary, it expands and cools down, and as a result thermal
equilibrium is violated or even destroyed. The evolution of the particle occupation
numbers fj is usually described by the kinetic equation in the ideal gas approxima-
tion. The latter is valid because the primeval plasma is not too dense, particle mean
free path is much larger than the interaction radius so that individual distribution
functions f(E, t), describing particle energy spectrum, are physically meaningful. We
assume that f(E, t) depends neither on space point ~x nor on the direction of the
particle momentum. It is fulfilled because of cosmological homogeneity and isotropy.
The universe expansion is taken into account as a red-shifting of particle momenta,
p˙ = −Hp. It gives:
dfi
dt
=
∂fi
∂t
+
∂fi
∂pi
p˙i =
∂fi
∂t
−Hpi∂fi
∂pi
(41)
As a result the kinetic equation takes the form
(
∂
∂t
−Hpi ∂
∂pi
)
fi(pi, t) = I
coll
i (42)
where Icolli is the collision integral for the process i+ Y ↔ Z:
Icolli = −
(2π)4
2Ei
∑
Z,Y
∫
dνZ dνY δ
4(pi + pY − pZ)[| A(i+ Y → Z) |2
fi
∏
Y
f
∏
Z
(1± f)− | A(Z → i+ Y ) |2 ∏
Z
f
∏
i+Y
(1± f)] (43)
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Here Y and Z are arbitrary, generally multi-particle states,
∏
Y f is the product of
phase space densities of particles forming the state Y , and
dνY =
∏
Y
dp ≡∏
Y
d3p
(2π)32E
(44)
The signs ’+’ or ’−’ in ∏(1± f) are chosen for bosons and fermions respectively.
It can be easily verified that in the stationary case (H = 0), the distributions
(27) are indeed solutions of the kinetic equation (42), if one takes into account the
conservation of energy Ei+
∑
Y E =
∑
Z E, and the condition (29). This follows from
the validity of the relation
∏
i+Y
f (eq)
∏
Z
(1± f (eq)) =∏
Z
f (eq)
∏
i+Y
(1± f (eq)) (45)
and from the detailed balance condition, | A(i + Y → Z) |=| A(Z → i + Y ) | (with
a trivial transformation of kinematical variables). The last condition is only true if
the theory is invariant with respect to time reversion. We know, however, that CP-
invariance is broken and, because of the CPT-theorem, T-invariance is also broken.
Thus T-invariance is only approximate. Still even if the detailed balance condition
is violated, the form of equilibrium distribution functions remain the same. This is
ensured by the weaker condition [88]:
∑
k
∫
dνZkδ
4

∑
Zk
p− pf

(| A(Zk → f) |2 − | A(f → Zk |2) = 0 (46)
where summation is made over all possible states Zk. This condition can be termed the
cyclic balance condition, because it demonstrates that thermal equilibrium is achieved
not by a simple equality of probabilities of direct and inverse reactions but through
a more complicated cycle of reactions. Equation (46) follows from the unitarity of
S-matrix, S+S = SS+ = 1. In fact, a weaker condition is sufficient for saving the
standard form of the equilibrium distribution functions, namely the diagonal part of
the unitarity relation,
∑
f Wif = 1, and the inverse relation
∑
iWif = 1, where Wif is
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the probability of transition from the state i to the state f . The premise that the sum
of probabilities of all possible events is unity is of course evident. Slightly less evident
is the inverse relation, which can be obtained from the first one by the CPT-theorem.
For the solution of kinetic equations, which will be considered below, it is conve-
nient to introduce the following dimensionless variables:
x = m0a and yj = pja (47)
where a(t) is the scale factor and m0 is some fixed parameter with dimension of mass
(or energy). Below we will take m0 = 1 MeV. The scale factor a is normalized so
that in the early thermal equilibrium relativistic stage a = 1/T . In terms of these
variables the l.h.s. of kinetic equation (42) takes a very simple form:
Hx
∂fi
∂x
= Icolli (48)
When the universe was dominated by relativistic matter and when the temperature
dropped as T ∼ 1/a, the Hubble parameter could be taken as
H = 5.44
√
g∗
10.75
m20
x2mP l
(49)
In many interesting cases the evolution of temperature differs from the simple law
specified above but still the expression (49) is sufficiently accurate.
3.4 Primordial nucleosynthesis
Primordial or big bang nucleosynthesis (BBN) is one of the cornerstones of standard
big bang cosmology. Its theoretical predictions agree beautifully with observations
of the abundances of the light elements, 2H , 3He, 4He and 7Li, which span 9 orders
of magnitude. Neutrinos play a significant role in BBN, and the preservation of
successful predictions of BBN allows one to work our restrictive limits on neutrino
properties.
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Below we will present a simple pedagogical introduction to the theory of BBN
and briefly discuss observational data. The content of this subsection will be used
in sec. 6 for the analysis of neutrino physics at the nucleosynthesis epoch. A good
reference where these issues are discussed in detail is the book [89]; see also the review
papers [90, 91] and the paper [92] where BBN with degenerate neutrinos is included.
The relevant temperature interval for BBN is approximately from 1 MeV to 50
keV. In accordance with eq. (37) the corresponding time interval is from 1 sec to 300
sec. When the universe cooled down below MeV the weak reactions
n + νe ↔ p+ e−, (50)
n + e+ ↔ p+ ν¯ (51)
became slow in comparison with the universe expansion rate, so the neutron-to-proton
ratio, n/p, froze at a constant value (n/p)f = exp (−∆m/Tf ), where ∆m = 1.293
MeV is the neutron-proton mass difference and Tf = 0.6 − 0.7 MeV is the freezing
temperature. At higher temperatures the neutron-to-proton ratio was equal to its
equilibrium value, (n/p)eq = exp(−∆m/T ). Below Tf the reactions (50) and (51)
stopped and the evolution of n/p is determined only by the neutron decay:
n→ p+ e+ ν¯e (52)
with the life-time τn = 887± 2 sec.
In fact the freezing is not an instant process and this ratio can be determined
from numerical solution of kinetic equation. The latter looks simpler for the neutron
to baryon ratio, r = n/(n + p):
r˙ =
(1 + 3g2A)G
2
F
2π3
[A− (A+B) r] (53)
where gA = −1.267 is the axial coupling constant and the coefficient functions are
given by the expressions
A =
∫ ∞
0
dEνE
2
νEepefe(Ee) [1− fν(Eν)] |Ee=Eν+∆m +
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∫ ∞
me
dEeE
2
νEepefν¯(Eν) [1− fe¯(Ee] |Eν=Ee+∆m +∫ ∆m
me
dEeE
2
νEepefν¯(Eν)fe(Ee) |Eν+Ee=∆m , (54)
B =
∫ ∞
0
dEνE
2
νEepefν(Eν) [1− fe(Ee)] |Ee=Eν+∆m +∫ ∞
me
dEeE
2
νEepefe¯(Ee) [1− fν¯(Eν)] |Eν=Ee+∆m +∫ ∆m
me
dEeE
2
νEepe [1− fν¯(Eν)] [1− fe(Ee)] |Eν+Ee=∆m (55)
These rather long expressions are presented here because they explicitly demonstrate
the impact of neutrino energy spectrum and of a possible charge asymmetry on the
n/p-ratio. It can be easily verified that for the equilibrium distributions of electrons
and neutrinos the following relation holds, A = B exp (−∆m/T ). In the high tem-
perature limit, when one may neglect me, the function B(T ) can be easily calculated:
B = 48T 5 + 24(∆m)T 4 + 4(∆m)2T 3 (56)
Comparing the reaction rate, Γ = (1 + 3g2A)G
2
FB/2π
3 with the Hubble parameter
taken from eq. (37), H = T 2
√
g∗/0.6mP l, we find that neutrons-proton ratio remains
close to its equilibrium value for temperatures above
Tnp = 0.7
(
g∗
10.75
)1/6
MeV (57)
Note that the freezing temperature, Tnp, depends upon g∗, i.e. upon the effective
number of particle species contributing to the cosmic energy density.
The ordinary differential equation (53) can be derived from the master equa-
tion (42) either in nonrelativistic limit or, for more precise calculations, under the
assumption that neutrons and protons are in kinetic equilibrium with photons and
electron-positron pairs with a common temperature T , so that fn,p ∼ exp(−E/T ). As
we will see in what follows, this is not true for neutrinos below T = 2− 3 MeV. Due
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to e+e−-annihilation the temperature of neutrinos became different from the common
temperature of photons, electrons, positrons, and baryons. Moreover, the energy dis-
tributions of neutrinos noticeably (at per cent level) deviate from equilibrium, but
the impact of that on light element abundances is very weak (see sec. 4.2).
The matrix elements of (n − p)-transitions as well as phase space integrals used
for the derivation of expressions (54) and (55) were taken in non-relativistic limit.
One may be better off taking the exact matrix elements with finite temperature
and radiative corrections to calculate the n/p ratio with very good precision (see
refs. [93, 94] for details). Since reactions (50) and (51) as well as neutron decay
are linear with respect to baryons, their rates n˙/n do not depend upon the cosmic
baryonic number density, nB = np + nn, which is rather poorly known. The latter is
usually expressed in terms of dimensionless baryon-to-photon ratio:
η10 ≡ 1010η = 1010nB/nγ (58)
Until recently, the most precise way of determining the magnitude of η was through
the abundances of light elements, especially deuterium and 3He, which are very sen-
sitive to it. Recent accurate determination of the position and height of the second
acoustic peak in the angular spectrum of CMBR [70, 71] allows us to find baryonic
mass fraction independently. The conclusions of both ways seem to converge around
η10 = 5.
The light element production goes through the chain of reactions: p (n, γ) d,
d (pγ) 3He, d (d, n) 3He, d (d, p) t, t (d, n) 4He, etc. One might expect naively that
the light nuclei became abundant at T = O(MeV) because a typical nuclear binding
energy is several MeV or even tens MeV. However, since η = nB/nγ is very small, the
amount of produced nuclei is tiny even at temperatures much lower than their binding
energy. For example, the number density of deuterium is determined in equilibrium
by the equality of chemical potentials, µd = µp + µn. From that and the expression
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(30) we obtain:
nd = 3e
(µd−md)/T
(
mdT
2π
)3/2
=
3
4
nnnpe
B/T
(
2πmd
mpmnT
)3/2
(59)
where BD = 2.224 MeV is the deuterium binding energy and the coefficient 3/4 comes
from spin counting factors. One can see that nd becomes comparable to nn only at
the temperature:
Td =
0.064MeV
1− 0.029 ln η10 (60)
At higher temperatures deuterium number density in cosmic plasma is negligible.
Correspondingly, the formation of other nuclei, which stems from collisions with deu-
terium is suppressed. Only deuterium could reach thermal equilibrium with protons
and neutrons. This is the so called ”deuterium bottleneck”. But as soon as Td
is reached, nucleosynthesis proceeds almost instantly. In fact, deuterium never ap-
proaches equilibrium abundance because of quick formation of heavier elements. The
latter are created through two-body nuclear collisions and hence the probability of
production of heavier elements increases with an increase of the baryonic number den-
sity. Correspondingly, less deuterium survives with larger η. Practically all neutrons
that had existed in the cosmic plasma at T ≈ Td were quickly captured into 4He.
The latter has the largest binding energy, B4He = 28.3 MeV, and in equilibrium its
abundance should be the largest. Its mass fraction, Y (4He), is determined predom-
inantly by the (n/p)-ratio at the moment when T ≈ Td and is approximately equal
to 2(n/p)/[1 + (n/p)] ≈ 25%. There is also some production of 7Li at the level (a
few)×10−10. Heavier elements in the standard model are not produced because the
baryon number density is very small and three-body collisions are practically absent.
Theoretical calculations of light elements abundances are quite accurate, given
the values of the relevant parameters: neutron life-time, which is pretty well known
now, the number of massless neutrino species, which equals 3 in the standard model
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and the ratio of baryon and photon number densities during nucleosynthesis, η10 =
1010(nB/nγ) (58). The last parameter brings the largest uncertainty into theoretical
results. There are also some uncertainties in the values of the nuclear reaction rates
which were never measured at such low energies in plasma environment. According
to the analysis of ref. [95] these uncertainties could change the mass fraction of 4He
at the level of a fraction of per cent, but for deuterium the “nuclear uncertainty”
is about 10% and for 7Li it is could be as much as 25%. An extensive discussion
of possible theoretical uncertainties and a list of relevant references can be found in
recent works [93, 94]. Typical curves for primordial abundances of light elements as
functions of η10, calculated with the nucleosynthesis code of ref. [96], are presented in
fig. 1. Another, and a very serious source of uncertainties, concerns the comparison
of theory with observations. Theory quite precisely predicts primordial abundances
of light elements, while observations deals with the present day abundances. The
situation is rather safe for 4He because this element is very strongly bound and is
not destroyed in the course of evolution. It can only be created in stars. Thus any
observation of the present-day mass fraction of 4He gives an upper limit to its pri-
mordial value. To infer its primordial value Yp, the abundance of
4He is measured
together with other heavier elements, like oxygen, carbon, nitrogen, etc (all they are
called ”metals”) and the data is extrapolated to zero metallicity (see the book [89]
for details). The primordial abundance of deuterium is very sensitive to the baryon
density and could be in principle a very accurate indicator of baryons [97]. However
deuterium is fragile and can be easily destroyed. Thus it is very difficult to infer its
primordial abundance based on observations at relatively close quarters in the media
where a large part of matter had been processed by the stars. Recently, however,
it became possible to observe deuterium in metal-poor gas clouds at high red-shifts.
In these clouds practically no matter was contaminated by stellar processes so these
measurements are believed to yield the primordial value of D/H . Surprisingly, the
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Figure 1: Abundances of light elements 2H (by number) 4He (by mass), and 7Li (by
number) as functions of baryon-to-photon ratio η10 ≡ 1010nB/nγ .
results of these measurements are grouped around two very different values, normal
deuterium, (D/H)p ≈ 3 ·10−5 [98]-[100], which is reasonably close to what is observed
in the Galaxy, and high deuterium, (D/H)p ≈ (1−2) ·10−4 [101]-[105]. The observed
variation may not be real; for example, uncertainties in the velocity field allow the
D/H ratio in the system at z = 0.7 [105] to be as low as in the two high-z systems [106]-
[108]. An interpretation of the observations in the system at z = 0.7 under the as-
sumption of a simple single (H+D)-component [107] gives 8·10−5 < D/H < 57·10−5.
With the possibility of a complicated velocity distribution or of a second component
in this system a rather weak limit was obtained [107], D/H < 50 · 10−5. However,
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it was argued in the recent work [109] that the observed absorption features most
probably are not induced by deuterium and thus the conclusion of anomalously high
deuterium in this system might be incorrect. On the other hand, there are systems
where anomalously low fraction of deuterium is observed [110], D/H ∼ (1−2) · 10−5.
An analysis of the data on D and 4He and recent references can be found in [111].
It seems premature to extract very accurate statements about baryon density from
these observations. The accuracy of the determination of light element abundances
is often characterized in terms of permitted additional neutrino species, ∆Nν . The
safe upper limit, roughly speaking, is that one extra neutrino is permitted in addition
to the known three (see sec. 6.1). On the other hand, if all observed anomalous
deuterium (high or low) is not real and could be explained by some systematic errors
or misinterpretation of the data and only “normal” data are correct, then BBN would
provide quite restrictive upper bound on the number of additional neutrino species,
∆Nν < 0.2 [112]. For more detail and recent references see sec. 6.1.
4 Massless or light neutrinos
4.1 Gerstein-Zeldovich limit
Here we will consider neutrinos that are either massless or so light that they had
decoupled from the primordial e± γ-plasma at T > mν . A crude estimate of the
decoupling temperature can be obtained as follows. The rate of neutrino interactions
with the plasma is given by:
Γν ≡ n˙ν/nν = 〈σνene〉 (61)
where σνe is the cross section of neutrino-electron scattering or annihilation and 〈...〉
means thermal averaging. Decoupling occurs when the interaction rate falls below
the expansion rate, Γν < H . One should substitute for the the cross-section σνe the
29
Process 2−5G−2F S |A|2
νe + ν¯e → νe + ν¯e 4(p1 · p4)(p2 · p3)
νe + νe → νe + νe 2(p1 · p2)(p3 · p4)
νe + ν¯e → νµ(τ) + ν¯µ(τ) (p1 · p4)(p2 · p3)
νe + ν¯µ(τ) → νe + ν¯µ(τ) (p1 · p4)(p2 · p3)
νe + νµ(τ) → νe + νµ(τ) (p1 · p2)(p3 · p4)
νe + ν¯e → e+ + e− 4[(g2L(p1 · p4)(p2 · p3)
+g2R(p1 · p3)(p2 · p4)
+gLgRm
2
e(p1 · p2)]
νe + e
− → νe + e− 4[g2L(p1 · p2)(p3 · p4)
+g2R(p1 · p4)(p2 · p3)
−gLgRm2e(p1 · p3)]
νe + e
+ → νe + e+ 4[g2R(p1 · p2)(p3 · p4)
+g2L(p1 · p4)(p2 · p3)
−gLgRm2e(p1 · p3)]
Table 2: Matrix elements squared for reactions with electron neutrino; S is the
symmetrization factor related to identical particles in the initial or final state,
gL =
1
2
+ sin2 θW and gR = sin
2 θW . Matrix elements for muon or tau neutrino
processes are obtained by the substitutions νe → νµ,τ and gL → g˜L = gL − 1.
sum of the cross-sections of neutrino elastic scattering on electrons and positrons and
of the inverse annihilation e+e− → ν¯ν in the relativistic limit. Using expressions
presented in Table 2 we find:
σν,e =
5G2F s
3π
(
g2L + g
2
R
)
(62)
where s = (p1 + p2)
2, p1,2 are the 4-momenta of the initial particles, and gL,R are
the coupling to the left-handed and right-handed currents respectively, gL = ±1/2 +
sin2 θW and gR = sin
2 θW , plus or minus in gL stand respectively for νe or νµ,τ . The
weak mixing angle θW is experimentally determined as sin
2 θW = 0.23.
We would not proceed along these lines because one can do better by using ki-
netic equation (48). We will keep only direct reaction term in the collision integral
and use the matrix elements taken from the Table 2. We estimate the collision in-
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tegral in the Boltzmann approximation. According to calculations of ref. [113] this
approximation is good with an accuracy of about 10%. We also assume that particles
with which neutrinos interact, are in thermal equilibrium with temperature T . After
straightforward calculations we obtain:
Hx
∂fν
fν ∂x
= −80G
2
F (g
2
L + g
2
R) y
3π3x5
(63)
Using the expression (49) and integrating over x we find for the decoupling temper-
ature of electronic neutrinos Tνe = 2.7y
−1/3 MeV and Tνµ,ντ = 4.5y
−1/3 MeV. This
can be compared with the results of refs. [114, 115]. On the average one can take
〈y〉 = 3 and Tνe = 1.87 MeV and Tνµ,ντ = 3.12 MeV. These results are applicable to
the decoupling of neutrinos from the electromagnetic component of the plasma, i.e.
from e± and photons. If we take into account all possible reactions of neutrinos in the
the plasma, including their scattering on themselves, the coefficient (g2L + g
2
R) should
be changed into (1+g2L+g
2
R). These results are in agreement with refs. [115, 116] (see
discussion in sec. 12.3.3). Correspondingly the decoupling temperature determined
with respect to the total reaction rate would be Tνe = 1.34 MeV and Tνµ,ντ = 1.5
MeV. Somewhat more accurate calculations of the reaction rates with Fermi exclu-
sion taken into account were performed in ref. [117], see eq. (291) and discussion
after it. The finite temperature corrections to the reaction rates have been studied
in ref. [118]. As a result of these corrections the interaction rate becomes weaker and
the decoupling temperature rises by 4.4%.
The decoupling temperature depends upon neutrino momentum, so that more
energetic neutrinos decouple later. In fact the decoupling temperature is somewhat
higher because inverse reactions neglected in this estimate diminish the reaction rate
approximately by half if the distribution is close to the equilibrium one. Anyway, it is
safe to say that below 2 MeV neutrinos practically became non-interacting and their
number density remains constant in a comoving volume, nν ∼ 1/a3. At the moment
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of decoupling the relative number density of neutrinos was determined by thermal
equilibrium and in the absence of charge asymmetry was given by:
nνj
nγ
=
nν¯j
nγ
=
3
8
(64)
Later e+e−-annihilation enlarges the number density of photons in the comoving
volume. This increase can be easily calculated using the entropy conservation law
(40). The photon number density increases proportionally to the ratio of the number
of species before and after annihilation. In the case under consideration, it is (2 +
7/2)/2 = 11/4. If no more photons were created during the subsequent expansion,
then the present day neutrino-to-photon ratio should be
nνj + nν¯j
nγ
=
3
11
(65)
The number density of photons in CMB radiation is now known with a great
degree of precision, see (31). From that we find nνj + nν¯j = 112/cm
3 for any kind of
light (m < O(MeV)) neutrino. If neutrinos are massless, they preserve their initial
Fermi distribution with the present day temperature Tν = 1.95 K (although there are
some deviations, which will be discussed in the next subsection). If they are massive
they are much colder. Energy density of massive neutrinos is ρν = 112
∑
j mνj/cm
3 =
ρch
−2∑
j
(
mνj/94eV
)
Assuming that Ων = ρν/ρc ≤ 1 we obtain the following upper
limit on neutrino masses:
∑
mνj < 94eV Ωh
2 (66)
In particular for h = 0.7 and Ωmatter < 0.3 the mass of neutrino should be smaller
than 14 eV. This bound was first found by Gerstein and Zeldovich [21] and with
different modifications was considered in many subsequent papers. A good account
of historical developments that led to the discovery of this bound can be found in
ref. [119]. That account has been marred, however, by a serious misquotation of the
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Gerstein and Zeldovich paper. Namely it was claimed [119] that the GZ calculations
of the relic neutrino abundance was erroneous because they assumed that massive
neutrinos are Dirac particles with fully populated right-handed states and that they
(GZ) ”did not allow for the decrease in the neutrino temperature relative to photons
due to e+e−-annihilation”. Both accusations are incorrect. It is explicitly written in
GZ paper: ”In considering the question of the possible mass of the neutrino we have,
naturally, used statistical formulas for four-component m 6= 0 particles. We know,
however, that in accordance with (V − A)-theory, neutrinos having a definite polar-
ization participate predominantly in weak interactions. Equilibrium for neutrinos for
opposite polarization is established only at a higher temperature. This, incidentally,
can change the limit on the mass by not more than a factor of 2.” It was also cor-
rectly stated there that in equilibrium nν/nγ = (3/4)(gν/gγ), where ga is the number
of spin states: ”However during the course of cooling... these relations change, since
the annihilation of e+e− increases the number of quanta without the changing the
number of neutrinos”. Gerstein and Zeldovich used the result Peebles [120] to obtain
the perfectly correct number accepted today: nν/nγ = 3gν/11.
The numerical magnitude of the bound obtained in the original (and perfectly
correct!) paper by GZ was relatively weak, mν < 400 eV because they used a very
small value for the universe age, tU > 5 Gyr and a very loose upper limit for the
cosmological energy density, ρ < 2 ·10−28g/cm3. A somewhat better bound mν < 130
eV was obtained in subsequent papers [121, 122]. A much stronger bound mν < 8
eV was obtained in paper [123] but this paper is at fault for unnecessarily counting
right-handed neutrino spin states and of not accounting for extra heating of photons
by e+e−-annihilation. With these two effects the limit should be bigger by factor
22/3.
Alternatively one can express the cosmological upper bound on neutrino mass
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through the limit on the universe age [124]:
∑
mνj < 380 eV
(
2.7K
Tγ
)3 (
0.98 · 1010 years
tU
− h100
)2
(67)
The result is valid for cosmology with vanishing lambda-term and is quite restrictive
for the old universe. In the case of non-zero ΩΛ the universe age limit is not especially
useful for neutrino mass. Assuming a flat universe, Ωm+ΩΛ = 1, we find (see eq. (25)):
tU =
2
3H
√
ΩΛ
ln
1 +
√
ΩΛ√
Ωm
(68)
If h = 0.7 and Ωm = 0.3 the universe age is quite large, tU ≈ 13.5 Gyr. However if
the universe is considerably older than that, see e.g. ref. [125] where the age above
16 Gyr is advocated, then we need ΩΛ > 0.8, and correspondingly Ωm < 0.2. In this
case
∑
mνj < 9 eV. A similar constraint on neutrino mass by the universe age was
derived in ref. [126] both for the cases of vanishing and nonvanishing cosmological
constant.
The basic assumptions leading to GZ-bound (66) or (67) are quite simple and
solid:
1. Thermal equilibrium in the early universe between neutrinos, electrons, and
photons. It can be verified that this is precisely true down to temperatures 2-3
MeV.
2. Negligible lepton asymmetry, or in other words vanishing (or near-vanishing)
leptonic chemical potentials. The validity of this assumption has not been com-
pletely verified observationally. The only reason for that is the small value
of baryonic chemical potential and the belief that lepton asymmetry is gener-
ated essentially by the same mechanism as the baryonic one. The strongest
upper bound for leptonic chemical potentials comes from primordial nucleosyn-
thesis, which permits ξνµ,ντ ≡ µνµ,ντ/T = O(1) and ξνe ≡ |µνe/T | < 0.1 (see
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secs. 10.3,12.6). In derivation of eqs. (64)-(67) it was assumed that the chemical
potentials of all neutrinos were zero. Otherwise, the upper bound on the mass
would be stronger by the factor (1 + ∆kν), where ∆kν is given by eq. (191).
3. No other sources of extra heating for the cosmic photons at T ≤ MeV, except
for the above mentioned e+e−-annihilation. If the photons of CMBR had been
heated at some point between the neutrino decoupling and the present day, then
the bound on neutrino mass would be correspondingly weaker. Possible sources
of this heating could be decays or annihilation of new particles, but that could
only have taken place sufficiently early, so that the Planck spectrum of CMBR
was not destroyed.
4. Stability of neutrinos on cosmological time scale, τν ≥ 1010years. For example,
in the case of neutrino-majoron coupling the bound on the neutrino mass can
be much less restrictive or completely avoided if the symmetry breaking scale
is below 106 GeV [127] and life-time of even very light neutrinos is very short.
A similar weakening of the bound is found in the familon model [57].
5. No new interactions of neutrinos which could diminish their number density, for
instance by annihilation, into new lighter particles, such as Majorons; and no
annihilation of heavier neutrinos into lighter ones due to a stronger interaction
than the normal weak one. On the other hand, a new stronger coupling of
neutrinos to electrons or photons could keep neutrinos longer in equilibrium
with photons, so that their number density would not be diluted by 4/11.
6. The absence of right-handed neutrinos. If neutrinos possess a Majorana mass,
then right-handed neutrinos do not necessarily exist, but if they have a Dirac
mass, both left-handed and right-handed particles must be present. In this
case, one could naively expect that the GZ-bound should be twice as strong.
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However, even though right-handed states could exist in principle, their number
density in the cosmic plasma at T around and below MeV would be suppressed.
The probability of production of right-handed neutrinos by the normal weak
interaction is (mν/E)
2 times smaller than the probability of production of left-
handed ones. It is easy to estimate the number density of the produced right-
handed neutrinos through this mechanism [128, 54] and to see that they are
always far below equilibrium. Even if there are right-handed currents, one can
see that the interaction with right-handed WR and/or ZR should drop from
equilibrium at T above the QCD phase transition (see sec. 6.4). So even if νR
were abundant at T > 100 MeV their number density would be diluted by the
factor ∼ 1/5 with respect to νL.
A very strong modification of the standard cosmological thermal history was pro-
posed in ref. [129]. It was assumed that the universe never heated above a few MeV.
In such scenario neutrinos would never be produced in equilibrium amount and there-
fore, their relative number density, compared to photons in CMBR, would be much
smaller then the standard number 3/11. From the condition of preserving big bang
nucleosynthesis the lower limit, Tmin, on the universe temperature was derived. If the
universe was never heated noticeably above Tmin neutrinos would never be abundant
in the primeval plasma and the upper limit on neutrino mass would become much
weaker than (66): mν < 210 keV (or 120 keV for Majorana neutrinos). Such scarce
neutrinos could form cosmological warm dark matter [130] (see sec. 11).
4.2 Spectral distortion of massless neutrinos.
It is commonly assumed that thermal relics withm = 0 are in perfect equilibrium state
even after decoupling. For photons in cosmic microwave background (CMB) this has
been established with a very high degree of accuracy. The same assumption has been
made about neutrinos, so that their distribution is given as eq. (27). Indeed, when the
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interaction rate is high in comparison with the expansion rate, Γint ≫ H , equilibrium
is evidently established. When interactions can be neglected the distribution function
may have an arbitrary form, but for massless particles, equilibrium distribution is
preserved, as long as it had been established earlier at a dense and hot stage when the
interaction was fast. One can see from kinetic equation in the expanding universe (42)
that this is indeed true. The collision integral in the r.h.s. vanishes for equilibrium
functions (27), where temperature T and chemical potential µ may be functions of
time. The l.h.s. is annihilated by f = f (eq) if the following condition is fulfilled for
arbitrary values of particle energy E and momentum p =
√
E2 −m2:
T˙
T
+H
p
E
∂E
∂p
− µ
E
(
µ˙
µ
− T˙
T
)
= 0 (69)
This can only be true if p = E (i.e. m = 0), T˙ /T = −H , and µ ∼ T . One
can demonstrate that for massless particles, which initially possessed equilibrium
distribution, temperature and chemical potential indeed satisfy these requirements
and that the equilibrium distribution is not destroyed even when the interaction is
switched off.
The same would be true for neutrinos if they decoupled from the electronic com-
ponent of the plasma (electrons, positrons and photons) instantly and at the moment
when neutrino interactions were strong enough to maintain thermal equilibrium with
photons and e±. According to simple estimates made in sec. 4.1, the decoupling
temperature, Tdec, for νe is about 2 MeV and that for νµ and ντ is about 3 MeV. In
reality, the decoupling is not instantaneous, and even below Tdec there are some resid-
ual interactions between e± and neutrinos. An important point is that after neutrino
decoupling the temperature of the electromagnetic component of the plasma became
somewhat higher than the neutrino temperature. The electromagnetic part of the
plasma is heated by the annihilation of massive electrons and positrons. This is a
well-known effect which ultimately results in the present day ratio of temperatures,
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Tγ/Tν = (11/4)
1/3 = 1.4. During primordial nucleosynthesis the temperature differ-
ence between electromagnetic and neutrino components of the plasma was small but
still non-vanishing. Due to this temperature difference the annihilation of the hotter
electrons/positrons, e+e− → ν¯ν, heats up the neutrino component of the plasma and
distorts the neutrino spectrum. The average neutrino heating under the assumption
that their spectrum maintains equilibrium was estimated in refs. [131]-[133]. How-
ever, the approximation of the equilibrium spectrum is significantly violated and this
assumption was abolished in refs. [134]-[138]. In the earlier papers [134, 135] the
effect was considered in the Boltzmann Approximation, which very much simplifies
calculations. Another simplifying assumption, used previously, is the neglect of the
electron mass in collision integrals for νe-scattering and for annihilation ν¯ν → e+e−.
In ref. [135] the effect was calculated numerically, while in ref. [134] an approximate
analytical expression was derived. However in ref. [134] the influence of the back-
reaction that smooths the spectral distortion was underestimated due to a numerical
error in the integral. When this error is corrected, the effect should shrink by half
(under the approximations of that paper) and the corrected result would be:
δfνe
fνe
≈ 3 · 10−4 E
T
(
11E
4T
− 3
)
(70)
Here δf = f − f (eq). The distortion of the spectra of νµ and ντ is approximately
twice weaker. Subsequent accurate numerical calculations [136, 137] are in reasonable
agreement with this expression and with the calculations of paper [135].
An exact numerical treatment of the problem was conducted in papers [136]-[138].
There is some disagreement among them, so we will discuss the calculations in some
detail. The coupled system of integro-differential kinetic equations (48) was solved
numerically for three unknown distribution functions, fνj(x, y), where j = e, µ, τ .
The dimensional variables ”time” x and momentum y are defined in eqs. (47). The
collision integral Icoll is dominated by two-body reactions between different leptons
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1 + 2→ 3 + 4, and is given by the expression:
Icoll =
1
2E1
∑∫ d3p2
2E2(2π)3
d3p3
2E3(2π)3
d3p4
2E4(2π)3
(2π)4δ(4)(p1 + p2 − p3 − p4)F (f1, f2, f3, f4)S |A|212→34 (71)
where F = f3f4(1 − f1)(1 − f2) − f1f2(1 − f3)(1 − f4), |A|2 is weak interaction
amplitude squared summed over spins of all particles except the first one, and S
is the symmetrization factor which includes 1/2! for each pair of identical particles
in initial and final states and the factor 2 if there are 2 identical particles in the
initial state. The summation is done over all possible sets of leptons 2, 3, and 4. The
amplitude squared of the relevant processes are presented in Table 2. The expressions
in the Tables are taken from ref. [137], while those used in ref. [136] and repeated
in ref. [138] do not take into account identity of initial particles in the reactions
νaνa → νaνa (or with anti-neutrinos) and hence are erroneously twice smaller than
presented here.
It would be natural to assume that distribution functions for νµ and ντ are equal,
while the one for νe is different because the former have only neutral current in-
teractions at relevant temperatures, while νe has both neutral and charged current
interactions. One can also assume that the lepton asymmetry is negligible, so that
fν = fν¯ . Therefore there are two unknown functions of two variables, x and y: fνe and
fνµ = fντ . Since the distributions of photons and e
± are very precisely equilibrium
ones, they can be described by a single unknown function of one variable, namely the
temperature, Tγ(x). The chemical potentials are assumed to be vanishingly small.
The third necessary equation is the covariant energy conservation:
x
dρ(x)
dx
= −3(ρ+ P ) (72)
where ρ is the total energy density:
ρ =
π2T 4γ
15
+
2
π2
∫ dqq2√q2 +m2e
exp (E/Tγ) + 1
+
1
π2
∫
dqq3
(
fνe + 2fνµ
)
(73)
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and P is the pressure:
P =
π2T 4γ
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+
2
3π2
∫ dqq4
[exp(E/Tγ) + 1]
√
q2 +m2e
+
1
3π2
∫
dqq3
(
fνe + 2fνµ
)
(74)
The Hubble parameter, H = a˙/a, which enters the kinetic equation (48) is ex-
pressed through ρ in the usual way, 3H2m2P l = 8πρ, ignoring the curvature term and
the cosmological constant, which are negligible in the essential temperature range.
The collision integral in eq. (71) can be reduced from nine to two dimensions
as described in ref. [137]. After that, the system of equations (48,71-74) for three
unknown functions fνe , fνµ,ντ and Tγ was solved numerically using the integration
method developed in ref. [139].
There are three phenomena that play an essential role in the evolution of neutrino
distribution functions. The first is the temperature difference between photons and
e± on one hand and neutrinos on the other, which arises due to the heating of the elec-
tromagnetic plasma by e+e−-annihilation. Through interactions between neutrinos
and electrons, this temperature difference leads to non-equilibrium distortions of the
neutrino spectra. The temperature difference is essential in the interval 1 < x < 30.
The second effect is the freezing of the neutrino interactions because the collision
integrals drop as 1/x2. At small x ≪ 1 collisions are fast but at x > 1 they are
strongly suppressed. The third important phenomenon is the elastic νν-scattering
which smooths down the non-equilibrium corrections to the neutrino spectrum. It is
especially important at small x < 1.
The numerical calculations of ref. [137], which are possibly the most accurate, have
been done in two different but equivalent ways. First, the system was solved directly,
as it is, for the full distribution functions fνj(x, y) and, second, for the small deviations
δj from equilibrium fνj (x, y) = f
(eq)
νj
(y) [1 + δj(x, y))], where f
(eq)
νj
= [exp(E/Tν)+1]
−1
with Tν = 1/a. In both cases the numerical solution was exact, not perturbative.
So with infinitely good numerical precision the results must be the same. However
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since precision is finite, different methods may produce different results, and their
consistency is a good indicator of the accuracy of the calculations. It is convenient to
introduce δ(x, y) because the dominant terms in the collision integrals, which contain
only neutrinos, cancel out; and sub-dominant terms are proportional to δ. In the parts
of the collision integrals that contain electron distribution functions, there is a driving
term proportional to the difference in temperatures (Tγ−Tν). However in calculations
with complete distribution functions the numerical value for the Planck mass was
taken as mP l = 10
19 GeV, i.e. without the factor 1.22. It explains some discrepancies
between the results of the calculations with fνa and with δfνa in ref. [137]. This
error was corrected in the addendum [140] and the results of two different ways of
calculations are in perfect agreement, as one can see from Table 3. The first entry
in this Table shows the number of integration points and thus provides a measure
of the stability of the calculations. The second one, aTγ , demonstrates how much
the photon gas has cooled down by sharing part of its energy with neutrinos. In
standard calculations this number is Tγ/Tν = (11/4)
1/3 = 1.401 (see discussion below
eq. (64)). The relative energy gain of neutrinos, δρνa/ρνa for νe and νµ,τ are presented
respectively in the third and fourth columns. They can be compared with the results
of ref. [136]: δρνe/ρνe = 0.83% and δρνµ,τ/ρνµ,τ = 0.41%. The difference between
the two results may be prescribed to the different accuracies of ref. [136] where 35
integration points were taken and of ref. [137, 140] where 100-400 points were taken.
The last column presents the effective number of neutrinos at asymptotically large
time. The latter is defined as:
Neff =
ρνe + 2ρνµ
ρeqν
ρeqγ
ργ
, (75)
where the photon energy density is ργ = (π
2/15)(aTγ)
4 and the equilibrium quantities
are ρeqν = (7/8)(π
2/15) and ρeqγ = (π
2/15)(aT eqγ )
4.
There is some disagreement between the calculations of the papers [137] and [138],
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Program points aTγ δρνe/ρνe δρνµ/ρνµ Neff
100 1.399130 0.9435% 0.3948% 3.03392
δ(x, y) 200 1.399135 0.9458% 0.3971% 3.03395
400 1.399135 0.9459% 0.3972% 3.03396
100 1.399079 0.9452% 0.3978% 3.03398
f(x, y) 200 1.399077 0.9459% 0.3986% 3.03401
400 1.399077 0.9461% 0.3990% 3.03402
Table 3: Two ways of calculation.
though both groups claim high accuracy of their procedure. The authors of ref. [138]
have 289 integration points logarithmically distributed in the momentum interval
10−5.5 ≤ q/T ≤ 101.7 or, in other words, 40 points per decade. It seems that there
are too many points in the region of low momenta, where interaction is weak and
not essential. Meanwhile, the number of points in the important interval of high
momenta is considerably smaller than in refs. [137, 140], where integration points are
distributed linearly in momentum interval 0 ≤ y ≤ 20. In particular, with the choice
of ref. [138], more than half the points lie in the region y < 0.1, which gives only
0.0002% contribution to the neutrino energy density [140]. In the most important
decade, 1 < y < 10, there are only 40 points in the method of ref. [138]. This is
definitely too little to achieve the desired accuracy.
Recently calculations of the distortion of neutrino spectrum were done in ref. [141]
through a radically different method: using expansion in interpolating polynomials
in momentum. The results of this work perfectly agree with those of refs. [137, 140].
In Fig. 2 the deviations from the equilibrium distributions, δνe and δνµ(τ) for FD
and MB statistics are shown; δi are plotted for the fixed value of the momentum
y = 5 as functions of x. The results for the case of Boltzmann statistics are larger
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than those for the Fermi statistics by approximately 25%. For both FD and MB
statistics, the spectral distortion for νe is more than twice the size of that for νµ or
ντ . This is due to a stronger coupling of νe to e
±.
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Figure 2: Evolution of non-equilibrium corrections to the distribution functions δj =
(fνj −f eqν )/f eqν for running inverse temperature x and fixed dimensionless momentum
y = 5 for electronic (dotted curves) and muonic (tau) (solid curves) neutrinos in the
cases of FD and MB statistics.
In Fig. 3 the asymptotic, when x→∞, values of the corrections to the neutrino
distributions δj = (fνj − f eqν )/f eqν are plotted as functions of the dimensionless mo-
mentum y. The dashed lines a and c correspond to Maxwell-Boltzmann statistics
and the solid lines b and d correspond to Fermi-Dirac statistics. The upper curves a
and b are for electronic neutrinos and the lower curves c and d are for muonic (tau)
neutrinos. All the curves can be well approximated by a second order polynomial in
y, δ = Ay(y − B), in agreement with eq. (70) [134].
A simplified hydrodynamic approach to non-equilibrium neutrinos in the early
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Figure 3: The distortion of the neutrino spectra δj = (fνj − f eqν )/f eqν as functions of
the dimensionless momentum y at the final ”time” x = 60. The dashed lines a and c
correspond to Maxwell-Boltzmann statistics, while the solid lines b and d correspond
to Fermi-Dirac statistics. The upper curves a and b are for electronic neutrinos, while
the lower curves c and d are for muonic (tau) neutrinos. All the curves can be well
approximated by a second order polynomial in y, δ = Ay(y − B).
universe was recently proposed in ref. [142]. Though significantly less accurate, it
gives a simple intuitive description and qualitatively similar results.
Naively one would expect that the distortion of neutrino spectrum at a per cent
level would result in a similar distortion in the primordial abundances of light ele-
ments. However, this does not occur for the following reason: An excess of neutrinos
at the high energy tail of the spectrum results in excessive destruction of neutrons in
reaction (50) and excessive production in reaction (51). This nonequilibrium contri-
bution into the second process is more efficient because the number density of protons
at nucleosynthesis (when T ≈ 0.7 MeV) is 6-7 times larger than that of neutrons.
So an excess of high energy neutrinos results in an increase of the frozen neutron-to-
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proton ratio, r = nn/np, and in a corresponding increase of
4He. On the other hand,
an excess of neutrinos at low energies results in the decrease of r because reaction
(51) is suppressed due to threshold effects. Moreover, an overall increase of neutrino
energy density leads to a lower freezing temperature, Tnp, of the reactions (50,51)
and also leads to the decrease of r. It happened that the nonequilibrium spectrum
distortion discussed above, together with the decrease of Tnp, took place between the
two extremes and that the net influence of this distortion on e.g. 4He is minor. The
change of the mass fraction of 4He is ∼ 10−4. All the papers [134]-[137],[143] where
this effect was considered are in agreement here.
Thus the present day energy density of relativistic matter, i.e. of massless pho-
tons and massless neutrinos, with the account of late neutrino heating, should be a
little larger than predicted by the standard instant freezing approximation. As was
mentioned above, the increase of energy density due to this effect is equivalent to
adding 0.03 extra massless neutrino species into the plasma. There is another effect
of the similar magnitude and sign [144, 145], namely finite-temperature electromag-
netic corrections to the energy density of γe+e−-plasma. As any second order effect,
it diminishes the energy of the electromagnetic part of the plasma, so that neutrino
energy normalized to the photon energy becomes a little larger. In accordance with
ref. [145] this effect gives 0.01 effective number of extra neutrino species. Though
quite small, such extra heating of neutrinos may be in principle registered [138, 145]
in high precision measurements of CMB anisotropies by future MAP or PLANCK
satellite missions. A change in neutrino energy compared to the standard case would
result in the shift of equilibrium epoch between matter and radiation, which is im-
printed on the form of the angular spectrum of fluctuations of CMB. If the canonical
model can be tested with the accuracy of about 1% or better, the minute effects
discussed here could be observed (see however the discussion in sec. 9). The total
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energy density of relativistic matter in the standard model is given by
Ωrel = Ωγ

1 + 0.68 Nν
3
(
1.401Tν
Tγ
)4 (76)
where Ωγ is the relative energy density of cosmic electromagnetic background radi-
ation (CMBR) and Tγ is photon temperature. The corrections found in this section
and electromagnetic corrections of ref. [145] could be interpreted as a change of Nν
from 3 to 3.04. A detailed investigation of the effective number of neutrinos has
been recently done in the paper [146]. As is summarized by the authors the non-
equilibrium heating of neutrino gas and finite temperature QCD corrections lead to
Nν = 3.0395 in a good agreement with the presented above results. A similar conclu-
sion is reached in the paper [147] where account was taken for possible additional to
neutrinos relativistic degrees of freedom.
5 Heavy stable neutrinos.
5.1 Stable neutrinos, mνh < 45 GeV.
If neutrino mass is below the neutrino decoupling temperature, T ∼ 2− 3 MeV, the
number density of neutrinos at decoupling is not Boltzmann suppressed. Within a
factor of order unity, it is equal to the number density of photons, see eq. (65). For
heavier neutrinos this is not true - the cross-section of their annihilation is propor-
tional to mass squared and their number density should be significantly smaller than
that of light ones. Thus, either very light (in accordance with Gerstein-Zeldovich
bound) or sufficiently heavy neutrinos may be compatible with cosmology. As we will
see below, the lower limit on heavy neutrino mass is a few GeV. Evidently the bound
should be valid for a stable or a long lived neutrino with the life-time roughly larger
than the universe age. Direct laboratory measurements (1)-(3) show that none of
the three known neutrinos can be that heavy, so this bound may only refer to a new
46
neutrino from the possible fourth lepton generation. Below it will be denoted as νh.
It is known from the LEP measurements [10] of the Z-boson width that there are only
3 normal neutrinos with masses below mZ/2, so if a heavy neutrino exists, it must
be heavier than 45 GeV. It would be natural to expect that such a heavy neutral
lepton should be unstable and rather short-lived. Still, we cannot exclude that there
exists the fourth family of leptons which possesses a strictly conserved charge so the
neutral member of this family, if it is lighter than the charged one, must be abso-
lutely stable. The experimental data on three families of observed leptons confirm the
hypothesis of separate leptonic charge conservation, though it is not excluded that
lepton families are mixed by the mass matrix of neutrinos and hence leptonic charges
are non-conserved, as suggested by the existing indications to neutrino oscillations.
Although direct experimental data for mνh in a large range of values are much
more restrictive than the cosmological bound, still we will derive the latter here.
The reasons for that are partly historical, and partly related to the fact that these
arguments, with slight modifications, can be applied to any other particle with a
weaker than normal weak interaction, for which the LEP bound does not work. The
number density of νh in the early universe is depleted through ν¯hνh-annihilation into
lighter leptons and possibly into hadrons if mνh > 100 MeV. The annihilation rate is
Γann = n˙h/nh = σannnh (77)
where for a simple estimate, that we will describe below, the annihilation cross-section
can be approximately taken as σann ≈ G2Fm2νh if νh are Dirac neutrinos (for Majorana
neutrinos annihilation proceeds in p-wave and the cross-section is proportional to
velocity, see below). This estimate for the cross-section is valid if mh < mZ/2 ≈ 45
GeV. If the annihilation rate is faster than the universe expansion rate, Γann > H ,
the distribution of νh would be very close to the equilibrium one. The annihilation
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effectively stops, freezes, when
Γann = H, (78)
and, if at that moment T = Tf < mνh , the number and energy densities of νh would
be Boltzmann suppressed. The freezing temperature can be estimated from the above
condition with H taken from eq. (49), H = 5.44(T 2/mP l)
√
g∗/10.75, and nνh taken
from the second of eqs. (32). Substituting these expressions into condition (78), we
find for the freezing temperature xf ≡ mh/Tf ≈ 20 + 3 lnmh. Correspondingly we
obtain nh/nγ ≈ 0.2x3/2f exp (−xf ).
After the freezing of annihilation, the number density of heavy neutrinos would
remain constant in comoving volume and it is easy to calculate their contemporary
energy density, ρh = mhnh. From the condition ρh < ρc (see eq. (16)) we obtain
mh > 2GeV (79)
This is very close to the more precise, though still not exact, results obtained by the
standard, more lengthy, method. Those calculations are done in the following way.
It is assumed that:
1. Boltzmann statistics is valid.
2. Heavy particles are in kinetic but not in chemical equilibrium, i.e their distri-
bution function is given by fν = exp[−E/T + ξ(t)].
3. The products of annihilation are in complete thermal equilibrium state.
4. Charge asymmetry in heavy neutrino sector is negligible, so the effective chem-
ical potentials are the same for particles and antiparticles, ξ = ξ¯.
Under these three assumptions a complicated system of integro-differential kinetic
equations can be reduced to an ordinary differential equation for the number density
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of heavy particles nh(t):
n˙h + 3Hnh = 〈σannv〉(n(eq)2h − n2h) (80)
Here n(eq) is the equilibrium number density, v is the velocity of annihilating particles,
and angular brackets mean thermal averaging:
〈σannv〉 = (2π)
4
(neqνh)2
∫
dpνhdpν′h
∫
dpfdpf ′ δ
4(p+ p′ − k − k′) | Aann |2 e−(Ep+Ep′)/T (81)
where dp = d3p/(2E (2π)3) and f and f ′ are fermions in the final state (products of
annihilation). Following ref. [148] one can reduce integration down to one dimension:
〈σannv〉 = x
8m5νhK
2
2 (x)
∫ ∞
4m2νh
ds (s− 4m2νh)σann(s)
√
sK1
(
x
√
s
mνh
)
(82)
where x = mνh/T , Ki(x) are the modified Bessel functions of order i (see for instance
[149]) and s = (p+ p′)2 is the invariant center-of-mass energy squared of the process
νh ν¯h ↔ f f ′. Corrections to eq. (80) in cases when the particles in question freeze out
semi-relativistically or annihilate into non-equilibrium background were considered in
the papers [150]-[152], see also sec. 6.2.
Equation (80) is the basic equation for calculations of frozen number densities
of cosmic relics. It was first used (to the best of my knowledge) in ref. [153] (see
also the book [60]) to calculate the number density of relic quarks if they existed
as free particles. Almost 15 years later this equation was simultaneously applied
in two papers [154, 155] to the calculation of the frozen number density of possible
heavy neutrinos. At around the same time there appeared two more papers [156, 157]
dedicated to the same subject. In ref. [156] essentially the same simplified arguments
as at the beginning of this section were used and the result (79) was obtained. In
ref. [157] it was assumed that heavy neutrinos were unstable and the bound obtained
there is contingent upon specific model-dependent relations between mass and life-
time. In the papers [154, 155] eq. (80) was solved numerically with the result mνh >
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2.5 GeV. An approximate, but quite accurate, solution of this equation is described in
the books [60, 62] and in the review paper [114]. Another possible way of approximate
analytic solution of this equation, which is a Riccatti equation, is to transform it into a
Schroedinger equation by a standard method and to solve the latter in quasi-classical
approximation. There is a very convenient and quite precise formula for the present
day number density of heavy cosmic relics derived in the book [62]:
nνh
s
≈
4xf
(
g
1/2
∗ /g∗S
)
〈σannv〉mP lmνh
(83)
where s ≈ 3000/cm3 is the present day entropy density, including photons of CMB
with Tγ = 2.7 K and three types of massless neutrinos with Tν ≈ 1.9 K; g∗ is the effec-
tive number of particle species contributing into energy density, defined in accordance
with eq. (34); g∗S is the similar quantity for the entropy, s = g∗S(2π2/45)T 3. All
the quantities are defined at the moment of the freezing of annihilation, at T = Tf ;
xf = m/Tf ≈ ln(〈σannv〉mP lmνh). Typically xf = 10− 50.
The results presented above are valid for s-wave annihilation, when the product
σannv tends to a non-vanishing constant as v → 0. This can be applied to mas-
sive Dirac neutrinos. In the case of Majorana neutrinos, for which particles and
antiparticles are identical, annihilation at low energy can proceed only in p-wave, so
σannv ∼ v2. If σannv ∼ v2n, the result (83) is corrected by an extra factor (n + 1) in
the numerator and by the factor 1/xnf due to the cross-section suppression. A smaller
cross-section results in a stronger bound [158], mνh > 5 GeV.
As was noticed in ref. [155], if all dark matter in the universe is formed by heavy
neutrinos, then their number density would increase in the process of structure for-
mation. This in turn would lead to an increased rate of annihilation. Since about half
of entire energy release would ultimately go into electromagnetic radiation, which is
directly observable, the lower limit on heavy neutrino mass could be improved at least
up to 12 GeV. Cosmological consequences of existence of a heavy stable neutral lepton
50
were discussed in ref. [159]. It was noted, in particular, that these leptons could form
galactic halos and that their annihilation could produce a detectable electromagnetic
radiation. This conclusion was questioned in ref. [160] where detailed investigation of
the gamma-ray background from the annihilation of primordial heavy neutrinos was
performed. It was argued that the annihilation radiation from the halo of our Galaxy
could make at most one third of the observed intensity. The halos of other galaxies
could contribute not more than a per cent of the observed gamma ray background.
On the contrary, in ref. [161] very restrictive limits were advocated: mνh > 15
GeV from the γ-ray background and mνh > 100 GeV from the e and p components of
cosmic rays. The authors argued that heavy neutrinos would be entrained by baryons
to galactic center in the process of galaxy formation and their number density would
rise in the same proportion as the number density of baryons. However, this result
was obtained under assumption of baryonic dominance, ρb > ρnuh. This is not true
in realistic cosmology when the total density of cold dark matter is much larger than
the baryonic one. Accordingly the bounds should be noticeably relaxed.
We will not go into more detail because precise positions of these bounds are not
of much interest now. Indeed, a heavy neutrino, if it exists, must be heavier than 45
GeV. Still we will discuss the validity of four assumptions used for the derivation of
eq. (80) keeping in mind that this equation is of general interest. It can be applied to
some other cases and, in particular, to the derivation of the nucleosynthesis bounds
on the mass of ντ (see sec. 6.2).
The first assumption of Boltzmann statistics is quite accurate if Tf ≪ mh. The
assumption of kinetic equilibrium is generically fulfilled near annihilation freezing
because kinetic equilibrium is maintained by the scattering of heavy particles on the
light ones with the scattering rate σeln0, while the rate of annihilation is proportional
to the number density of heavy particles, σannnh and the latter is suppressed as
nh ∼ exp(−mh/T ). In reality heavy particle spectrum is always somewhat colder than
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the equilibrium one. If annihilation does not vanish in the limit of zero momentum,
one may obtain reasonable upper and lower bounds on the frozen number density of
heavy particles making calculations in two extreme cases of all heavy particles being
at rest and in kinetic equilibrium. The assumption of equilibrium distribution of
annihilation products may be slightly violated because annihilation of non-equilibrium
parents would created a non-equilibrium final state. The validity of this assumption
depends upon the rate of thermalization of the annihilation products. The deviation
from equilibrium is a second order effect and is normally rather weak. All three
assumptions are well fulfilled for heavy neutrinos with mh ≫ 100 MeV. Usually eq.
(80) gives a rather good approximation to exact results but e.g. for the case of
neutrinos with masses 3-20 MeV, calculations based on this equation underestimate
the result by approximately factor 2. The point is that for neutrinos in this mass range
kinetic equilibrium is broken simultaneously with the chemical one and deviations
from both are quite significant [150, 162].
The fourth hypothesis of vanishingly small lepton asymmetry stands separately
from the above three. While these three have been adopted to simplify the calcu-
lations, the fourth assumption does not serve this purpose. If asymmetry is non-
vanishing kinetic equations can still be reduced to ordinary differential ones under
the same three assumptions presented above. Lepton asymmetry is an essential un-
known parameter and it is assumed to be small because the baryon asymmetry of
the universe is small, nB/nγ ∼ (3− 5) · 10−10, though strictly speaking they are not
related. If nL/nγ ∼ nB/nγ then the quoted here bounds do not noticeably change.
However if the asymmetry is larger by an order of magnitude or more, then the num-
ber density of heavy leptons, which survived annihilation, would be determined by
the (conserved) leptonic charge density. In particular, if the lepton asymmetry is
close to unity the mass of the corresponding leptons should be smaller than ∼ 25 h2
eV with h determined in eq. (16). In the case of arbitrary chemical potential the
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above limit is modified by the factor (175) (see sec. 10.2).
If the universe is reheated only up to MeV temperatures, as described in refs. [129,
130], the lower limit on the neutrino mass is drastically relaxed, mν > 4(3) MeV for
Dirac (Majorana) particles.
5.2 Stable neutrinos, mνh > 45 GeV.
Such heavy neutrinos are not excluded by the measurements of the total decay width
of Z0 and, if they are stable, the cosmological limit on their mass may be of interest. It
has been shown in ref. [163] that very heavy neutrinos do not decouple from the lower
energy sector and their presence could be observed through radiative corrections in the
precision LEP experiments. According to the results of this paper, a relatively light
extra generation, m < mZ , is disfavored by the data and the only open possibility is
a neutral lepton with the mass near 50 GeV. The minimum of χ2 for such hypothesis
lies between one and two extra generations [164]. If all 4 particles of a generation
are heavier than Z-boson and if new generations are not mixed with the three light
ones then additional chiral generations are not excluded by the precision electroweak
data [164]. Moreover, for very heavy neutrinos the Yukawa coupling to the Higgs
boson would be so strong that perturbative calculations become non-reliable.
The cross-section of ν¯hνh-annihilation in a renormalizable gauge theory with a
weak coupling should behave as σann ∼ α2/s ∼ α2/m2νh and in accordance with
eq. (83) the cosmic energy density of these neutrinos would behave as ρνh ∼ m2νh .
Hence, with an increasing mass, ρνh would overcome ρc. The corresponding upper
limit found in ref. [114] is mνh < 3 TeV. A somewhat stronger bound, mνh < 5 TeV, is
obtained in ref. [165]. However, as was argued in ref. [166] (see also [167]), both papers
overlook an important contribution into cross-section. For mνh > mW a new channel
of annihilation becomes open, ν¯hνh → W+W− with the cross-section proportional to
α2(mνh/mW )
4/s. Near the threshold s ≈ 4m2νh and σann ∼ m2νh. Though the singu-
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larity, 1/mW , as mW → 0, should not be present in the renormalizable electro-weak
theory, the terms ∼ m2νh/m2W are possible because both denominator and numerator
proportionally disappear when symmetry is restored. These terms come from the
strong Yukawa coupling of heavy neutrinos to the Higgs field. The coupling constant
of this interaction is g = mνh/〈H〉, where 〈H〉 ≈ 250 GeV is the vacuum expectation
value of the Higgs field. Taking into account that m2W ∼ α〈H〉2 we obtain the above
presented estimate for the cross-section. According to the calculations of ref. [167]
the accurate threshold value is:
〈vσ(ν¯hνh →W+W−)〉 =
G2Fm
2
νh
8π
(84)
With the account of the rising with mνh cross-section of the process ν¯hνh →
W+W−, the energy density of relic νh behaves as ρνh ∼ m−2νh and would never contra-
dict astronomical upper limit. So it appears at first sight that all neutrinos heavier
than 45 GeV would be cosmologically allowed. However, this result is obtained in
the lowest order of perturbation theory. With rising mνh the Yukawa coupling of
the Higgs field to νh becomes large, g = mνh/〈H〉 > 1 and we arrive in the regime
of strong interactions where one should not trust perturbative calculations. There
is an absolute upper limit on the partial wave amplitudes imposed by the S-matrix
unitarity. According to it, the partial wave cross-section with angular momentum J
cannot exceed
σmaxJ =
π(2J + 1)
p2
(85)
where p =
√
s− 4m2νh/2 is the momentum of the annihilating particles in the center
of mass frame. The existence of this limit in connection with cosmic heavy lepton
relics was first noted in ref. [168] and studied in some detail in ref. [167]. Of course,
if all partial waves are saturated, the total cross-section σmaxtot =
∑
J σ
max
J would be
infinitely large. Evidently it never happens. Moreover, partial wave amplitudes are
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known to vanish near threshold as ∼ pJ . Correspondingly annihilation in S-wave
(J = 0) behaves as σ0 ∼ 1/p, while annihilation in P-wave (J = 1) behaves as σ1 ∼ p,
etc. Thus, near threshold only lowest partial waves are essential. Using eq. (82), one
can find for S-wave annihilation in non-relativistic limit (x≫ 1):
〈σmax0 v〉 =
4
√
πx
m2νh
(86)
Comparing this with expression (84) we find that the latter overshoots the unitarity
limit when mνh > 1.6 TeV (for x = mνh/Tf = 30). Analogous boundary for Majorana
leptons, which annihilate in P-wave, is mνh > 3.2 TeV [167].
If the unitarity bound is adopted for the cross-section when mνh is larger then
presented above values the energy density of relic heavy νh would be larger than ρc
at least for mνh > 100 − 200 TeV. Thus heavy stable neutrinos with masses above
these values are excluded. However the limit may be considerably stronger than that.
The point is that strong interaction effects become significant much below unitar-
ity saturation. It is analogous to electromagnetic form-factor of nucleons. Though
electromagnetic interaction is quite weak so that unitarity in electromagnetic process
e+e− → (virtual γ)→ p¯p, is far from being saturated, the electromagnetic vertex p¯pγ
for photons with a large virtuality is strongly suppressed due to strong interaction
of protons. Similar effects may significantly suppress ν¯hνh-annihilation into W
+W−.
Such effects would become important at the onset of strong interaction regime, i.e. for
mνh > O(TeV). So incidentally, the old limit mνh < 3− 5 TeV may come back. Re-
solving this problem demands more accurate and quite difficult calculations of heavy
ν¯hνh-annihilation in strong interaction regime.
To summarize this discussion, the cosmic energy density, ρνh , of heavy neutrinos
with the usual weak interaction is sketched in fig. (4). In the region of very small
masses the ratio of number densities nνh/nγ does not depend upon the neutrino mass
and ρνh linearly rises with mass. For larger masses σann ∼ m2νh and ρνh ∼ 1/m2νh. This
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formally opens a window for mνh above 2.5 GeV. A very deep minimum in ρνh near
mνh = mZ/2 is related to the resonance enhanced cross-section around Z-pole. Above
Z-pole the cross-section of ν¯hνh-annihilation into light fermions goes down with mass
as α2/m2νh (as in any normal weakly coupled gauge theory). The corresponding rise in
ρνh is shown by a dashed line. However for mνh > mW the contribution of the channel
ν¯hνh →W+W− leads to the rise of the cross-section with increasing neutrino mass as
σann ∼ α2m2νh/m4W . This would allow keeping ρνh well below ρc for all masses above
2.5 GeV. The behavior of ρνh, with this effect of rising cross-section included, is shown
by the solid line up to mνh = 1.5 TeV. Above that value it continues as a dashed line.
This rise with mass would break unitarity limit for partial wave amplitude when mνh
reaches 1.5 TeV (or 3 TeV for Majorana neutrino). If one takes the maximum value
of the S-wave cross-section permitted by unitarity (86), which scales as 1/m2νh, this
would give rise to ρνh ∼ m2νh and it crosses ρc at mνh ≈ 200 TeV. This behavior is
continued by the solid line above 1.5 TeV. However for mνh ≥ a few TeV the Yukawa
coupling of νh to the Higgs field becomes strong and no reliable calculations of the
annihilation cross-section has been done in this limit. Presumably the cross-section
is much smaller than the perturbative result and the cosmological bound for mνh is
close to several TeV. This possible, though not certain, behavior is presented by the
dashed-dotted line. One should keep in mind, however, that the presented results for
the energy density could only be true if the temperature of the universe at an early
stage was higher than the heavy lepton mass.
Heavy neutral leptons, compatible with the cosmological constraint ρνh < ρc,
could be accumulated in the Galaxy and observed through the flux of cosmic rays
created by their annihilation [169, 170]. Using the cosmic ray data one could exclude
a certain range of neutrino masses. However the analysis of ref. [171] shows that
existing data is not sufficient to derive any interesting bound.
Another possible way of registering or constraining cosmic heavy neutrinos is to
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Figure 4: Cosmological energy density of massive neutrinos Ω = ρνh/ρc as a function
of their mass measured in eV. The meaning of different lines is explained in the text.
use the bounds or possible signals of their detection in terrestrial low background
experiments. The excluded mass regions quoted in ref. [10] are typically from ∼ 10
up to hundreds GeV or even 1-2 TeV. All these results are based on the assumption
that heavy neutrinos constitute the bulk of dark matter in the Galaxy. In particular,
in our neighborhood the mass density of dark matter is:
ρ(gal)νh ≈ ρ
(gal)
DM ≈ 0.3GeV/cm3 (87)
However the cosmological energy density of νh, is much smaller than ρc practically
in all interesting parameter range. So one would expect that their energy density
in the Galaxy would also be smaller than the observed density of dark matter. The
depletion of the galactic energy density due to a smaller original cosmic energy density
of νh was not taken properly into account in refs. [172, 173]. The authors claimed
that the cosmological number density of heavy neutrinos was enhanced in the Galaxy
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by the factor 3.3 × 106 at least. For example, for mνh = 100 GeV the cosmological
energy density in accordance with the results of refs. [167, 173] is about 5× 10−3 of
the critical energy density (one can check that using eq. (83) for the cosmological
number density of νh and cross-section (84)). With the amplification factor quoted
above the galactic mass density of heavy neutrinos would be approximately 1/3 of the
total mass density of dark matter in our neighborhood. Using the calculated values of
the cosmic energy density of relic heavy νh and the amplification factor 3.3× 106 the
authors of refs. [172, 173] were able to exclude the mass interval 60-290 GeV based
on the data of the underground experiments on search of WIMPs. However, it seems
that the amplification factor of ref. [173] is too large. It is possibly overestimated by
one-two orders of magnitude. Indeed a reasonable coefficient of enhancement of the
galactic mass density of heavy dark matter particles could be found from the following
considerations. If such particles give a contribution of order unity into Ω, they would
give the observed mass density of dark matter in galaxies. On the other hand, if some
heavy particles contribute only a minor fraction to the total mass density of cold dark
matter, their fraction in galaxies should be also minor. This argument invalidates the
exclusion of the region 60 < mνh < 290 GeV and, with the present day data, no mass
of heavy lepton is excluded above 45 GeV up to at least a few (tens) TeV. As we have
already argued above, the concrete position of this upper bound is very difficult to
calculate.
In a later paper by the same group [174] the range of the galactic amplification
factor was taken somewhat smaller, about 105 at the lower end. The authors con-
cluded that the annihilation of heavy leptons with the mass between mZ/2 − mZ
could explain the diffused gamma ray radiation around galactic plane [175].
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6 Neutrinos and primordial nucleosynthesis
Primordial or big bang nucleosynthesis (BBN) is very sensitive to neutrino number
density and neutrino energy spectrum in the primeval plasma. As we have mentioned
above, this influence is especially strong for electronic neutrinos. Any deviation from
standard neutrino physics would have an impact on nucleosynthesis and may be ob-
served through present-day abundances of light elements. We will discuss below some
possible manifestations of non-standard neutrino properties in primordial nucleosyn-
thesis and the bounds on neutrino masses, life-times, and oscillation parameters that
can be deduced from observational data on light element abundances. A condensed
review of neutrino effects in BBN (including inhomogeneous case) is given in [176].
6.1 Bound on the number of relativistic species
One of the most impressive results that can be derived from primordial nucleosynthesis
is a bound on the total number of light neutrino flavors, Nν . ”Light” here meansmν <
1 MeV, so that these neutrinos are not Boltzmann suppressed at the nucleosynthesis
epoch. Before LEP data became available, nucleosynthesis was the only source of
information about the value of Nν . The first observation that ”if there were more
than two kinds of neutrino the expansion would have to be faster in order to overcome
the gravitational attraction of the extra neutrinos and... the larger the ratio He/H
turns out to be” was made by Hoyle and Tayler in 1964 [177]. A similar statement
was made by Peebles [120], that the introduction of a new kind of (two-component)
neutrino field would increase helium abundance by mass from 0.30 to 0.32. Detailed
calculations of the effect were performed by Shvartsman [178] who presented results
for helium mass fractions for different number of neutrino species and different values
of the baryonic mass density. Further development of the idea was carried out by
Steigman, Schramm, and Gunn [179], who concluded that the existing data permitted
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to exclude 5 extra neutrinos, Nν < 8. As we will see below, accuracy at the present
day is considerably better.
Additional particles in the primeval plasma during nucleosynthesis influenced light
element abundances essentially through the following two effects. First, they shift the
frozen neutron-to-proton ratio because the freezing temperature depends upon the
number of particle species in accordance with eq. (57). Second, though the temper-
ature Td (60) when light element formation begins practically does not depend upon
the number of species, the moment of time when this temperature is reached, t(Td),
depends upon g∗ as seen from eq. (37). Correspondingly, the number of surviving
neutrons, which decay with life-time 887 sec, depends upon g∗.
To show the sensitivity of light element abundances to the number of massless
neutrino species we calculated (using code [96]) the mass fraction of 4He and the
relative number density of deuterium D/H as functions of Nν for different values of
baryon number density, expressed in terms of the present day number density of CMB
photons, η10 = 10
10nB/nγ. The results are presented in figs. (5) and (6). To avoid
possible confusion let us mention that the results are valid for any relativistic particle
species contributing the same amount of energy into the total energy density as one
two-component neutrino.
Quite often the impact of nonrelativistic particles on BBN is also described in
terms of the effective number of relativistic particles, which give the same variation
of primordial abundances. One should keep in mind, however, that the result depends
upon the chosen light element. For example, a possibly massive ντ with m = 10 MeV
shifts 4He as 2 extra massless neutrinos, while its impact on 2H is equivalent to
20 additional massless neutrinos (see the following subsection). Massive particles, if
they are sufficiently long-lived, play an especially important role in shifting t(Td) and
changing the number density of surviving neutrons.
There are several conflicting papers in the literature presenting different upper
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Figure 5: Mass fraction of 4He as a function of the number of massless neutrino
species. Different curves correspond to different values of the baryon-to-photon ratio
η10 ≡ 1010nB/nγ = 2, 3, 4, 5, 6 in order of increasing helium abundance.
bounds on the allowed value of Nν . The most restrictive limit is advocated in
refs. [180, 112], ∆Nν < 0.20 (at 95% C.L.). To obtain such a restrictive result
the authors used the measurements of deuterium in high z-clouds [99, 100] which
give (D/H)p = (3.4 ± 0.25) · 10−5. However, uncertain velocity corrections and the
possibility of a two-component system may invalidate this conclusion (see discussion
at the end of sec. 3.4). Much weaker statements are made in refs. [181, 182]. Ac-
cording to ref. [181] the limit is Nν < 4.3 if Yp = 0.238 and varies from Nν < 3.3
if Yp = 0.225 to Nν < 5.3 if Yp = 0.250; all at 95% C.L. These results depend
upon the abundance of primordial 7Li and could be somewhat relaxed. Analysis of
ref. [182] give Nν ranging from 2 to 4. A small value, Nν < 3, would lead to revival
of ”nucleosynthesis crisis” [183]. In particular, according to ref. [184], low deuterium
observations require Ωbh
2 = 0.02 − 0.03 and Nν = 1.9 ± 0.3, while high deuterium
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Figure 6: Deuterium-to-hydrogen by number as a function of the number of massless
neutrino species. Notations are the same as in fig. (5).
data need Ωbh
2 = 0.005 − 0.01 and Nν compatible with 3. It is probably too early
to worry about these discrepancies, though several particle physics solutions can be
easily found that give Nν < 3 (see the following subsections). The analysis presented
in the review paper [185] gives ∆Nν < 0.3 for low deuterium and ∆Nν < 1.8 for high
deuterium. The same conclusion, ∆Nν < 0.3, was reached in the recent work [186]
based on the measurements of η10 in angular fluctuations of CMBR (see sec. 3.4).
The latest data on light element abundances, as discussed above, seem to converge
to low (or, better to say, to normal) deuterium abundance and to Nν = 3. Similar
results were obtained earlier in ref. [187]. However one still has to be cautious in
making conclusions about the accuracy of determination of Nν from BBN. This limit
demands the simultaneous knowledge of 4He and 2H , which are necessary to fix
two unknown parameters Ωbh
2 and Nν . In ref. [182] an error of determination of
mass fraction of 4He was taken to be 0.004, while in other works it was assumed to
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be twice smaller. Possibly with an independent measurement of Ωbh
2 from CMBR,
better accuracy in determination of Nν could be achieved.
The new data and new analysis seem to give a convergent mass fraction of primor-
dial deuterium near 3·10−5. Together with the data on other light elements, this result
permits fixing the baryon number density at BBN with very high precision [188]:
Ωbh
2 = 0.020± 0.002 (95% confidence level) (88)
This precision corresponds roughly to 0.2 allowed extra neutrino species during BBN.
However, as is argued in ref. [111] and in the papers quoted above such accuracy at
the present time seems to be overestimated and the safe bound is closer to 1.
6.2 Massive stable neutrinos. Bound on mντ .
If neutrinos are stable or have lived longer than the age of the universe, tU = 12− 14
Gyr, their mass is strongly bounded from above by Gerstein-Zeldovich limit (see sec-
tion 4.1). However if τντ ≪ tU , tau-neutrinos could be quite heavy, their mass is
only restricted by direct measurements (3). If the life-time of ντ is larger than the
characteristic time scale of primordial nucleosynthesis, tNS ∼ 300 sec, they can be
considered effectively stable during BBN and their energy density would be much
larger than the energy density of massless neutrinos. The equilibrium energy den-
sity of massless particles is larger than that of massive ones. But at some stage
ντ -annihilation into lighter fermions was frozen down and the actual number and en-
ergy densities of ντ became much larger than the equilibrium values. As a result a
massive ντ would have quite a strong influence on nucleosynthesis. A large mass of
ντ , which can be essential for BBN, is now most probably excluded by the Super-
Kamiokande data on atmospheric neutrino anomaly [45, 46]. The latter is explained
by the νµ− ντ oscillations with a small mass difference. Hence the ντ -mass cannot be
noticeably different from the νµ-mass. Even if the atmospheric neutrino anomaly is
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created by the oscillations between νµ and νs, the sterile state with the large mixing
angle demanded by the anomaly, would bring sterile neutrinos into thermal equilib-
rium in the early universe (see sec. 12) and that would create serious problems for
nucleosynthesis [189]. Still even the above is true, there are several physical effects,
as we can see in this section and in sec. 12, that could diminish the effective number
of neutrino species compensating the effect of additional sterile neutrino. On the
other hand, we cannot absolutely exclude a different interpretation of the data. If an
alternative interpretation exists, although it seems unlikely now, mντ could well be in
MeV range. Moreover, even if the results presented below are not applicable directly
to ντ , the physics is still worth discussing and it can be of interest for some other, yet
unknown, possible light particles.
In the first paper [157] where the influence of possibly massive neutrinos on nucle-
osynthesis was considered, the following two effects were taken into account. First, a
change in the total energy density of the primeval plasma at BBN due to the presence
of massive neutrinos, νm. It was estimated in ref. [157] as:
δρνm ∼
mν
Tγ
Min
[
1, (10MeV/mν)
3
]
(89)
Two terms in the brackets correspond respectively to relativistic decoupling, when
nν + n¯ν = 3nγ/4, and to non-relativistic decoupling, when ρν ∼ m−2ν in accordance
with eq. (83). From the limit existing at that time on the mass fraction of 4He,
Yp < 0.29, the authors concluded that neutrino should be heavier than 23 MeV or
lighter than 70 eV in accordance with GZ bound. The second effect mentioned in the
paper is more model dependent and is operative only if heavy neutrino could decay
into photons. These photons would alter theoretical predictions for the primordial
abundances because the parameter η = nB/nγ at BBN and at the present time would
be different.
In a subsequent paper [190] a different conclusion was reached that helium abun-
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dance is independent of existence of heavy neutrinos, while deuterium is quite sen-
sitive to them. That would allow for interesting bounds on their masses, life-times,
and decay modes. This conclusion was corrected in ref. [191], where more accurate
calculations of the number density of massive neutrinos were performed based on nu-
merical solution of eq. (80). It was obtained in particular that the maximum impact
on 4He would have a neutrino with m = 5 MeV, which is equivalent to more than
4 light neutrino species. The approach of the paper [191] was extended and some-
what improved in refs. [192, 193]. The calculations of the second work predicted a
somewhat larger value of the frozen energy density of ντ . But in the translation of
this result to the effective number of neutrino species, found from the distortion of
4He abundance, a numerical error was made that resulted in an overestimation of the
number of additional effective neutrino species. Still, even with the error corrected,
the results of ref. [193] are stronger than those of the pioneering papers [191, 192].
The calculations of both papers (see also a more recent paper [194], where a similar
treatment was applied to the calculations of all light element abundances and not only
of 4He) were done under the following basic assumptions. It was assumed that the
massive ντ and the two massless neutrinos, νe and νµ, are in complete kinetic equi-
librium so their energy distributions are given by the canonical expression (27). Two
more simplifying assumptions were made, namely that the chemical potentials of the
massless neutrinos are zero, and that the distribution functions can be approximated
by their Boltzmann limits:
f(E) = exp[(µ(t)−E)/T (t)]≪ 1, (90)
which are accurate when the temperature is small in comparison with the particle
mass, m > T . In these approximations the problem was enormously simplified tech-
nically. Instead of solving the system of integro-differential kinetic equations (42)
for functions of two variables, fj(t, p), one only had to solve an ordinary differential
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equation (80) for the total number density nντ (t).
However in the case of mντ in the MeV range, nonequilibrium corrections to the
spectra of ντ and even of massless neutrinos happen to be quite significant [195, 150]
and a more refined treatment of the problem had to be developed. In ref. [196] the
simplifying assumption of Maxwell-Boltzmann statistics was dropped in favor of the
exact Fermi-Dirac one, but it was assumed that kinetic equilibrium is maintained for
all the species. Nonequilibrium corrections have been treated by one of the authors
of the above quoted paper [196] in the update [197], who found that these corrections
do not strongly change the original results of ref. [196].
Exact numerical solutions of the full system of kinetic equations for all neutrino
species without any simplifications have been done in refs. [198, 162]. In the latter
work a somewhat better numerical precision was achieved and in particular an almost
twice-higher cut-off in particle momenta was taken. Also, expressions for matrix
elements of some reactions with massive Majorana neutrinos were corrected. The
amplitude squared of the relevant reactions are presented in Table 4 for the case
when the first particle is νe (or νµ with the indicated there change of the coupling
constants) and in Table 5 when the first particle is ντ . The entries in this Table are
presented for the case of massive Majorana ντ .
Numerical solutions of exact kinetic equations prove that nonequilibrium effects
are quite significant, almost up to 50%. The assumption of kinetic equilibrium (27)
with an effective chemical potential, equal for particles and antiparticles, is fulfilled
if the rate of elastic scattering at the moment of annihilation freezing, Γann ∼ H ,
is much higher than both the expansion rate, H , and the rate of annihilation, Γann.
This is correct in many cosmologically interesting cases. Indeed, the cross-sections of
annihilation and elastic scattering are usually of similar magnitudes. But the rate of
annihilation, Γann ∼ σannnm is suppressed relative to the rate of elastic scattering,
Γel ∼ σeln0, due to Boltzmann suppression of the number density of massive particles,
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Process S 2−5G−2F S |A|2
νe + νe → νe + νe 1/4 2 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)
+ (p1 · p2)(p3 · p4)]
νe + νe → νµ + νµ 1/4 12 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)]
νe + νe → ντ + ντ 1/4 12 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)
- m2ντ (p1 · p2)
]
νe + νµ → νe + νµ 1/2 (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)
νe + ντ → νe + ντ 1/2 (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)
+m2ντ (p1 · p3)
νe + νe → e+ + e− 1/2 2(g2L + g2R) {(p1 · p4)(p2 · p3)
+(p1 · p3)(p2 · p4)}+ 4gLgRm2e(p1 · p2)
νe + e
± → νe + e± 1/2 2(g2L + g2R) {(p1 · p2)(p3 · p4)
+(p1 · p4)(p2 · p3)} − 4gLgRm2e(p1 · p3)
Table 4: Matrix elements squared for reactions with electron neutrino; gL =
1
2
+
sin2 θW and gR = sin
2 θW . Matrix elements for muon neutrino processes are obtained
by the substitutions νe → νµ and gL → g˜L = gL − 1.
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Process S 2−5G−2F S |A|2
ντ + ντ → ντ + ντ 1/4 2 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)
+(p1 · p2)(p3 · p4) + 3m4ντ
+2m2ντ {(p1 · p3) + (p1 · p4)− (p1 · p2)}
]
ντ + ντ → νe + νe 1/4 12 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)
- m2ντ (p3 · p4)
]
ντ + ντ → νµ + νµ 1/4 12 [(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)
- m2ντ (p3 · p4)
]
ντ + νe → ντ + νe 1/2 (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)
+m2ντ (p2 · p4)
ντ + νµ → ντ + νµ 1/2 (p1 · p2)(p3 · p4) + (p1 · p4)(p2 · p3)
+m2ντ (p2 · p4)
ντ + ντ → e+ + e− 1/2 2(g˜2L + g2R) {(p1 · p4)(p2 · p3)
+(p1 · p3)(p2 · p4)−m2ντ (p3 · p4)
}
+4g˜LgRm
2
e
{
(p1 · p2)− 2m2ντ
}
ντ + e
± → ντ + e± 1/2 2(g˜2L + g2R) {(p1 · p2)(p3 · p4)
+(p1 · p4)(p2 · p3) +m2ντ (p2 · p4)
}
−4g˜LgRm2e
{
(p1 · p3) + 2m2ντ
}
Table 5: Matrix elements squared for reactions with tau-neutrino; g˜L = gL − 1 =
−1
2
+ sin2 θW and gR = sin
2 θW .
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nm, with respect to that of massless ones, n0. However in the case of MeV-neutrinos
both rates Γann and Γel at the moment of freezing of annihilation are of the same
order of magnitude. Correspondingly, the assumption of kinetic equilibrium at an-
nihilation freezing is strongly violated. Semi-analytic calculations of deviations from
kinetic equilibrium were performed in ref. [150], where a perturbative approach was
developed. In the case of a momentum-independent amplitude of elastic scattering,
the integro-differential kinetic equation in the Boltzmann limit can be reduced to the
following differential equation:
JC ′′ + 2J ′C ′ = −64π
3Hx2
|A0|2m e
y/2∂y
{
e−y∂y
[
e(u+y)/2uy∂x
(
Ce−u
)]}
(91)
where x = m/T , y = p/T , prime means differentiation with respect to y, C(x, y) =
exp(
√
x2 + y2)fm(x, y), fm is the unknown distribution function of massive particles
and
J(x, y) =
1
2
ey/2
∫ ∞
u+y
dze−z/2
(
1− x
2
z2
)
− 1
2
e−y/2
∫ ∞
u−y
dze−z/2
(
1− x
2
z2
)
(92)
with u =
√
x2 + y2.
For the case of momentum-dependent weak interaction amplitude, an exact reduc-
tion of integro-differential kinetic equation to a differential one is unknown or impos-
sible. But in this case one can make a polynomial expansion in terms of momentum
y, and reduce the problem to a sequence of equations for partial amplitude [150, 141].
This method greatly simplifies numerical calculations.
A direct application of perturbation theory (with respect to a small deviation
from equilibrium) to the integro-differential kinetic equation (42) is impossible or
very difficult because the momentum dependence of the anzats for the first order
approximation to f(p, t) is not known. On the other hand, eq. (91) permits making
a regular perturbative expansion around the equilibrium distribution. The numerical
solution of exact kinetic equations [162] shows a good agreement with the semi-
analytic approach based on eq. (91).
69
It can be easily shown that the spectrum of massive ντ is softer (colder) than
the equilibrium one. Indeed, if elastic scattering of ντ , which would maintain kinetic
equilibrium is switched-off, the nonrelativistic ντ cool down as 1/a
2, while relativistic
particles cool as 1/a, where a(t) is the cosmological scale factor. Since the cross-
section of annihilation by the weak interactions is proportional to the energy squared
of the annihilating particles, the annihilation of nonequilibrium ντ is less efficient
and their number density becomes larger than in the equilibrium case. Another
nonequilibrium effect is the additional cooling of massless νe and νµ due to their
elastic scattering on colder ντ , νe,µ + ντ → νe,µ + ντ . Because of that, the inverse
annihilation νe,µ + ν¯e,µ → ντ + ντ is weaker and the frozen number density of ντ is
smaller. But this is a second order effect and is relatively unimportant.
Considerably more important is an overall heating and modification of the spec-
trum of νe (and of course of ν¯e) by the late annihilation ντ + ντ → νe + ν¯e (the same
is true for νµ but electronic neutrinos are more important for nucleosynthesis because
they directly participate in the reactions (50,51) governing the frozen n/p-ratio. It
is analogous to the similar effect originating from e−e+-annihilation, considered in
section 4.2, but significantly more profound. The overfall heating and the spectral
distortion work in the opposite directions for mντ > 1 MeV. An overall increase of the
number and energy densities of νe and ν¯e results in a smaller temperature of neutron
freezing and in a decrease of the n/p-ratio. On the other hand, a hotter spectrum of
νe shifts this ratio to a large value, as discussed in the previous section. The latter
effect was estimated semi-analytically in ref. [195], where it was found that e.g. for
mντ = 20 MeV the spectral distortion is equivalent to 0.8 extra neutrino flavors for
Dirac ντ and to 0.1 extra neutrino flavors for Majorana ντ . The effect of overall
heating was found to be somewhat more significant [196, 162].
The distortion of the spectrum of electronic neutrinos, found by numerical solution
of the exact integro-differential kinetic equations in ref. [162], is presented in fig. 7.
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Though the frozen number density of ντ obtained in ref. [162] is larger than or
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Figure 7: Distortion of spectral distribution of electronic neutrinos multiplied by y2
as a function of dimensionless momentum y for several values of ντ mass.
equal to those obtained in any of refs. [192, 193, 198], (see fig. 8) the influence of
nonequilibrium corrections on nucleosynthesis found in [162] is somewhat weaker than
that found in [196, 198] in the mass range above 15 MeV. It is possibly related to a
larger momentum cut-off in numerical calculations of ref. [162], which gives rise to a
smaller neutron freezing temperature.
The influence of a massive ντ on the formation of light elements can be described
by the effective number of extra massless neutrino species, which gives the same
abundance of the corresponding element as massive ντ does. This number is different
for different elements and usually 4He is taken to this end. In fig. 9 the numbers
of effective neutrino species, obtained by different groups from the mass fraction of
primordial 4He, are compared. All nonequilibrium calculations predict systematically,
and considerably, larger effects than earlier equilibrium calculations [191]-[193]. These
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Figure 8: Relative energy density of massive tau-neutrinos, rm = mντnντ/nν0, for
asymptotically large time as a function of mντ . The solid, dashed, dashed-dotted,
and dotted lines are respectively the results of refs. [162, 198, 192, 193].
newer and more accurate works permit to close the window in the mass range 10-20
MeV, which was not excluded by nucleosynthesis if the permitted number of extra
neutrinos flavors was 1. Now even if 1 extra neutrino is permitted, the upper bound
on mντ is about 1 MeV. If 0.3 extra neutrino flavors are allowed, the ντ mass is
bounded from above by 0.3 MeV. Though the accuracy in determination of 4He is
the largest, one can also include other light elements for obtaining the bound on
mντ mass. The effective number of extra neutrinos found in this way in ref. [162] is
presented in fig. 10. The still existing confusion regarding the data on abundance
of primordial deuterium [98]-[105] makes it difficult to deduce a reliable value for the
ratio of the baryon-to-photon number densities, η10 = 10
10nB/nγ , and to obtain a
stringent bound on ∆N (see discussion at the end of secs. 3.4,6.1). An independent
determination of η10 from the position of the second acoustic peak in the angular
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Figure 9: The effective number of equivalent massless neutrino species ∆N = Neff−3
found from 4He by different groups [162, 198, 196, 192], correspondingly solid, dashed,
dashed-dotted, and dotted lines.
spectrum of CMBR [71] may very much help in the near future. It seems rather safe
to conclude that ∆N < 1, though quite probably a better limit ∆N < 0.2 is valid.
In this case the consideration of primordial nucleosynthesis safely excludes the mass
of ντ in the interval 1− 22 MeV. Recall that it is valid for the sufficiently long-lived
ντ , i.e. for τντ > 200 sec. Together with the direct experimental bound presented
by eq. (3), it gives mντ < 1 MeV. This result is obtained for η10 = 3.0. At lower
η10 = 1 − 2 the lower bound is slightly strengthen. Hopefully a resolution of the
observational controversies in the light element abundances will permit to shift this
limit to even smaller values of mντ . In particular, if the limit on ∆Nν would return
to the ”good old” value, ∆Nν < 0.3, one could conclude from Fig. 9 that mντ < 0.35
MeV. In the case of the optimistic limit, ∆Nν < 0.2 [180, 112] we find mντ < 0.2
MeV.
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Figure 10: The effective number of equivalent massless neutrino species ∆N = Neff−
3 calculated from the abundances of deuterium (dotted), 7Li (dense dotted), 3He
(solid), and 4He (dashed).
The results obtained in the papers [198, 162], where exact calculations were per-
formed, are valid for the Majorana ντ . The Dirac case demands much more computer
time, because an additional unknown distribution function for right-handed massive
ντ should be taken into consideration. Simplified calculations of refs. [192, 193] have
been also done for the Dirac case under the assumption that for mντ > 1 MeV both
helicity states are equally populated. On the other hand, the BBN bound on the Dirac
mass of ντ is considerably weaker than the bound obtained from SN1987 [199]-[201],
mντ < 10 keV.
6.3 Massive unstable neutrinos.
The bounds on mντ would be quite different if ντ decayed during BBN on the time
scale 0.1 − 103 sec. The corresponding effects were actively studied during last 20
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years. In the earlier papers several interesting physical effects were observed but
the accuracy of calculations was rather poor and the concrete numerical results and
bounds should be taken with care. The papers on this subject written at the end
of the 70th were briefly reviewed in ref. [114] but we will also discuss them here
for the sake of completeness. The first paper where the influence of both stable and
unstable neutrinos on primordial nucleosynthesis was considered was that by Sato and
Kobayashi [157]. It was the only paper of the 1970s that correctly concluded that
a massive neutrino with the mass in the range 1-20 MeV would noticeably change
Yp - the primordial abundance of
4He. It was argued in other papers [202, 190]
that 4He is not sensitive to a possible massive and decaying neutrino. It was also
noticed in ref. [157] that a radiative decay of neutrino, νh → νl + γ would change the
baryon-to-photon ratio η at nucleosynthesis with respect to the present day value, and
correspondingly change the predicted fraction of primordial deuterium, which is very
sensitive to η. A similar conclusion was also reached in ref. [190], where the bound
for life-time τνh < hours was derived. On the basis of considerations of the total mass
density in the universe and the combined analysis of production of 4He, as well as
2H , and 7Li it was concluded [203] that no neutrinos can exist in the mass range 70
eV - 10 MeV if their life-time is bounded from below by τνh ≥ 6 · 107(1MeV/mνh)5
sec, i.e. by the electroweak theory value.
It was noticed in ref. [204] that neutrinos decaying into photons or e± at a rather
late time, when nucleosynthesis was effectively completed, would change primordial
abundances of previously produced light elements by their destruction through photo-
fusion. However important secondary processes, as e.g. pair creation γγ → e+e−, or
Compton scattering, which led to thermalization of the decay products were neglected.
The process of pair creation was taken into account by the author 6 years later [205]
and the following result was obtained: for neutrino mass in the interval 1-100 MeV
its life-time should be below 3 · 103 sec. Considerations of this paper were extended
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in ref. [206], where photo-destruction of 4He was considered. Even if a minor fraction
of 4He were destroyed, the produced 2H and 3He, which normally constitute about
10−4 of 4He, might strongly deviate from the usual primordial abundances. This
effect was also mentioned in ref. [114] but without any calculations. If that was
the case, primordial nucleosynthesis would not constraint the baryon density of the
universe. However, all the results for photo-disintegration of light elements (included
those discussed below) are valid only if the energy of the products of the decay are
above nuclear binding energy (2.2 MeV for deuterium and 28 MeV for helium-4).
We know now that the mass of ντ is below 18 MeV and that there are no other
neutrinos with a larger mass. Still we mention below other papers where photo-
fission of light elements was considered, partly because of historical reasons and partly
because physical effects could be of interest. Moreover these results with a slight
modification may be applied to other heavy long-lived particles, even possibly to
heavy neutrinos of the 4th generation.
The influence of radiative decays of a massive neutrino on light elements was
also discussed in the papers [191, 207]. In the first of them the main emphasis
was placed on the stable neutrino case, where quite accurate results were obtained
(see section 6.2), but the effects of neutrino decay in changing the value of η and
in photo-dissociation of 2H were also considered (in the appendix). However the
consideration of photo-dissociation was based a on yet-uncorrected paper [204] and
was numerically wrong. In a subsequent paper [207] the photo-fission of deuterium
by energetic photons coming from neutrino decay was also considered and is also
subject to the same criticism as above. Nevertheless a new and very interesting effect
was noticed in this paper [207]. Namely, if a heavy neutrino decays into νe, with the
life-time τνh > 10
3 − 104 sec, then energetic electronic anti-neutrinos from the decay
would produce additional neutrons through the reaction ν¯ep→ ne+. These neutrons
would catch protons and form additional deuterium. This effect would permit to
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create deuterium that would be consistent with observations and would allow to have
a large cosmological baryonic number density, η.
The calculations of ref. [205] were repeated with a better accuracy in ref. [208],
where the spectra of photons and electrons coming from radiative decays of massive
neutrinos, with secondary processes included, were calculated by numerical solution
of kinetic equation, and their role in photo-destruction of light elements was re-
estimated. The paper concludes that the life-time of a heavy neutrino with mass in
the interval 10 MeV and 1 GeV must be shorter than 104 sec.
In ref. [209] the role played by non-radiatively decaying neutrinos in nucleosynthe-
sis was considered. The authors took into account a change in the expansion/cooling
regime related to the contribution to the energy density from a heavy ντ and the
effect found by Scherrer [207] of creation extra neutrons and ultimately deuterium
by late produced ν¯e. For earlier decaying ντ the spectral distortion of the νe caused
by the νe originating from the decay was also taken into account. This effect would
change the frozen neutron-to-proton ratio and subsequently abundances of all light
elements. It was noted [209] that for mντ < 10 MeV this effect could result only in
a reduction of n/p-ratio. This conclusion was not shared by ref. [210], where it was
independently found that a distortion of electronic neutrino spectrum by νe coming
from the decay of a heavy particle would have a strong influence on n/p ratio but
this influence could go both ways. If the characteristic energy of the produced νe is
below the threshold of the reaction pν¯e → e+n (Eth ≈ 1.8 MeV), then neutrons are
not produced by excessive ν¯e, while they are efficiently destroyed in νen → pe−. It
gives rise to a smaller n/p-ratio. For νe above the threshold, neutron creation is more
efficient because protons are more abundant in the plasma and n/p-ratio increases.
As was shown in ref. [210] for mντ = 7− 10 MeV and τντ = 1 sec the n/p-ratio might
be 25% larger than the canonical value, while for smaller masses, e.g. for mντ = 5
MeV and τντ = 1 sec the n/p-ratio might smaller than the canonical one be by the
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same amount.
A generic and rather comprehensive study of nucleosynthesis (though at that stage
an approximate one) with both invisible and electromagnetic decays of heavy particles
was undertaken in refs. [211, 212]. An important effect discovered there is a decrease
of 4He-production if the life-time of heavy particles is about 0.1 sec. This phenomenon
can be explained as follows. At t > 0.1 sec the temperature of the cosmic plasma is
below 3 MeV so that νµ (and ντ ) are out of thermal contact with the plasma, while νe
remain in strong contact. Hence the excess energy produced by the decay is almost
equally (in accordance with thermal equilibrium) shared between γ, e± and νe, while
the other neutrinos would be under-abundant. It means that the effective number
of neutrino species becomes smaller than canonical value 3 and n/p-ratio goes down.
The results of ref. [211] were somewhat amended in a later paper [213] where neutrino
heating was not treated in instantaneous approximation. The improved calculations
diminishes a possible reduction of 4He down to ∆Y = −0.01 but in a larger range of
life-times, τ = 0.1− 0.7 sec.
A detailed examination of the impact of radiative decays of neutrinos on BBN was
done in ref. [214], where all previously found effects were taken into consideration with
a somewhat better numerical precision: 1) an increase of the entropy due to decay and
the corresponding change of η; 2) the contribution into total cosmic energy density
from νh and its decay products; 3) the destruction of light elements by high energy
photons created by the decay after light elements were produced; 4) a shift of n/p-
equilibrium by νe possibly produced in the decay. The conclusions of the paper are as
follows. A heavy ντ with mντ > 30 MeV (now excluded by direct experiment), would
induce too-strong photo-destruction of light elements if τντ > 10
4 sec. A lighter ντ
would contribute too much into the total energy density and too much 4He would be
produced. According to this paper, all pieces of data, including supernova bounds,
permit the only region for the radiative decays of ντ : 30MeV < mντ < 70MeV and
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102 sec < τντ < 10
4 sec. The upper limit of 70 MeV comes from direct laboratory
measurements of mντ available at that time. Since now we know that mντ < 18
MeV, the results of the paper [214] imply that there is no space at all for radiatively
decaying massive ντ . Of course some small masses are not excluded, but their limiting
values are not presented in the paper. In particular, the decay products of ντ with
mντ < 4.4 MeV do not destroy deuterium, to say nothing about
4He.
One more effect was pointed out in refs. [215, 216]. The authors noticed that
even if a massive neutrino did not directly produce photons or electrons, energetic
neutrinos from the decay may interact with background neutrinos and create e±-
pairs through the reaction ν¯ν → e+e−. In the second paper [216] thermalization
of the decay products, omitted in the first one [215], was taken into account, which
significantly changes the results for certain values of mass and life-time of the decay-
ing particle. This effect leads to some improvement of the previous constraints on
neutrino-producing heavy particles. The secondary electrons and positrons could cre-
ate energetic photons and the latter in turn would destroy light elements or, if their
energy is higher than the binding energy of 4He, would (over)produce 2H and 3He
as was indicated in refs. [114, 206]. The results of the paper [216] are valid for a very
heavy parent particle, m = (1−1000) GeV, which could be a heavy lepton of the 4th
generation. But, as we saw in sec. 5.2, the frozen number density of such neutrinos
could be too low (at least for some values of the mass) to produce observable effects.
The results found in paper [216] may be applicable to supersymmetric partners and
as such are not the subject of this review. There is quite rich literature on cosmolog-
ical constraints for super-partners such as gravitino, neutralino, sneutrino. For the
discussion and a representative list of references one could address the paper [217].
Decays of massive ντ (with mass 17 keV) into invisible modes were considered
in ref. [218]. It was argued there that due to the decay ντ → νe,µ + J , where J
is a massless or light scalar boson, light neutrinos, νe,µ acquire chemical potentials
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and in the case of decay into νe this changes the mass fraction of primordial
4He by
∆Y = 0.02− 0.03 for the life-time range τντ = 3 · 10−4− 10−2 sec (this is the life-time
of ντ at rest; relativistic time delay makes it much longer). The calculations of the
paper have been simplified by the assumption that all relevant particles are in kinetic
equilibrium. Exact calculations could noticeably change the results.
The next generation of papers treating BBN bounds on unstable massive neutrinos
appeared in the middle of the 1990s. The calculations, though still approximate, were
considerably more involved and included numerical integration of kinetic equations,
also approximate but more accurate than previously. The main contribution were
done by Ohio [219]-[221] and Chicago [222, 224] groups. In the first group of works
the Boltzmann kinetic equation was solved numerically under the following assump-
tions: 1) the products of the decay are in kinetic equilibrium; 2) their distribution is
described by pseudo-chemical potential [225]-[227]:
f = [1 + exp (ξ + E/T )]−1 (93)
where ξ and T are functions of time only and do not depend on energy, the pseudo-
chemical potential ξ has the same value for particles and antiparticles if charge asym-
metry is vanishing; 3) in some cases the validity of Boltzmann statistics was assumed.
In ref. [220] the inverse decay was included into consideration for the first time. Under
simplifying assumptions described above, kinetic equations were reduced to ordinary
differential equations for functions of only one variable - time. These equations were
solved numerically. However, no accurate calculations with the nucleosynthesis code
were performed. The latter was included in a subsequent paper [221]. The only decay
mode that was considered there was ντ → νµ+J , where J is a light or massless scalar.
The authors claim that they obtained, in particular, the strongest constraint for the
ντ mass if ντ is stable on BBN time scale. This result disagrees, however, with the
more precise calculations of refs. [198, 162] (see discussion in sec. 6.2).
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According to the paper [221], in the case of decaying ντ , if BBN permits 0.6
additional massless neutrino species, the only range allowed for the mass and life-
time is either mντ ≤ 0.1 MeV for τντ ≥ 10−2 sec and mντ ≤ 0.1(τντ/0.01 sec) MeV
for τντ ≤ 10−2 sec, or (5 − 10) MeV ≤ mντ ≤ 31 MeV provided that τντ ≤ 40 sec;
ντ with τντ > 40 sec are excluded in the mass interval 0.1-50 MeV. These results are
compared to precise calculations of ref. [228] below.
A much wider class of neutrino decays was considered in refs. [222, 224]. The
decays into electromagnetically interacting particles, ντ → νµ,e + γ or ντ → νµ,e +
e+ + e− as well as into sterile channels, ντ → νµ,e + J , were discussed. The basic
simplifying assumptions were the following: 1) the number density of ντ is assumed
to be frozen; 2) inverse decay is not taken into account and low life-time limit is not
accurately treated; 3) Boltzmann approximation. An important improvement with
respect to refs. [219]-[221] was an account of spectral distortion of light neutrinos.
The results of the papers [222, 224], confirmed and quantitatively improved earlier
statements, discussed above, that in the case of decay ντ → νe the BBN constraint for
the baryon number density η is about 10 times less restrictive than without decays,
so BBN would not prevent baryons to constitute all dark matter in the universe. The
results of refs. [222, 224] in the case of decay into νµ,eJ are compared below with
precise calculations of the paper [228].
A few papers related to the impact on BBN of electromagnetic decays of massive
particles, which are not necessary (but could be) heavy neutrinos, appeared during
the past few years, see e.g. [229]-[233],[217] and references therein. A more precise
treatment of electromagnetic cascades and correspondingly of the radiation spectrum
was developed. That permitted to improve the accuracy of the calculations of photo-
destruction of light elements.
In the case that such massive particles became non-relativistic and dominate cos-
mic energy density before nucleosynthesis, rather strong constraints on their prop-
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erties could be derived from the condition that their decay products must be ther-
malized and the universe must be reheated and come to thermal equilibrium with
Treh > 1 MeV, so that the normal BBN conditions would be created. However, as
was noticed in refs. [230, 231], thermalization of neutrinos should be much slower
than thermalization of other more strongly interacting particles. The neutrinos are
either non-thermally produced by the decay, or created by reactions with secondary
particles, as e.g. e+e− → ν¯ν. The effective number of neutrino species was calculated
in this paper by numerical solution of kinetic equation in Boltzmann approximation
and in the limit of me = 0. It was found that if the reheating temperature after
decay is sufficiently high, Treh > 5− 10 MeV, then Nν ≈ 3 as in the standard model.
However it does not mean that smaller Treh are excluded. The authors demonstrated
that for a smaller Treh, the number density of νe became smaller than in the stan-
dard model and this resulted in a higher temperature of n/p-freezing and to a lesser
destruction of neutrons by νe after freezing. These two effects could give rise to the
normal primordial mass fraction of 4He even if Nν ≪ 1. The permitted value of Treh
could be as small as 0.5 MeV. In the subsequent paper by the same authors [231]
the lower limit on the reheating temperature, after late-time entropy production, was
shifted to a slightly higher value, Treh > 0.7 MeV for leptonic and electromagnetic
decay channels. If the long-lived massive particles that create large additional entropy
decay into hadrons with a branching ratio larger than 0.01, the reheat temperature
should be larger than 2.5-4 MeV [231]. These papers also mentioned that a constraint
on the effective number of neutrino species, or in other words, on the energy density
of relativistic matter can be found as well from the galaxy formation [232] and from
the future CMB measurements [145] (see sec. 9).
A more accurate study of massive Majorana ντ decaying into νµ+J was undertaken
in ref. [234]. The calculations were done in non-relativistic approximation for ντ and
under assumption of thermal equilibrium for νe and νµ, so that the annihilation could
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be treated in Boltzmann approximation. Scattering processes for light neutrinos
were neglected and only scattering of nonrelativistic ντ on equilibrium leptons were
included. The effect of tau-neutrino with mass and life-time in the intervals 10− 24
MeV and 10−4 − 103 sec was studied. It was obtained, in particular, that for some
values of mντ and τντ the effect of decaying ντ is to reduce the effective number of
neutrino species. For example, if mντ = 14 MeV and τντ = 0.1 sec, the effective
number of neutrinos is Nν = 2.5; if mντ = 10 MeV and τντ = 1 sec, Nν = 2.85. These
results are in a good agreement with exact calculations of ref. [228], see below fig. 11.
Numerical solutions of the complete system of kinetic equations without any sim-
plifying approximations were done in two works [235, 228]. In ref. [235] the decay
ντ → νe + J in the mass interval 0.1 < mντ < 1 MeV was studied, while in ref. [228]
both invisible decays ντ → νe + J and ντ → νµ + J were discussed in the mass range
0.1-20 MeV. We will concentrate on the last paper [228], which is more complete and
more accurate numerically. It was assumed there that ντ is a Majorana type fermion
which is coupled to a scalar boson φ, possibly a majoron or familon [56, 57] (see also
the papers [127, 236]), which is light or even massless. The coupling of φ to neutrinos
may have diagonal terms as e.g. g1ν¯τντφ which are important for elastic scattering
ντ +φ↔ ντ +φ and annihilation ν¯τ +ντ ↔ 2φ. The non-diagonal coupling gaν¯τνaφ is
responsible for the decay of ντ into lighter neutrinos, νe or νµ (correspondingly a = e
or µ). It is usually assumed that one of these two couplings dominates, i.e. ντ pre-
dominantly decays either into νeφ or νµφ and these two possibilities are considered
separately. It is also assumed that both νe and νµ are the usual active neutrinos.
Since chirality is changed by the coupling to a scalar field, the corresponding light
neutrinos should also be Majorana particles, otherwise new sterile states would be
produced by the decay. The scalar boson φ is supposed to be a weak singlet, because
the LEP measurements [10] of the total decay width of Z0 do not leave room for any
other light weakly interacting particles except those already known.
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There are several possible ways of production of φ in the primeval plasma. The
first and evident one is through the decay ντ → φ + νa. Another possibility is the
annihilation ντ+ντ → φ+φ and the third one is a possible non-thermal production in
the course of a phase transition similar to the production of axions at the QCD phase
transition. We neglect the last possibility, assuming that even if (pseudo)goldstone
bosons were created in the course of the phase transition, the phase transition took
place early enough so that the created bosons were diluted by a subsequent entropy
release in the course of the universe cooling down. The rate of φ-production in ντ -
annihilation can be estimated as:
n˙φ
nντ
= σannvnντ , (94)
where v is the relative velocity and σann is the annihilation cross-section. In the
limit of large energies, s = 4E2cm ≫ m2ντ it is equal to: σann ≈ (g41/32πs) ln(s/m2ντ )
(see e.g. [237]). One can check that this rate is small in comparison with the universe
expansion rateH = a˙/a, if g1 < 10
−5. In this case the production of Majorons through
annihilation can be neglected and they would dominantly be produced through the
decay of ντ . The opposite case of dominant production of φ’s by ντ -annihilation and
their influence on nucleosynthesis was approximately considered in ref. [237].
The life-time of ντ with respect to the decay into massless particles φ and νa is
equal to:
τντ =
8π
g2amντ
√
m2ντ + 9T
2
mντ
(95)
where the last factor accounts for the relativistic time delay. The decay would be
faster than the universe expansion rate at T ∼ mντ if T < 0.3 · 1010ga
√
mντ , where
the temperature T and mντ are expressed in MeV. The interval of life-times of ντ ,
which we will consider below - τντ = (10
−3 − 103) sec - corresponds to ga√mντ =
(4 · 10−9 − 6.3 · 10−12). Thus there is a large range of parameters (coupling constants
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and masses) for which decay is essential while annihilation is not. These parameter
values are not in conflict with the astrophysical limit ga (MeV/mντ )
1/2 < 3 · 10−7 [22]
(page 563).
In ref. [228] the BBN impact of unstable ντ decaying into invisible channels ντ →
νe,µ+φ was treated without any approximations through numerical solutions of exact
kinetic equations. The basic equations governing the evolution of the distribution
functions fa (a = νe, νµ, ντ , and φ) are discussed in some detail in sec. 4.2. Now
there is a new unknown function fφ(p, t) and a new contribution to the collision
integral from the decay:
(∂t −Hpj∂pj )fj(pj , t) = Iscatj + Idecayj , (96)
where the collision integral for two-body reactions 1 + 2 → 3 + 4 is given by the
expression (71) and the ”decay” parts of the collision integral for different initial
particles are:
Idecayντ = −
m
Eντpντ τντ
∫ (Eντ−pντ )/2
(Eντ+pντ )/2
dEφFdec(Eντ , Eφ, Eντ −Eφ), (97)
Idecayνa =
m
Eνapνaτντ
∫ ∞
|(m2/4pνa )−pνa |
dpντpντ
Eντ
Fdec(Eντ , Eντ − Eνa, Eνa), (98)
Idecayφ =
2m
Eφpφτντ
∫ ∞
|(m2/4pφ)−pφ|
dpντpντ
Eντ
Fdec(Eντ , Eφ, Eντ −Eφ), (99)
where m is the mass of ντ (we omitted the index ντ ) and:
Fdec(Eντ , Eφ, Eνa) = fντ (Eντ ) [1 + fφ(Eφ)] [1− fνa(Eνa)]
−fφ(Eφ)fνa(Eνa) [1− fντ (Eντ )] . (100)
The contribution of the decay term, Idecay, into the collision integral of eq. (96)
is considerably simpler for numerical calculations than the contribution of scattering,
Iscat, because the former is only one-dimensional, while the scattering terms can be
reduced to no less than two dimensions. Technical details of the calculations and
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modification of the nucleosynthesis code are described in the paper [228]. Before
discussing the results of the calculations, it is worth mentioning that possible effects
of neutrino oscillations on primordial nucleosynthesis were not taken into account.
According to a recent Super Kamiokande result [45] νµ may be strongly mixed with
ντ with a very small mass difference δm
2 = 10−2 − 10−3eV2. If that is the case
then mντ < 160 keV and the results obtained for a larger mass of ντ would be
irrelevant. However if νµ is mixed with a sterile neutrino (which is almost ruled out
now) then the mass difference between ντ and νµ can be large, and the oscillations
may be unimportant. If this is the case then the ντ mass is only restricted by a loose
laboratory limit (3) and BBN constraints are of interest. On the other hand, if all
three known neutrinos are light, then the results presented here may be applicable to
new neutrinos of a possible fourth generation.
The impact of decaying ντ on BBN is significantly different for the decay ντ → φνµ
and ντ → φνe. In the first case the most important effect is an overall change in
the total energy density and a corresponding change of the universe cooling rate.
Nonequilibrium corrections to the spectra of νe are relatively weak for a small life-
time, so practically all ντ have already decayed at the moment of neutron-proton
freezing, T ≈ 0.6 MeV. For a larger life-time, some nonequilibrium νe would come
from annihilation ντ + ντ → ν¯e+ νe and, as we have already discussed, would directly
change the frozen n/p-ratio. The distortion of the νe spectrum is much stronger in
the case of the decay ντ → νe + φ. Moreover, the electron neutrinos originating from
the decay at later times would over-produce deuterium, as found in ref. [207].
First we present and discuss the results for a case of decay into νµφ-channel. In
fig. 11 the effective number of massless neutrino species, which would give the same
mass fraction of 4He as a massive ντ decaying into νµφ, is presented for different life-
times as a function of ντ mass. For large masses and low life-times ∆N is negative.
This is related to the decrease of the energy density if all ντ have completely decayed.
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Figure 11: The number of equivalent massless neutrino species, ∆N = Neqv − 3,
as a function of ντ mass and lifetime τ , found from
4He in the case of the decay
ντ → νµ + φ.
Because of that ∆N = −1 which is partly compensated by the production of scalars
φ giving ∆N ≈ 0.5 Thus if mντ = 10 MeV and τντ = 0.1 sec, the effective number of
neutrino species at nucleosynthesis would be only 2.5.
A comparison with the results of other groups shows a rather strong deviation.
We ascribe this to the simplifying approximations made in the earlier papers, which
have apparently given rise to a significant difference with the exact calculations, and
to a better accuracy of our numerical calculations, which is typically at the fraction
of per cent level. For example in the case of mντ = 14 MeV and τντ = 0.1 sec we
obtain for the energy density ρ/ρeqν0 = 2.9, while the group [234] obtained 2.5. In the
limit of small life-times and masses our result is 3.57 (this is the energy density of
three light neutrinos and one scalar), while the results of [234] are close to 3.9. The
effective number of neutrino species found from 4He in our case is 3 + ∆N = 2.9 for
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mντ = 10 MeV and τντ = 1 sec, while that found in ref. [221] is 3.1. The difference
is also large for mντ = 10 MeV and τντ = 0.01 sec: we find 3 + ∆N = 2.66 and
the authors of [220] obtained 2.86. In view of the approximations made in the latter
paper, it can be considered good agreement.
It was shown in ref. [207] that late decaying ντ with τντ = 10
3−104 sec and mντ >
3.6 MeV would strongly distort deuterium abundance if the decay proceeded into
electronic neutrinos. These νe would create excessive neutrons through the reaction
νe+ p→ n+ e+, which would form extra 2H. This is seen clearly in fig. 12, where 2H
Figure 12: Primordial deuterium (by number) for different τντ as a function of tau-
neutrino mass in the case of the decay ντ → νe + φ.
clearly increases as a function of lifetime. The extra deuterium production goes up
quadratically with the baryon density, and it was indeed observed in ref. [228], that
the effect is much less pronounced for low η10.
The mass fraction, Yp, of primordial helium-4 is presented in fig. 13. For this
channel as well, there is noticeable disagreement with previous papers. E.g. for m =
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Figure 13: Primordial helium-4 (by mass) for different τντ as a function of tau-neutrino
mass for the case of decay ντ → νe + φ.
0.6 and τ = 100 sec we find Y (4He) ≈ 0.244, whereas ref. [235] obtains Y (4He) ≈ 0.20.
More graphs showing various elements (2H , 4He and 7Li) as functions of mass and
lifetime, for both channels ντ → νµ + φ and ντ → νe + φ and for η10 = 1, 3, 5, 7, 9 can
be found on the web-page: http://tac.dk/~sthansen/decay/ together with plots
of the n-p reaction rates. The calculated abundances of light elements [228] for the
case of the decay into νe disfavor the low and high values of life-time of the model of
ref. [223], where tau-neutrino with the mass in the interval 1-10 MeV and life-time
0.1-100 sec was invoked to remedy the CDM model of large scale structure formation.
The previous results were obtained under assumption that the only source of light
scalars φ were the decays of ντ . We may consider the opposite extreme, assuming
that at the initial moment xin the majorons were in thermal equilibrium, fφ(xin) =
1/[exp(y)− 1]. This situation could be realized if majorons were produced by some
other mechanism prior to the ντ decay as discussed above. In the case of non-vanishing
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fφ the inverse decay is evidently more efficient than for fφ(xin) = 0 and ρντ decreases
slower. The change in ∆N , as compared to the case when fφ(xin) = 0, varies between
0.4 and 1.0, ∆N(fφ=feq) = ∆N(fφ=0) + (0.4 − 1.0), depending on mass and lifetime.
In particular, for long lifetimes this difference goes to 0.57 for all masses, as can be
expected.
6.4 Right-handed Dirac neutrinos
It is usually assumed that neutrinos are “left-handed”, i.e. they have only one helicity
state, negative for neutrinos (spin is anti-parallel to the momentum) and positive for
antineutrinos. If they are strictly massless and interact only with left-handed currents
then another spin state would never be excited. A non-zero mass permits to make
a Lorenz boost into neutrino rest frame and moreover to change the direction of its
momentum into the opposite one, thus kinematically changing a left-handed ν into
right-handed one. If neutrinos are massive then the population of right-handed states
in the primeval plasma should be non-vanishing and they could influence primordial
nucleosynthesis by enlarging the effective number of neutrino species (see sec. 6.1).
This is true only for the Dirac mass, while Majorana neutrinos, massive or massless,
have the same number of degrees of freedom. The problem of mass-generated pro-
duction of “wrong-helicity” Dirac neutrinos was first discussed in refs. [114, 128, 54].
The probability of production of right-handed neutrinos in weak interaction reactions
with left currents is suppressed at high energies as (mν/E)
2. It was shown that light
right-handed neutrinos with masses below the Gerstein-Zeldovich limit, mν < 30 eV
(sec. 4.1), are never in thermal equilibrium and their energy density at BBN is al-
ways negligible. A simple estimate can be done as follows. The production rate of
right-handed neutrinos generated by their mass is approximately given by
ΓmR = (mν/E)
2ΓL ∼ H (mν/T )2(T/TW )3 (101)
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where TW is the decoupling temperature of “normal” left-handed neutrinos and H
is the Hubble parameter. As follows from the estimates given at the beginning of
sec. 4.1, TW = 2 − 3 MeV. Equilibrium with respect to νR would be established if
ΓR ≈ H . Using formally eq. (101) we find that it could be achieved at T > 107 GeV.
However, that is definitely incorrect because at T ≥ MW,Z the cross-sections of weak
reactions with neutrino do not rise with energy as E2 but decrease as 1/E2 (see sec. 5).
The maximum contribution to the production rate of νR is given by the decays of real
W and Z bosons [54] (it is exactly the same as the resonance contribution from the
scattering: all→ (W, Z)→ ν + ...).
The νR production rate through decays of intermediate bosons can be estimated
as follows
Γ
(d)
R =
n˙νR
nνL
=
(
mν
T
)2 ΓνWnW + ΓνZnZ
0.1T 3
(102)
where nνL ≈ 0.1 T 3 is the equilibrium number density of left-handed neutrinos,
nW ≈ 3 (mWT/2π)3/2 exp(−mW/T ) is the number density of W (and the same for
Z), and ΓνW = 0.21 GeV and Γ
ν
Z = 0.17 GeV are the decay widths of W and Z
into the channels with a certain neutrino flavor. We used non-relativistic expressions
for the number densities of W and Z (30) because, as we will see in what follows,
the maximum rate is achieved at T < mW,Z . To create equilibrium Γ
(d)
R should be
larger than the Hubble parameter H = 1.66g
1/2
∗ (T )T 2/mP l. Correspondingly the
equilibrium could be established if
mν > T

 0.166g1/2∗ T 5
mP l (ΓνWnW + Γ
ν
ZnZ)


1/2
(103)
The maximum production rate is reached at mW,Z/T ≈ 3.5. Estimating the r.h.s.
at this temperature we find that the equilibrium could be achieved if mν > 2 keV.
In other words, for mν < 30 eV equilibrium is never established even with quite
efficient production of νR by W or Z decays [54]. Similar results were obtained in
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refs. [238, 239], though in the last paper the two-body resonance-dominated reactions
were considered and it was claimed, in contrast to the above arguments, that the two-
body W and Z decays are negligible. Right-handed neutrinos could be produced in
equilibrium amount only at Planck temperature (if such high temperature state ever
existed in the universe history) by gravitational interaction which is helicity blind.
However, the entropy dilution by massive particle annihilation diminishes the relative
energy density of νR at BBN by the factor (g∗(T = 1MeV)/g∗(T ≈ 100GeV)4/3 ≈
0.05 and even more for the case of production at the Planck epoch. The entropy
suppression might be not so strong in the case of multi-dimensional theories with the
Planck scale as low as TeV [240] or even lower [241].
Another possible way of creating (even massless) right-handed neutrinos is through
direct interactions of νR with right-handed currents. If one assumes that the right-
handed interaction has the same form as the left-handed one but with heavier inter-
mediate bosons, one can obtain from BBN a lower limit on their mass. This was first
done in refs. [242, 243] where the limit obtained was mW ′ > 53mW , if the allowed
number of extra neutrino species at BBN was one. The calculations go as follows. The
relative rate of νR production through new integrations with right-handed W
′-bosons
scales as:
Γ′R/H = (T/TW )
3 (mW/mW ′)
4 (104)
Thus at some high temperature νR would be abundantly produced. However their
energy density would be diluted at BBN by the factor [g∗(Tprod)/g∗(1MeV)]4/3 with
g∗(1MeV) = 10.75. For T ∼ 100 MeV but below the QCD phase transition g∗ = 17.25
and the suppression factor is 0.53. Taking into account that there are 3 neutrino
flavors, there would be 1.6 extra neutrino flavors at BBN - and that is excluded
by the data. So the decoupling of νR-production should be above the QCD phase
transition when g∗ ≥ 58.25. In this case the energy density of νR is suppressed at
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BBN by the factor 3× 0.105 = 0.315. Thus the limit can be found
mW ′/mW > (TQCD/TW )
3/4 (105)
In ref. [242] the temperature of the QCD phase transition was assumed to be 200
MeV and the decoupling temperature of left-handed weak interaction was taken as
TW = 1 MeV. That’s how the limit mW ′/mW > 53 was obtained. However the
production of νR goes through the annihilation of right-handed charged leptons and
not through the much stronger elastic scattering, which conserves the number density
of participating particles. Correspondingly, for the decoupling temperature of weak
interactions one should take a larger value - TW = 3 − 5 MeV. In this case the
limit would be considerably weaker, mW ′ > 1 TeV [54]. On the other hand, the
scaling assumption (104) is not precise and at T > TQCD, the new reaction channels
including quark annihilation would be open. This would result in a stronger lower
limit. If the allowed extra number of neutrino species ∆N < 0.3, then the decoupling
of νR should take place at T > 1 GeV and mW ′ > 10 TeV. If the limits on ∆N
are further improved to ∼ 0.15, so that decoupling moves to temperatures higher
than that of the electroweak phase transition, then the limit becomes mW ′ > 300
TeV. These results differ somewhat from those presented in ref. [185]. For example,
for the same bound ∆Nν < 0.3 the authors of that paper requested the decoupling
temperature of νR to be higher than 300 MeV and correspondingly mZ′ > 2.8 TeV.
The difference is related to a different choice of decoupling temperature, 1 GeV in
the first case and 300 MeV in the second case. The number of degrees of freedom
in the last case is g∗ = 58.25, while in the first it is 68.75, due to addition of the
charmed quark. The entropy suppression factors are respectively 0.105 and 0.084. So
three right-handed neutrinos correspond effectively to 0.315 or 0.25 normal neutrino
species. The example shows the strong sensitivity of the result to the bound on ∆Nν .
If neutrinos are unstable on the cosmological time scale, then their mass is not
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restricted by 30 eV and the right-handed partners could be noticeably produced in
the early universe. The condition that they would not strongly disturb BBN permits
to put an upper limit on their mass. This question was first raised in ref. [244],
where an approximate limit mν < 300 keV was obtained assuming that the QCD
transition temperature was 100 MeV and ∆Nν < 0.4. In ref. [245] a different bound
was obtained, mν < 430 keV, under the assumption that the dominant mechanism
of production of νR is the decay π
0 → νRν¯R and that ∆Nν < 0.3. In contrast to
the previous bound this one does not depend upon the value of the QCD transition
temperature. Significantly weaker limits were obtained in ref. [246]: mντ < 740 keV
and mνµ < 480 keV for TQCD = 200 MeV, but several important processes of creation
of νR were overlooked there. The limits were strongly improved in ref. [247] where all
essential processes of production of right-handed neutrinos were taken into account
and, in particular, the decay π± → µ±νR not included in the earlier research. The
limits depend upon the TQCD and read: mνµ < 170 keV and mντ < 210 keV for
TQCD = 100 MeV and mνµ < 150 keV and mντ < 190 keV for TQCD = 200 MeV,
all for ∆Nν < 0.3. If a very optimistic limit, ∆Nν < 0.1, is taken, then the right-
handed neutrinos should decouple at or before the electroweak phase transition and
the masses should be bounded by 10 keV. In this case the limit is similar to that
found from the consideration of the cooling of supernova SN87 [199, 200, 201]. The
results of ref. [247] were further improved in the paper [196] where more accurate
calculations of νR production and of their impact on BBN were performed. The
bounds are roughly 30% stronger and are as follows. For ∆Nν < 0.3:
mνµ ≤
{
130 keV TQCD = 100 MeV
120 keV TQCD = 200 MeV
mντ ≤
{
150 keV TQCD = 100 MeV
140 keV TQCD = 200 MeV.
(106)
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while for ∆Nν < 1.0, they are
mνµ ≤
{
310 keV TQCD = 100 MeV
290 keV TQCD = 200 MeV
mντ ≤
{
370 keV TQCD = 100 MeV
340 keV TQCD = 200 MeV.
(107)
These limits are much stronger than laboratory limits for ντ mass and comparable
to the limit on νµ mass. They are applicable if the neutrino life-time is longer than
the characteristic time of nucleosynthesis but shorter than the universe age.
An unusual case of right-handed neutrinos that are heavier than the right-handed
intermediate bosons, was considered in ref. [248]. The authors calculated the frozen
number density of such heavy neutrinos as discussed in sec 5. From the condition
ρνR < ρc they found an upper limit on νR mass of approximately 700 GeV. This
result is incompatible with the initial assumption of mνR > mW ′ , because as we see in
this section W ′ should be heavier than ∼TeV. Hence, cosmology forbids right-handed
neutrinos with mνR > mW ′. However this conclusion would be invalidated if there
exists an additional anomalous interaction of νR or in the obvious case of an unstable
heavy neutrino [249].
Another type of right-handed neutrinos coupled to the usual intermediate bosons
but with a weaker strength was considered in ref. [250]. The authors derived mass/life-
time limits from the total cosmological energy density, CMBR, and BBN. According
to the author’s conclusion, such neutral fermions could exist in the mass and life-time
ranges of 0.1−1 GeV and 10−4−106 sec respectively. A similar question was raised in
ref. [251] a decade later. It was assumed that there existed a new neutrino-neutrino
interaction where both left- and right-handed neutrinos participated. Assuming that
the interaction is described by the 4-fermion coupling, F (ν¯RνR)(ν¯LνL), the authors
concluded from BBN that the coupling strength is bounded by F < 3 · 10−3GF . In
the case that this interaction is mediated by a massless boson exchange the Yukawa
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coupling constant of this boson to neutrinos should be smaller than 2 · 10−5 (see also
sec. 6.6).
6.5 Magnetic moment of neutrinos.
If neutrinos are massive with Dirac mass, they should have a non-zero magnetic
moment. On the other hand, the existence of a magnetic moment does not strictly
imply a non-zero neutrino mass, though its absence in this case would be highly
unnatural because chiral invariance, which prevents from generation of mass, is broken
by magnetic moment and interaction with an electromagnetic field through magnetic
moment always changes helicity and excites right-handed neutrino states. In the
standard electroweak model modified only by a non-zero mass of neutrino, with νR
being SU(2)-singlet, the magnitude of neutrino magnetic moment is given by eq. (8)
and is extremely small [58, 59, 252, 253]. If µν is that small, the magnetic interaction
of neutrinos would be unnoticeable in cosmological phenomena. However, in some
extensions of the standard model the magnitude of µν might be much larger, up to
(10−10−10−11)µB (see e.g. [254]-[257] and references therein). In this case µν could be
cosmologically interesting. Direct experimental limits on diagonal magnetic moments
of different types of neutrinos are given by expressions (9). A consideration of stellar
evolution permits imposing more stringent limits at the level (10−10 − 10−12)µB, see
the book [22]. Cosmology and, in particular, big bang nucleosynthesis give similar
bounds. As we have seen in the previous section, the excitation of additional right-
handed neutrino states would change primordial abundances of light elements. If µν
is non-vanishing, then neutrino interactions with electromagnetic field would excite
νR because the coupling ν¯σαβq
αν mixes νL and νR. There are two possible types of
processes in the early universe in which neutrino spin-flip might take place: first, the
production of νR in helicity changing processes, either in particle collisions, e
±+νL →
e±+νR and e−+e+ → νL,R+ ν¯R,L or in the plasmon decay, γpl → ν¯L,R+νR,L; second,
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the classical spin rotation of neutrinos in large scale primordial magnetic fields that
might exist in the early universe. The former mechanism was first considered in
ref. [258], while the second one in refs. [259, 253].
In ref. [258] the production of νR through the process e
± + νL → e± + νR was
estimated. It was found there that the predictions of BBN would not be strongly
disrupted by the excitation of the additional “wrong” helicity states if µν < (1− 2) ·
10−11µB. The calculations of this work were further elaborated in ref. [260] and an
about thrice weaker limit was obtained µν < 5.2 · 10−11µB(Td/200MeV)1/2, where Td
is the decoupling temperature of the magnetic interactions of neutrinos; Td should
be taken smaller than the QCD phase transition temperature, otherwise the energy
density of νR would be strongly diluted and would not effect BBN even if νR were
abundantly produced at higher temperatures.
The cross-section of νR production by e
+e−-annihilation is equal to:
σ
(
e− + e+ → νL + ν¯R
)
=
πα2κ2
12m2e
(108)
where κ = µν/µB and α = 1/137. This process is sub-dominant with respect to the
quasi-elastic scattering with the cross-section:
σ
(
e± + νL → e± + νR
)
=
πα2κ2
m2e
ln
(
q2max
q2min
)
(109)
where qmax is the maximum value of the momentum transfer which is determined
by the particle spectral density. In thermal equilibrium it is close to the average
momentum 〈q〉 ≈ 3T . The logarithmic infrared cut-off qmin is related to the long-
range nature of (electro-)magnetic interactions between ν and e±. In ref. [260] qmin
is taken as the inverse Debye screening length, qmin = 2π/lD with lD = (T/4πnα)
1/2
and n ≈ 0.1T 3 (the latter is the equilibrium number density of massless fermions).
A more accurate treatment of plasma effects was performed in refs. [261, 262].
According to the first paper, the production rate of νR is equal to ΓR = 0.0132µ
2
νT
3
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and from the usual condition ΓR < H one obtains µν < 6.2 · 10−11µB for Td = 100
MeV, which is rather close to the estimate of ref. [260]. In the second paper [262] a
much weaker production rate of νR was found, ΓR = 5.8 · 10−4µ2νT 3. As stated by
the authors, the difference is due to a more precise treatment of the thermal photon
polarization function. Correspondingly, the bound on magnetic moment of neutrinos
is 5 times weaker:
µν < 2.9 · 10−10µB (110)
(also for T = 100 MeV).
The limits discussed above are applicable to light neutrinos, with mν ≪ 1 MeV.
If the mass is larger than MeV (in principle, it might be true for ντ ), such neutrinos
would be non-relativistic at BBN and their energy density would be significantly dif-
ferent from the energy density of light neutrinos. If the magnetic moment is large,
µντ ∼ 10−6µB, then the electromagnetic annihilation of ν¯τ ντ would be strong enough
so that ντ would decouple when they are nonrelativistic [263]. For neutrinos with
such a large mass both helicity states would be equally populated, and to avoid con-
tradiction with BBN their number density at the decoupling should be sufficiently
Boltzmann suppressed. On the other hand, the energy density of decoupled nonrel-
ativistic ντ rises as mντ/T with respect to the energy density of relativistic species.
These effects have been analyzed in refs. [265, 266]. For the case of cosmologically
stable ντ the universe age constraint demands µντ > 5 · 10−7µB. If ντ is unstable but
decays after the nucleosynthesis epoch, its magnetic moment should be larger than
roughly (6 − 7) · 10−9µB (more precisely, the limit depends upon the ντ mass and
presented in refs. [265, 266]). Otherwise the ντ -annihilation would not be efficient
enough to reduce their number density at BBN (compare with sec. 6.2). The limits
are valid up to mντ ≈ 30 MeV. For larger masses the annihilation of ντ in the stan-
dard electroweak model is sufficiently strong to suppress their abundance at BBN
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(see sec. 6.2). On the other hand, large values of µντ , about 10
−6µB, could also be
excluded because in this case massive ντ ’s would be effectively absent at BBN and
the total number of neutrino species would be 2 instead of normal 3. The case of
ντ being unstable on BBN scale is discussed in sec. 6.3. Especially dangerous is the
electromagnetic decay ντ → νee+e− open for mντ > 1 MeV because electrons and
positrons produced from this decay would induce disintegration of deuterium (see
e.g. the paper [214]). An additional argument against stable ντ with MeV-mass was
presented in ref. [264] where it was argued that the annihilation of ντ in Galactic halo
would produce too high flux of cosmic ray electrons and positrons.
Another group of papers used reasonable assumptions about the magnitude of
magnetic field on the early universe to estimate the neutrino spin-flip due to a possible
magnetic moment. In the pioneering works [259, 253] the spin-flip rate was estimated
in the following way. The energy difference between two neutrino states moving
parallel (anti-parallel) to the direction of magnetic field ~B is ∆Emagn = 2µν B, if one
neglects the difference between effective potentials of νL and νR in the plasma (see
below). Correspondingly the spin precession frequency in magnetic field (cyclotron
frequency) is equal to:
ω = 2µνB = 1.76 · 107 (B/G)(µν/µB) rad/sec, (111)
where G is “Gauss”. In particular, for neutrino with magnetic moment given by
eq. (8) the characteristic time for spin-flip in magnetic field B is:
τflip = 0.55 · 1019 sec (10−7G/B)(eV/mν) (112)
We assume, following refs. [259, 253], the flux-freezing model of cosmological evolution
of magnetic field, such that the magnitude of magnetic field at red-shift z scales as
Bz = B0 (z + 1)
2, where B0 is its present-day value. The latter could be as large as
(10−10−10−7) G (for reviews on cosmic magnetic fields see e.g. [267, 268]. The red-shift
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is (z+1) = T/2.73K = 4.25·109(T/MeV). Using the relation tT 2 = 0.74MeV2 sec (37)
we find for the angle of the spin rotation:
δθ = 7 · 107 µνB0 ln (tmax/tmin) (113)
where tmax ∼ (1 − 2) sec is close to the time of neutron-proton freezing. The value
of tmin will be discussed below, but it is clear that at it should be at least larger
than ∼ 10−4 sec corresponding to T ∼ 100 MeV because all wrong-helicity neutrinos
produced at that time or earlier would be diluted by the entropy release at QCD
phase transition. Demanding δθ < π one can obtain a bound for the product of
µνB0.
Another model, discussed in ref. [253], is based on the assumption that the energy
stored in magnetic field is proportional to the kinetic energy of electrons (equiparti-
tion model). At BBN this model envisages magnetic field three orders of magnitude
larger than the previous one. However, the estimates of the magnitude of primor-
dial magnetic fields suffer from serious uncertainties (in particular, the field could be
dynamo-amplified at later stages, its size of homogeneity could be small, the mecha-
nism of generation of the seed field is unknown, etc) and the limits obtained this way
should be taken with caution. Moreover, a very important neutrino refractive effects
were neglected in the papers [259, 253]. Left-handed neutrinos have the usual weak
interaction with plasma, while the right-handed ones are (practically) sterile. The dif-
ference between effective potentials of νL and νR in primordial plasma could strongly
suppress the magnetic spin-flip. This effect and corresponding modification of BBN
bounds was first considered in ref. [269]. Neutrino refraction index without external
magnetic field in connection with cosmological neutrino oscillations is discussed in
sec. 12.3.2. The effective potential is given by eq. (277). Magnetic field B can change
refraction properties of the plasma, and an extra term proportional to B may arise in
effective potential. This phenomenon was studied in the papers [270]-[276]. A large
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contribution to Veff found in ref. [274] originated from the an error later corrected in
ref. [275] (see also erratum to the paper [274]). It is agreed now that cosmic magnetic
field causes such small correction to the refraction index of neutrinos in the primeval
plasma that the index is approximately given by the expression (277) found in the
limit of B = 0.
Below we will derive the probability of neutrino spin conversion in external mag-
netic field in cosmological plasma. The Lagrangian of neutrino interaction with elec-
tromagnetic field has the form
Lmagn = −Hmagn = −1
2
µνFµνψ¯σµνψ = −1
2
µνǫijkB
kψ¯γiγjψ (114)
The last equality is true if the the external Maxwell field Fµν is reduced to magnetic
one ~B. The neutrino wave operator ψ is a solution of the Dirac equation, so it has the
form ψ = [1, ~σ~p/(E+m)]Tφ, where upper T means “transpose”, ~σ are Pauli matrices,
E and ~p are the energy and momentum of neutrino, and m is the neutrino mass (sub-
ν is omitted for simplicity of notations). After straightforward manipulations with
Dirac gamma-matrices this expression can be rewritten as
Hmagn = µνBtr
(
φ∗−σtrφ+ + φ
∗
+σtrφ−
)
(115)
where φ± are the eigenfunctions of the helicity operator (1 ± ~σ~n)/2, ~n = ~p/p, and
tr means transverse to the direction of the neutrino momentum. One can see that
indeed magnetic field induces helicity flip.
The free part of the Hamiltonian has the usual form:
Hfree = ψ∗γ0 (~γ~p+m)ψ (116)
and it is diagonal and proportional to the unit matrix in the φ± basis.
The last essential contribution to the Hamiltonian describes interaction with
medium and has a simple form in the chiral basis. It has the only non-zero entry
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in the upper left corner HLL, where L means left-handed chirality state. In the
massless limit helicity and chirality bases coincide, but for m 6= 0 they are a little
rotated against each other. The eigenstates of chirality are obtained by the projector
(1± γ5)/2 and proportional to [1± ~σ~p/(E +m)]φ. One can decompose e.g.
1− ~σ~p
E +m
= a− (1− ~σ~n) + a+ (1 + ~σ~n) (117)
and find a+ = (E + m − p)/(E + m) ≈ m/2E and a− = 1 − a+ ≈ 1. The second
equations are valid for m/E ≪ 1. For ultrarelativistic neutrinos the rotation angle
is very small and we neglect it in what follows, assuming that helicity and chirality
bases coincide. The effects of non-zero m and the relative rotation of bases could be
essential in the case when the production of νR is solely due to the mass term, as
considered in the previous subsection.
Taking together all the contributions to the Hamiltonian and including the coher-
ence breaking terms in the same way as is done for the case of the usual neutrino
oscillations (see sec. 12) we obtain the following evolution equations for the density
matrix elements:
ρ˙LL = −2I˜ − Γ0 (ρLL − feq) (118)
ρ˙RR = −2I˜ (119)
˙˜R = −(1/2)Γ0R˜ + Veff I˜ (120)
˙˜I = −(1/2)Γ0I˜ − Veff R˜ +B2tr (ρLL − ρRR) (121)
where I˜ = BxI−ByR, R˜ = BxR+ByI, and R and I are the real and imaginary parts
of the non-diagonal elements of the neutrino density matrix, ρLR = ρ
∗
RL = R + iI;
Veff is given by eq. (277).
Neglecting the charge asymmetric term in Veff , we can estimate the latter as
Veff ≈ 0.8 · 10−20T 5 for νµ,τ and Veff ≈ 3.1 · 10−20T 5 for νe (everything here and
below, Veff , T , H , Γ, are in MeV). The Hubble parameter is H ≈ 4.5 · 10−22T 2, and
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the reaction rate Γ0 ≈ 4.5 · 10−22T 5T−3W (see eq. (291)), where TW is the temperature
when neutrinos are effectively decoupled from the plasma. By different estimates
TW = 1 − 3 MeV (see discussion in sec. 12.8). For T < TW one can neglect Γ0 and
the total number of νL + νR would be conserved as follows from eqs. (118,119). Thus
at these low temperature the new species are not created and in the case of νµ and
ντ there is no influence on BBN from this period. It is not so for the spin-flip of νe
because the decrease of the number (energy) density of νLe , though accompanied by
the same increase in νRe , would lead to lower efficiency of n−p transformation (50,51)
and as a result to a higher temperature of n/p-freezing and to a higher mass fraction
of 4He.
In the limit Veff ≫ Γ0 ≥ H the equations (118)-(121) can be solved in the
same way as oscillation equations in non-resonance case, sec. 12.4. In this limit
the stationary point approximation works pretty well and one can find R˜ and I˜ from
eqs. (120,121) algebraically, assuming that their right hand sides vanish. Substituting
I˜ into eq. (119) one finds
ρ˙RR =
Γ0µ
2
νB
2
tr
V 2eff
(ρLL − ρRR) (122)
As follows from this equation the rate of νR-production can be estimated as
ΓR
H
=
Γ0
H
µ2νB
2
tr
V 2eff
(123)
Demanding that νR are not produced in equilibrium amount, we come to the condi-
tion:
(Btr/gauss) (µνa/µB) < 10
−6Ca T 7/2T
3/2
W (124)
where Cµ,τ = 1.8 and Ce = 7 and temperatures are measured in MeV. This result
is close to those obtained in refs. [269, 275] if one takes T ≈ TW ≈ 1 MeV. The
smaller T is, the stronger is the limit. A weaker limit used in refs. [271, 272] is a
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result of an incorrect conclusion that the rate of spin conversion grows with rising
temperatures. The suppression of spin oscillations at high temperatures kills the rise
of the transition probability demonstrated by eq. (113), which is a result of neglected
refraction. Thus the strongest limit on the product µνB could be obtained at the
lowest essential T even if one takes into account the possibility that the magnetic
field decays in the expanding universe as inverse scale factor, B ∼ 1/a2 ∼ T 2. As
we have already noted, one cannot go below TW for νµ and ντ because after they
are decoupled from the plasma the spin-flip in magnetic field does not change the
total number (energy) density of νL plus νR. For νe one could go below TW and
obtain a stronger bound because a decrease of the energy density of νLe , due to their
transformation into sterile right-handed partners, would result in an earlier freezing
of (n− p)-transformation and to higher mass fraction of 4He.
Several comments are worth making after this result. First, it was assumed above
that there is no resonance transition or, in other words, the potential Veff never van-
ishes. However, this is not so and for E = 0.4 (1.4)/T (all in MeV) there is a resonance
in νe (νµ,τ ) channel. Its impact on spin-flip might be significant. Another chance for
resonance conversion is in possible non-diagonal magnetic magnetic moments that
would induce transitions between different neutrino flavors with non-vanishing mass
difference. A large lepton asymmetry in the sector of left-handed neutrinos could be
generated by the resonance (see sec. 12.5). Second, the magnitude of magnetic field
and its coherence length in the early universe is poorly known. One could make a more
or less reasonable guess about that by extrapolating into the past the present-day ob-
served galactic or intergalactic magnetic fields (see e.g. refs. [271, 272] for discussion
and literature). This extrapolation is subject to uncertainty of the magnetic field
evolution, in particular, due to unknown dynamo amplification. Short scale random
magnetic fields of large amplitudes could be generated in the early universe by e.g.
electroweak phase transition [277]. Neutrino spin-flip in such fields was considered
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in several papers [278]-[281] and interesting limits on the magnitude of the neutrino
magnetic moment were obtained under reasonable assumptions about the magnitude
of magnetic field near BBN epoch.
Let us note at the end that one may obtain from BBN as well a bound on the
electric charge radius of neutrinos, 〈r2ν〉 if the latter are massive and correspondingly
right-handed states exist [282]. The electric interaction proceeds through the chirality
conserving coupling
F (q2)Aαν¯γαν (125)
where F (q2) is the electric form-factor of neutrino. Since neutrino electric charge
is supposed to be zero, F (0) = 0, but the first term in the expansion, F (q2) ≈
(1/6)〈r2ν〉q2 is generally non-vanishing. The right-handed neutrino states can be pro-
duced in the early universe through the reaction e+e− → ν¯RνR. According to ref. [282]
its cross-section is σ = πα2〈r2〉2q2/54. Imposing the condition that this reaction was
never in equilibrium one can obtain the bound:
r2 < 7 · 10−33 cm2 (126)
6.6 Neutrinos, light scalars, and BBN
If neutrinos are coupled to a new light boson, as suggested by some models of particle
physics [56, 57], the existence of such bosons could be observable through BBN. One
should distinguish the cases when the new interaction excites right-handed neutrino
states or involves only the usual left-handed neutrinos. The first case is discussed in
sec. 6.4 and here we will consider the second one. A general discussion of a possible
presence of new light particles at BBN, is done in ref. [283]. If the latter are produced
in equilibrium amount then a single bosonic state is equivalent to 4/7 = 0.57 extra
neutrino species, while one fermionic state is equivalent to 0.5 extra neutrino species.
If both spin state of the new fermions are excited, this number turns into 1 and if
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the fermions go together with their antifermions, the number of equivalent neutrino
species becomes 2. These results are true if the mass of new particles is below 1 MeV.
In the opposite case the result depends upon their annihilation rate. If the latter is
strong enough so that the equilibrium is maintained, then the contribution of massive
particles into the cosmological energy density would be smaller than that of massless
particles. If annihilation is frozen, then the number density of non-relativistic particles
could be larger than the equilibrium one and the effective contribution into Nν would
be larger by the factor (m/T )(nm/n0) where m is the mass of particles in question.
In ref. [284] the new interaction of neutrinos with majorons was discussed in
connection with the 17 keV neutrino hypothesis that was supposed to exist at that
time. The authors obtained an upper bound on the coupling constants of new neutrino
interactions from the conditions that ∆Nν < 0.3 at BBN. Depending upon the model
of interaction this limit is satisfied either if new neutrinos and majorons are decoupled
at T > (∼ 100) MeV and their number density is entropy diluted at BBN, or if they
come to equilibrium already after BBN (the latter could take place if the cross-section
rises with decreasing T as e.g. 1/T 2). In addition, the problem of depleting the
cosmological number density of 17 keV neutrinos was studied and it was found that
the annihilation of such neutrinos into pair of majorons is not sufficiently strong to
make their number/energy density cosmologically acceptable, but the decay νh → φνl
could be efficient enough. Similar arguments but used for the usual neutrinos with
additional interaction with majorons where applied in ref. [285] to obtain the upper
limit on the majoron-neutrino Yukawa coupling, g < 10−5, found from the condition
that ∆Nν < 0.3.
In the case that an active neutrino has a mass in MeV range (a few years ago it
was the usual assumption for ντ , now cast into doubt by the solar and atmospheric
neutrino data) the BBN bounds on majoron coupling to ντ were derived in ref. [237].
The difference with respect to the previous cases is that a heavy neutrino could
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efficiently annihilate before or during BBN and though this process creates additional
particle species (majoron) it simultaneously diminishes the number density of ντ , so
the net outcome could even be Nν < 3 and the Yukawa coupling about 10
−4 is allowed.
6.7 Heavy sterile neutrinos: cosmological bounds and direct
experiment.
.
It is assumed usually that possible sterile neutrinos, related to ordinary ones
through a small mixing angle, are relatively light, with masses in eV region (or even
smaller) or with keV masses. In the latter case these particles could form cosmo-
logically interesting warm dark matter (see sec. 11.3). Another possibility of much
heavier sterile neutrino originated from the observation of the KARMEN anomaly in
the time distribution of the charged and neutral current events induced by neutrinos
from π+ and µ+ decays at rest [286]. A suggested explanation of this anomaly was
the production of a new neutral particle in pion decay
π+ → µ+ + x0 , (127)
with the mass 33.9 MeV, barely permitted by the phase space, so this particle moves
with non-relativistic velocity. Its subsequent neutrino-producing decays could be the
source of the delayed neutrinos observed in the experiment. Among possible candi-
dates on the role of x0-particle was, in particular, a 33.9-MeV sterile neutrino [287].
In refs. [287, 288] cosmological and astrophysical bounds on such neutrino were
considered. According to ref. [288], cosmology and astrophysics practically exclude
the interpretation of the KARMEN anomaly by a 33.9 MeV neutrino mixed with ντ .
According to a statement of the KARMEN collaboration made at Neutrino 2000 [289]
the anomaly was not observed in upgraded detector KARMEN 2, but the question
still remains which area in the mass-mixing-plane for heavy sterile neutrinos can be
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excluded. These issue was addressed recently by NOMAD collaboration in direct
experiment [290] and in ref. [291] by considerations of big bang nucleosynthesis and
the duration of the supernova (SN) 1987A neutrino burst.
We assume that the sterile neutrino mixes predominantly with only one active
flavor νa = νe, νµ or ντ . Mixed flavor states are expressed in terms of the mass
eigenstates and the mixing angle θ as
νa = cos θ ν1 + sin θ ν2 ,
νs = − sin θ ν1 + cos θ ν2 , (128)
where ν1 and ν2 are assumed to be the light and heavy mass eigenstates, respectively.
Since the mixing angle is supposed to be small ν1 is mostly an active flavor and ν2
is dominantly the sterile one. This mixing couples the heavier neutrino to the Z0,
allowing for the decay:
ν2 → ν1 + ℓ+ ℓ¯ , (129)
where ℓ is any lepton with the mass smaller than the mass m2 of the heavy neutrino.
If m2 < 2mµ the decay into µ¯µ and τ¯ τ is kinematically forbidden. If νs is mixed
either with νµ or ντ , the life-time is expressed through the mixing angle as:
τνs ≡ Γ−1ν2 =
1.0 sec
(Ms/10 MeV)5 sin
22θ
. (130)
For the mixing with νe the numerator is 0.7 sec; the difference is due to the charged-
current interactions.
A sterile neutrino mixed with νa could be observed in direct experiments, in
particular in those where upper bounds on neutrino masses are obtained (see the list
of references in [10]). The most accurate limit exists for νe, roughly mνe < 3 eV (1).
However, these experiments are not helpful in eliminating a heavy sterile neutrino
because they are not sensitive to the mass range Ms > 10 MeV which we consider.
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Such heavy neutrinos are not produced in beta-decays because of a lack of phase
space and their impact is only indirect, e.g. they could renormalize vector and axial
coupling constants.
There are several effects operating in different directions, by which a heavy unsta-
ble sterile neutrino could influence big-bang nucleosynthesis. First, their contribution
to the total energy density would speed up the expansion and enlarge the frozen
neutron-to-proton ratio. Less direct but stronger influence could be exerted through
the decay products, νe, νµ, and ντ , and e
± and through the change of the temperature
ratio, Tν/Tγ . The impact of νµ and ντ on BBN is rather straightforward: their energy
density increases with respect to the standard case and this also results in an increase
of rn. This effect can be described by the increased number of effective neutrino
species Nν during BBN. The increase of the energy density of νe, due to decay of νs
into νe, has an opposite effect on rn. Though a larger energy density results in faster
cooling, the increased number of νe would preserve thermal equilibrium between neu-
trons and protons for a longer time and correspondingly the frozen n/p-ratio would
become smaller. The second effect is stronger, so the net result is a smaller n/p-ratio.
There is, however, another effect of a distortion of the equilibrium energy spectrum
of νe due to e
± produced from the decays of νs. If the spectrum is distorted at the
high-energy tail, as is the case, then creation of protons in the reaction n+νe → p+e−
would be less efficient than neutron creation in the reaction ν¯e + p → n + e+. We
found that this effect is quite significant. Last but no the least, the decays of νs into
the e+e−-channel will inject more energy into the electromagnetic part of the primeval
plasma and this will diminish the relative contribution of the energy density of light
neutrinos and diminish rn.
In refs. [288, 291] the distribution functions of neutrinos were calculated from
kinetic equations in Boltzmann approximation and in a large part of parameter
space they significantly deviate from equilibrium. The distributions of electrons and
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positrons were assumed to be very close to equilibrium because of their very fast
thermalization due to interaction with the photon bath. However, the evolution of
the photon temperature, due to the decay and annihilation of the massive νs was dif-
ferent from the standard one, Tγ ∼ 1/a, by an extra factor (1+∆) > 1 where a is the
cosmological scale factor and the correction ∆ was numerically calculated from the
energy balance condition[291]. At sufficiently high temperatures, T > TW ∼ 2 MeV,
light neutrinos and electrons/positrons were in strong contact, so the neutrino dis-
tributions were also very close to the equilibrium ones. If νs disappeared sufficiently
early, while thermal equilibrium between e± and neutrinos remained, then νs would
not have any observable effect on primordial abundances, because only the contribu-
tion of neutrino energy density relative to the energy density of e± and γ is essential
for nucleosynthesis. Hence a very short-lived νs has a negligible impact on primordial
abundances, while with increasing lifetime the effect becomes stronger. Indeed at
T < TW the exchange of energy between neutrinos and electrons becomes very weak
and the energy injected into the neutrino component is not immediately redistributed
between all particles. The branching ratio of the decay of νs into e
+e− is approxi-
mately 1/9, so the neutrino component is heated much more than the electromagnetic
one. As we mentioned above, this leads to faster cooling and to a larger n/p-ratio.
In the early universe sterile neutrinos were produced through their mixing with
the active ones. The production rate for relativistic νs (i.e. for Tγ ≥ m2) is given
by eq. (305) below (note the factor 1/2 difference with respect to the standard es-
timate). The mixing angle in matter is strongly suppressed at high temperatures,
Tγ > 1.5GeV(δm
2/MeV2)1/6 due to refraction effects (277,304). Correspondingly
the production rate reaches maximum at Tmax = 1.28(δm
2/MeV2)1/6 GeV. For the
masses, 10 < mνs < 150 MeV, that are considered below, Tmax is well above the
neutrino mass.
If the equilibrium number density of sterile neutrinos is reached, it would be
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maintained until Tf ≈ 4(sin 2θ)−2/3 MeV. This result does not depend on the mass of
heavy neutrinos because they annihilate with massless active ones, ν2+νa → all. The
heavy neutrinos would be relativistic at decoupling and their number density would
not be Boltzmann suppressed if, say, Tf > Ms/2. This gives
sin2 2θ(δm2/MeV2)3/2 < 500 . (131)
If this condition is not fulfilled the impact of νs on BBN would be strongly diminished.
On the other hand, for a sufficiently large mass and non-negligible mixing, the ν2
lifetime given by Eq. (130) would be quite short, so they would all decay prior to the
BBN epoch. (To be more exact, their number density would not be frozen, but would
follow the equilibrium form ∝ e−Ms/Tγ .)
Another possible effect that could diminish the impact of heavy neutrinos on BBN
is entropy dilution. If ν2 were decoupled while being relativistic, their number density
would not be suppressed relative to light active neutrinos. However, if the decoupling
temperature were higher than, say, 50 MeV pions and muons were still abundant
in the cosmic plasma and their subsequent annihilation would diminish the relative
number density of heavy neutrinos. If the decoupling temperature is below the QCD
phase transition the dilution factor is at most 17.25/10.75 = 1.6. Above the QCD
phase transition the number of degrees of freedom in the cosmic plasma is much larger
and the dilution factor is approximately 5.5. However, these effects are only essential
for very weak mixing, for example the decoupling temperature would exceed 200 MeV
if sin2 2θ < 8 × 10−6. For such a small mixing the life-time of the heavy ν2 would
exceed the nucleosynthesis time and they would be dangerous for BBN even if their
number density is 5 times diluted.
Sterile neutrinos would never be abundant in the universe if Γs/H < 1. In fact
we can impose a stronger condition demanding that the energy density of heavy
neutrinos should be smaller than the energy density of one light neutrino species at
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BBN (T ∼ 1 MeV). Taking into account a possible entropy dilution by factor 5 we
obtain the bound:
(
δm2/MeV2
)
sin2 2θ < 2.3× 10−7 . (132)
Parameters satisfying this conditions cannot be excluded by BBN.
If νs mass is larger than 135 MeV, the dominant decay mode becomes ν2 → π0+νa.
The life-time with respect to this decay can be found from the calculations [292, 293]
of the decay rate π0 → νν¯ and is equal to:
τ =
[
G2FMs(M
2
s −m2π)f 2π sin2 θ
16π
]−1
= 5.8 · 10−9 sec
[
sin2 θ
Ms(M
2
s −m2π)
m3π
]−1
(133)
where Ms is the mass of the sterile neutrino, mπ = 135 MeV is the π
0-mass and
fπ = 131 MeV is the coupling constant for the decay π
+ → µ+ νµ. The approximate
estimates of ref. [291] permit one to conclude that for the life-time of ν2 smaller than
0.1 sec, and corresponding cosmological temperature higher than 3 MeV, the decay
products would quickly thermalize and their impact on BBN would be small. For a
life-time longer than 0.1 sec, and T < 3 MeV, one may assume that thermalization of
neutrinos is negligible and approximately evaluate their impact on BBN. If νs is mixed
with νµ or ντ then electronic neutrinos are not produced in the decay νs → π0νa and
only the contribution of the decay products into the total energy density is essential.
As we have already mentioned, non-equilibrium νe produced by the decay would
directly change the frozen n/p-ratio. This case is more complicated and demands a
more refined treatment.
The π0 produced in the decay νs → νa + π0 immediately decays into two photons
and they heat up the electromagnetic part of the plasma, while neutrinos by assump-
tion are decoupled from it. We estimate the fraction of energy delivered into the
electromagnetic and neutrino components of the cosmic plasma in the instant decay
approximation. Let rs = ns/n0 be the ratio of the number densities of the heavy
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neutrinos with respect to the equilibrium light ones, n0 = 0.09T
3
γ . The total energy
of photons and e+e−-pairs including the photons produced by the decay is
ρem =
11
2
π2
30
T 4 + rsn0
Ms
2
(
1 +
m2π
M2s
)
, (134)
while the energy density of neutrinos is
ρν =
21
4
π2
30
T 4 + rsn0
Ms
2
(
1− m
2
π
M2s
)
. (135)
The effective number of neutrino species at BBN can be defined as
N (eff)ν =
22
7
ρν
ρem
. (136)
Because of the stronger heating of the electromagnetic component of the plasma by
the decay products, the relative role of neutrinos diminishes and N (eff)ν becomes con-
siderably smaller than 3. If νs are decoupled while relativistic their fractional number
at the moment of decoupling would be rs = 4 (two spin states and antiparticles are
included). Possible entropy dilution could diminish it to slightly below 1. Assuming
that the decoupling temperature of weak interactions is TW = 3 MeV we find that
N (eff)ν = 0.6 for Ms = 150 MeV and N
(eff)
ν = 1.3 for Ms = 200 MeV, if the frozen
number density of νs is not diluted by the later entropy release and rs remains equal
to 4. If it was diluted down to 1, then the numbers would respectively change to
N (eff)ν = 1.15 for Ms = 150 MeV and N
(eff)
ν = 1.7 for Ms = 200 MeV, instead of the
standard N (eff)ν = 3. Thus a very heavy νs would result in under-production of
4He.
There could, however, be some other effects acting in the opposite direction.
Since νe decouples from electrons/positrons at smaller temperature than νµ and
ντ , the former may have enough time to thermalize. In this case the temperatures of
νe and photons would be the same (before e
+e−-annihilation) and the results obtained
above would be directly applicable. However, if thermalization between νe and e
± was
not efficient, then the temperature of electronic neutrinos at BBN would be smaller
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than in the standard model. The deficit of νe would produce an opposite effect,
namely enlarging the production of primordial 4He, because it results in an increase
of the n/p-freezing temperature. This effect significantly dominates the decrease of
N (eff)ν discussed above. Moreover even in the case of the decay ν2 → π0 + νµ,τ , when
νe are not directly created through the decay, the spectrum of the latter may be
distorted at the high energy tail by the interactions with non-equilibrium ντ and νµ
produced by the decay. This would result in a further increase of 4He-production. In
the case of direct production of non-equilibrium νe through the decay ν2 → π0 + νe
their impact on n/p ratio would be even much stronger.
To summarize, there are several different effects on BBN from the decay of νs
into π0 and ν. Depending upon the decay life-time and the channel these effects
may operate in opposite directions. If the life-time of ν2 is larger than 0.1 sec but
smaller than 0.2 sec, so e± and νe establish equilibrium, the production of 4He is
considerably diminished and this life-time interval would be mostly excluded. For
life-times larger than 0.2 sec the dominant effect is the decrease of the energy density
of νe and this results in a strong increase of the mass fraction of
4He. Thus large life-
times should also be forbidden. Of course there is a small part of the parameter space
where both effects cancel each other and this interval of mass/mixing is allowed. It
is, however, difficult to establish its precise position with the approximate arguments
used in ref. [291].
Thus, in the case of νs ↔ νµ,τ mixing and Ms > 140 MeV we can exclude the
life-times of νs roughly larger than 0.1 sec, except for a small region near 0.2 sec
where two opposite effects cancel and the BBN results remain undisturbed despite
the presence of sterile neutrinos. Translating these results into mixing angle according
to eq. (133), we conclude that mixing angles sin2 θ < 5.8 ·10−8mπ/Ms/[(Ms/mπ)2−1]
are excluded by BBN. Combining this result with eq. (132) we obtain the exclusion
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region for Ms > 140 MeV:
5.1 · 10−8 MeV
2
M2s
< sin2 θ < 5.8 · 10−8 mπ
Ms
1
(Ms/mπ)2 − 1 . (137)
In the case of νs ↔ νe mixing and Ms > 140MeV the limits are possibly stronger,
but it is more difficult to obtain reliable estimates because of a strong influence of
non-equilibrium νe, produced by the decay, on neutron-proton reactions.
The constraints on the mass/mixing of νs from neutrino observation of SN 1987A
are analyzed in some detail in ref. [288] and are based on the upper limit of the energy
loss into a new invisible channel because the latter would shorten the neutrino burst
from this supernova below the observed duration.
The results are summarized in fig. 14. The region between the two horizontal
lines running up to 100 MeV are excluded by the duration of the neutrino burst
from SN 1987A. A more accurate consideration would probably permit to expand the
excluded region both in the horizontal and vertical directions.
7 Variation of primordial abundances and lepton
asymmetry of the universe
Neutrinos may play an important role in a very striking phenomenon, namely they
may generate considerable chemical inhomogeneities on cosmologically large scales
while preserving a near-homogeneous mass/energy distribution. It is usually tacitly
assumed that the universe is chemically homogeneous over all its visible part, though
strictly speaking, the only established fact is that the spatial variation of cosmic en-
ergy density is very small. The observed smoothness of CMB and of the average
matter distribution at large scales strongly indicate that the universe is very homo-
geneous energetically. Surprisingly we know very little about the chemical content
of the universe at large distances, corresponding to red shifts z > 0.1 to say nothing
of z ≥ 1. Of course it is quite natural to believe that if the mass/energy density of
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Figure 14: Summary of the exclusion regions in the (sin2 θ-Ms)-plane. SN 1987A
excludes all mixing angles between two solid horizontal lines. BBN excludes the area
below the two upper dashed lines if the heavy neutrinos were abundant in the early
universe. These two upper dashed lines both correspond to the conservative limit
of one extra light neutrino species permitted by the primordial 4He-abundance. The
higher of the two is for mixing with νµ,τ and the slightly lower curve is for mixing with
νe. In the region below the lowest dashed curve the heavy neutrinos are not efficiently
produced in the early universe and their impact on BBN is weak. For comparison we
have also presented here the region excluded by NOMAD Collaboration [290] for the
case of νs ↔ ντ mixing.
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matter is homogeneous and isotropic over all observed universe, the average chem-
ical composition of the matter should not vary over the same scales. Still, though
the energetic homogeneity of the universe is well verified up to red shift z = 103,
which corresponds to the last scattering of CMB, its chemical homogeneity remains
an assumption, maybe quite natural, but still an assumption. Recent observational
data [98]-[112] (see sec. 3.4) of primordial deuterium at large red-shifts z > 0.5
to some extend justify the hypothesis that primordial chemical composition of the
universe may be different in different space regions [294]. From theoretical point of
view it is an interesting challenge to find out whether there exist (not too unnatural)
cosmological scenarios consistent with the observed smoothness of the universe but
predicting large abundance variations. An example of such mechanism was proposed
in ref. [295] (see also [296]), where a model of leptogenesis was considered which,
first, gave a large lepton asymmetry, which could be close to unity, and, second, this
asymmetry might strongly vary on astronomically large scales, lL. The magnitude
of the latter depends on the unknown parameters of the model and can easily be in
the mega-giga parsec range. The model is based on the Affleck-Dine [297] scenario of
baryogenesis but in contrast to the original one, it gives rise to a large (and varying)
lepton asymmetry and to a small baryonic one. There are more models [298]-[300] in
recent literature, where a large lepton asymmetry together with a small baryonic one
is advocated, though without any significant spatial variation of the asymmetries.
A varying lepton asymmetry of large magnitude due to resonance amplification of
neutrino oscillations was recently proposed in the paper [301] (see sec. 12.7).
If we assume that the variation of deuterium abundance by approximately an
order of magnitude is indeed real, then, according to the data, the characteristic scale
lL should be smaller than a giga-parsec. The lower bound on this scale may be much
smaller. It might be determined by measurements of the abundances of light elements
at large distances in our neighborhood, say, z ≥ 0.05.
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A variation of deuterium abundance may be also explained by a variation of the
cosmic baryon-to-photon ratio. This possibility was explored in refs. [302, 303].
The isocurvature fluctuations on large scales, l > 100 Mpc, which are necessary
to create the observed variation of deuterium, are excluded [303] by the smallness of
angular fluctuations of the cosmic microwave background radiation (CMB). Variations
of baryonic number density on much smaller scales, M ∼ 105M⊙, are not in conflict
with the observed smoothness of CMB and in principle can explain the data subject
to a potential conflict with the primordial 7Li abundance [302].
Exactly the same criticism of creating too large fluctuations in CMB temperature
is applicable to a simple version of the model with a varying lepton asymmetry. One
can ascertain that the necessary value of the chemical potential of electron neutrinos
ξνe should be close to −1 to explain the possibly observed variation of deuterium
by roughly an order of magnitude. Such a change in ξνe with respect to zero value,
assumed in our part of the world, would induce a variation in total energy density
during the RD stage at a per cent level, which is excluded by the smoothness of CMB.
However, this objection can be avoided if there is a conspiracy between different
leptonic chemical potentials such that in different spatial regions they have the same
values but with interchange of electronic, muonic and/or tauonic chemical potentials.
Since the abundances of light elements are much more sensitive to the magnitude of
the electron neutrino chemical potential than to those of muon and tauon neutrinos,
the variation of ξνe (accompanied by corresponding variations of ξνµ and ξντ ) would
lead to a strong variation in the abundance of deuterium and other light elements.
The equality of, say, ξνe at one space point to ξνµ at another point looks like very
artificial fine-tuning, but this may be rather naturally realized due the lepton flavor
symmetry, S3, with respect to permutations e ↔ µ ↔ τ . It is interesting to note
that in the model of ref. [301] the fluctuations of the cosmological energy density are
very small despite large possible variations of the lepton asymmetry, because it is
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η10 ξνe ξνµ ξντ 10
5 D
H
Yp 10
10 7Li
H
4 0.1 −1 1 5.35 0.229 1.61
−1 0.1 1 13.2 0.548 4.84
1 −1 0.1 3.98 0.080 0.70
5 0.1 −1 1 3.77 0.231 2.54
−1 0.1 1 9.21 0.553 4.49
1 −1 0.1 2.80 0.081 1.12
Table 6: Abundances of light elements for η10 = 10
10nB/nγ = 4, 5 and different
values of neutrino chemical potentials ξνa .
compensated by the equal but opposite sign variation in the energy density of sterile
neutrinos (see sec. 12.7).
If lepton asymmetry changes at large distances, then not only deuterium but
also 4He would not remain homogeneous in space. Playing with the nucleosynthesis
code [96] one can check that in the deuterium rich regions the mass fraction of helium
could be larger than 50% (twice larger than in our neighborhood). There may also
exist the so called mirror regions with a positive and large chemical potential of
electronic neutrinos. In such regions abundances of both deuterium and helium would
be about twice smaller than those observed nearby. For more detail see ref. [294].
Surprisingly nothing is known about helium abundance at large distances. All
known accurate measurements of 4He based on emission lines were done at z ≤ 0.045
corresponding to a distance of 140h−1 Mpc [304], whereas helium line and continuum
absorption measurements made at high red-shifts give the abundance merely within
“a factor of a few” owing to uncertain ionization corrections [305]. In regions with
a large fraction of 4He one would expect bluer stars with a shorter life-time, though
the structure formation there may be inhibited due to a less efficient cooling. In
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the helium-poor regions the effects may be opposite. Properties of supernovae could
also be somewhat different in different regions, as was noted by A. Kusenko (private
conversation). This problem is very interesting and deserves further and more detailed
investigation.
Lepton conspiracy, mentioned above, would diminish energy density fluctuations
in first approximation. However there are some more subtle effects which could be
either dangerous for the model or observable in CMB. The first one is related to the
binding energy of 4He (7 MeV per nucleon). Since the mass fraction of 4He may
change by a factor of 2 in deuterium- (and helium-) rich regions (from 25% to more
than 50%), this means that the variation in baryonic energy density may be as large
as 2 · 10−3. Rescaling the estimates of ref. [303] one can find [294] for the fluctuations
of the CMB temperature: δT/T ≈ 10−5 (Rhor/10λ), where λ is the wavelength of the
fluctuation and Rhor is the present day horizon size. The restriction on the amplitude
of temperature fluctuations would be satisfied if λ > (200 − 300)Mpc/h100 (h100 =
H/100 km/sec/Mpc). Surprisingly, direct astrophysical effects of such big fluctuations
of the helium mass fraction at distances above 100 Mpc cannot be observed presently,
at least the evident simple ones.
Another effect which would induce energy inhomogeneities, is the heating of neu-
trinos by e+e−-annihilation and the corresponding cooling of photons at T ≤ 1 MeV,
when neutrinos practically decoupled from plasma. (For the most recent and precise
calculations of this cooling see ref. [137]). The efficiency of the cooling depends upon
the chemical potential of neutrinos and would create fluctuations in CMB temperature
at the level of 2 · 10−5 [294].
Possible neutrino oscillations would have a very strong impact on the model. First,
they might drastically change predictions about light element abundances because
oscillations generically change the value of individual and overall lepton asymmetries.
In particular, if oscillations between all neutrino flavors are fast enough to come
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to equilibrium by the time of nucleosynthesis (NS), all different lepton asymmetries
would be equal everywhere and no spatial variation of primordial abundances would
be created. The effect of asymmetry redistribution due to oscillations between active
neutrinos is investigated in ref. [306], see sec. 12.6. It is shown that if large mixing
angle solution to solar neutrino anomaly is realized then complete flavor equilibrium
would be established in the primeval plasma prior to BBN. If however low mixing
is true, then oscillations between active neutrinos might not be efficient enough for
flavor equilibration.
Second, neutrino mass differences, which must be non-vanishing if oscillations
exist, would give rise to density inhomogeneities and to fluctuations in the CMB
temperature. For nonrelativistic neutrinos the density contrast of two mirror regions
can be estimated as follows. For simplicity let us consider only two participating
neutrinos, νµ and ντ . Their energy densities in two regions are respectively:
ρ1 = n0mνµ + n1mντ ,
ρ2 = n1mνµ + n0mντ . (138)
We assume here that n0 is the number density of neutrinos and anti-neutrinos with
zero chemical potential and n1 is the sum of a pair with ξ = 1 and ξ = −1. In this
case the ratio (n0− n1)/n0 = −0.4. The relative density contrast with respect to the
total cosmological energy density is equal to
rν =
δρν
ρtot
= Ων
mνµ −mντ
mνµ
n0 − n1
n0
(
1 +
n1
n0
mντ
mνµ
)−1
(139)
where Ων = ρ1/ρtot ≈ 10−2(mν/eV) h−2100, and mν is the largest neutrino mass. An
increase in neutrino number density due to a possible large degeneracy is neglected.
This effect would create approximately twice larger Ων .
In the limit of large mass difference, i.e. δm ≈ m, we obtain
rν = 0.4Ων = 4 · 10−3h−2100 (mν/eV) . (140)
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This large density contrast would evolve only at the stage when neutrinos became
nonrelativistic. For for mν < 0.1 eV, this happens after hydrogen recombination.
So primary anisotropies of CMB are reduced by the factor (m/p)2 ≈ (m/Trec)2 ≈
10(mν/eV)
2 and we obtain
(
δρν
ρtot
)
rec
≈ 4 · 10−2h−2100 (mν/eV)3 . (141)
With mν = 0.1 eV, this may contradict the observed smoothness of CMB, but there
is no problem with a twice smaller mass difference.
The other limit of small mass difference, δm≪ m, is less dangerous. The relative
density contrast in this case is rν ≈ 0.4Ων(δm2/2m2) and with e.g. mν = 5 eV and
δm2 = 0.01eV2 this ratio is smaller than 10−5. Thus, the existing data on neutrino
oscillations do not restrict or eliminate our model but may lead to serious bounds in
future.
A variation of the mass fraction of primordial 4He could be observed in the future
high precision measurements of CMB anisotropies at small angular scales. There
are two possible effects [307]. First, a slight difference in recombination temperature
which logarithmically depends on hydrogen-to-photon ratio, and second, a strong sup-
pression of high multipoles with an increase of Rp. The latter is related to the earlier
helium recombination with respect to hydrogen and correspondingly to a smaller
number of free electrons at the moment of hydrogen recombination. This in turn
results in an increase of the mean free path of photons in the primeval plasma and in
a stronger Silk damping [308]. The position and the magnitude of the first acoustic
peak remains practically unchanged [307].
This effect seems very promising for obtaining a bound on or an observation
of a possible variation of primordial helium mass fraction. If this is the case then
the amplitude of high multipoles at different directions on the sky would be quite
different. The impact of the possible variation of primordial abundances on the
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angular spectrum of CMB anisotropy at low l is more model dependent. It may have
a peak corresponding to the characteristic scale R > 200 − 300 Mpc or a plateau,
which would mimic the effect of hot dark matter.
8 Decaying neutrinos
8.1 Introduction
If neutrinos are massive then they may decay into a lighter neutral fermion and
something else, which could be either a photon, or a light scalar boson, or a pair
of light fermions. In this case, as was mentioned above, the cosmological limits on
neutrino mass both from above and below would be invalid. It was first mentioned in
ref. [309] that Gerstein-Zeldovich limit (it was called Cowsik-McLelland in that paper)
would not be applicable if neutrinos were unstable and, depending on the model of
their decay, they might be as heavy as 25 keV. Goldman and Stephenson [309], used
the condition τν > tU and a concrete model of the decay, so that the relation between
the mass and life-time did not contain any arbitrary parameters. Similar conclusions
but for heavy neutrinos with mass bounded from below [154]-[157] (see sec. 5.1), was
made both in the papers where the bound was derived [155, 157] and in papers that
appeared immediately after derivation of this bound [310, 202]. Concrete mechanisms
of neutrino decays and the violation of cosmological mass limits were discussed in the
papers [127, 57] in majoron and familon models respectively. Calculations of neutrino
radiative decays ν ′ → ν γ were pioneered in ref. [311] (the update of the works on
radiative decays prior to 1987 can be found in the review [312]).
There are four different kinds of cosmological arguments that permit constraining
mass/life-time of unstable neutrinos. The first is very close to the one used for stable
particles: the energy of both decaying particles plus the red-shifted energy of the
relativistic decay products should not over-close the universe. This argument could
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be made more restrictive if one takes into account that the theory of large scale
structure formation demands that transition from radiation domination stage to the
matter domination stage should happen sufficiently early.
The second argument is applicable if neutrino (or in fact any other particle) de-
cays into photons or e+e−-pairs. Photons produced as a result of these decays could
be directly observable and should not contradict astronomical data on cosmic electro-
magnetic radiation with different frequencies. If the decay took place before hydrogen
recombination, i.e. τν < 10
13 sec, then decay products could be traced through a pos-
sible distortion of the Planck spectrum of cosmic microwave radiation (CMB). Decay
at a later epoch would produce electromagnetic radiation in all parts of the spectrum
from microwave to visible light, ultraviolet and even higher, depending on the mass
of the decaying neutrino. The present data permit putting rather strong restrictions
on the mass of the decaying particle and on its life-time. A good description of these
issues and the state of the art of the 1990s can be found in the review paper [313].
The third set of arguments is based on the consideration of primordial nucleosyn-
thesis and is discussed in section 6.3. Rather interesting limits on neutrino decays into
sterile channels (i.e. into channels which produce unobservable particles, νh → 2νl ν¯l
or νh → νlφ) can be obtained from a study of the spectrum of angular fluctuations
of CMB. This is the fourth and last subject discussed in this section. One can find
e.g. in ref. [314] how such arguments can be used to restrict the properties of 17 keV
neutrino, though the existence of latter is now ruled out.
8.2 Cosmic density constraints
If there are relic stable massive particle species with the number density nh = rhnγ
then, as we have seen above, the particle mass is bounded by the condition that
the present-day mass/energy density of these particles is below the critical energy
density, ρc ≈ 10h2keV/cm3 (see eq. (15)). From this it immediately follows that
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mh < 25h
2eV/rh. If the particles in question are unstable and if they decay into light
or massless species, their energy is red-shifted in the course of the universe expansion
and the limit becomes weaker. A rather crude condition that must be fulfilled is that
the energy density of decay products today is also smaller than ρc [157, 310, 155, 114].
An approximate bound can be easily obtained in the instant decay approximation
and under assumption that the universe is flat and is dominated by usual matter, i.e.
ρvac = 0 and Ωmatter = 1. Now we believe that the universe is flat, i.e. Ω = 1 but that
it is dominated by vacuum or vacuum-like energy, while normal matter contributes
about 30% into Ω. Correspondingly the limit on the mass density of neutrinos and
their decay products would be 3 times more restrictive.
If unstable particles decayed at an early stage when universe was dominated by
relativistic matter, i.e. τh < teq, then at the moment of decay, at t = τh, the temper-
ature of the universe was roughly T/MeV = 1/
√
τh/sec. Keeping in mind that today
temperature is approximately TCMB ≈ 2 · 10−4eV, we conclude that the cosmological
energy density of decay products of an unstable particle would be smaller than that
of a stable one by the factor 5 ·109/
√
τh/sec (recalling that this is true for τh < teq). If
τh > teq, then the scale factor during matter dominated stage behaves as a(t) ∼ t2/3
and the red-shift at decay is zdec + 1 ≈ (tU/τh)2/3. The cosmological bound on the
mass would be weakened by this factor. For example for ντ with the mass 10 MeV, the
frozen energy density in accordance with calculations of ref. [162] is mντnντ = 2.5nν0
MeV, where nν0 = 110/cm
3 is the standard number density of massless neutrinos (see
fig. 8). In order not to overcome ρc, decay products must be red-shifted roughly by
the factor 105. It means that τντ should decay at RD stage with τντ < 2.5 · 109 sec.
A similar bound, τντ < 2 · 1010(100 keV/mντ )2 sec, was obtained in ref. [315] from
the condition that the universe, which was radiation dominated by the relativistic
products of neutrino decay, must be older than 1010 years. This means in particular
that if neutrinos decayed after hydrogen recombination but before the present epoch,
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1013 sec < τν < 3 · 1017 sec, neutrino mass must be smaller than 5 keV and the decay
into e+e− is impossible.
On the other hand, the limit can be strengthened [159, 316] by approximately 104
if one takes into account the fact that that the structures in the universe do not form
at RD stage [317]. The limits would be somewhat different in the exotic case that
the universe now is radiation dominated as a result of heavy particle decay, while
recently it was matter dominated and structures were formed at MD stage [316];
for details one can address the above quoted paper. Knowing that the fluctuations
of CMB temperature are very small, δT/T < a few × 10−5, we must conclude that
structures started to form at least at z = 104. It means that now ρrel/ρm < 10
−4. Of
course for more precise limits one should accurately take into account the universe
expansion law with arbitrary Ωmatter and Λ and to relax instant decay approximation.
All this is straightforward but not very simple and we will not go into more detail.
There could be some complications if the decay products are relativistic but massive.
In this case one should reconsider the above estimates of the cosmic energy density,
including massive decay products and take into account the fact that they became
non-relativistic. One more complication would arise if heavy particle decays at an
earlier MD-stage but the universe became dominated by relativistic matter as a result
of decay into relativistic particles. This feature may produce interesting signatures
in the large scale structure of the universe (see sec. 11.1).
There is an essential point that should not be overlooked. The calculated abun-
dance of heavy particles is normalized to the number density of photons in CMBR
that existed prior to decay (to be more precise, the normalization is made with re-
spect to cosmic entropy density which is conserved in comoving volume in the case
of thermal equilibrium, but this difference is not important for our purpose). The
products of the decay could be quickly thermalized with background radiation. It
could happen e.g. if decays proceeded into photons and/or electrons at sufficiently
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early stage (see the next subsection). In this case the ratio nh/nγ at the present
day would be different from that at the time of decay and the mass constraint for
unstable particle would be changed. The condition ρdecay < ρc would be useless for
obtaining a constraint on mass/life-time of a decaying particle if all decay products
were thermalized and disappeared in the thermal bath of CMBR. However in the case
of neutrino decay at least one particle among decay products must be a light neutrino
and the arguments presented above are applicable to it with an evident weakening
of the bound because this neutrino carries only a fraction of the total energy of the
initial particle.
8.3 Constraints on radiative decays from the spectrum of
cosmic microwave background radiation
If neutrinos decay into particles which possess electromagnetic interactions their life-
time can be further bounded. There are two possible effects that may either restrict
the properties of decaying particles or explain some observed features on the sky: for
an early decay, before hydrogen recombination, the electromagnetic decay products
would be thermalized through strong interaction with cosmic electrons and photons,
but the thermalization might be incomplete and the decay would distort the Planck-
ian spectrum of CMBR. In case of a late decay, z < 103 or τν > 10
12− 1013 sec, after
hydrogen recombination, when the universe became transparent to photons, decay
products remained undisturbed by secondary interactions and may be directly ob-
served in cosmic electromagnetic radiation in all frequency ranges, depending upon
the mass and life-time of the decaying particle. In this subsection we consider the
early decays, z > 103, while the late ones are discussed in the following subsection.
The possibility of constraining late-time (but prior to the recombination) electro-
magnetic energy release in the primeval plasma through the limits on spectral distor-
tion of CMB was probably first considered in refs. [318, 319]. Early works on the sub-
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ject are reviewed in ref. [320], where an extensive list of references is provided (see also
the books [60, 64]). Implications of CMB spectrum constraints for the electromagnetic
decays of massive neutrinos were originally considered in refs. [157, 202, 159, 114]. If
neutrino decays into electromagnetic channels, ν → γ + ... or ν → e+e− + ..., then
decay products would interact with cosmic electromagnetic background and would
distort its spectrum. If decay takes place sufficiently early, the distortion would be
washed out by subsequent interaction with plasma and the Planck spectrum would
be restored with a different temperature. However, for a late decay thermalization
might be incomplete and traces of the decay would be imprinted on the spectrum.
The process of thermalization includes essentially two mechanisms. One estab-
lishes kinetic equilibrium, which is realized by elastic scattering, γe ↔ γe, without
changing particle number, and the other involves inelastic processes with different
number of photons in initial and final states, which reduce chemical potential down
to zero. It is known from the observations ( see e.g. ref [321]) that the latter is
bounded by µγ/Tγ < 10
−4.
A crude estimate of the characteristic time of restoration of kinetic equilibrium of
photons can be done as follows. The number of collisions per unit time is given by
n˙γ/nγ = σTne, where σT = 8πα
2/3m2e is the Thomson cross-section and the number
densities of photons, nγ , and electrons, ne, are related as
ne
nγ
≈ nB
nγ
=
ΩBρc
mpnγ
≈ 2.5 · 10−8ΩBh2 (142)
where sub-B means baryonic and the preferred value of ΩBh
2 is around 10−2. In a
single collision a photon may change the magnitude of its momentum on average by
ωve where ω is the photon energy and ve ∼
√
T/me is the electron velocity. To ensure
the relative momentum change is of the order of unity, approximately 1/ve collisions
are necessary. Thus the characteristic time is
τelastic =
m1/2e
T 1/2σTne
≈ 4 · 1012sec(T/eV)−7/2(ΩBh2/10−2)−1 (143)
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Comparing this expression with cosmological time (at RD stage), tc/sec = (T/MeV)
−2,
we find that kinetic equilibrium would be restored at t < 1011 sec(ΩBh
2/0.01)4/3. This
result is close to the one obtained in ref. [157], where a conclusion was made that the
life-time of a heavy neutrino with respect to electromagnetic decays should be smaller
than 1010 sec. (Presumably the authors of this paper used a different value of ΩB.)
However this limit is too weak because only the restoration of kinetic equilibrium
was considered, while spectral distortion due to a non-zero chemical potential was
not taken into account. Indeed if only elastic scattering is operative, the photons
would acquire thermal Bose distribution with a non-zero chemical potential. The
latter could be washed out by reactions where the number of photons in initial and
final states are different. These are the following two processes: double Compton
scattering, γe ↔ 2γe, and Bremsstrahlung, eX ↔ eXγ, where X is a proton or an
ion. For a large number density of baryons, roughly for Ωb > 0.1 Bremsstrahlung
dominates, while for a smaller and more realistic Ωb < 0.1 the double Compton plays
a more important role in establishing complete thermal equilibrium.
In most of the earlier works (in the 1970s), only Bremsstrahlung was taken into
account because it was believed that the cosmic baryon number density is large,
Ωbh
2 ∼ 1. According to calculations of refs. [318, 319], Bremsstrahlung would wash
out all distortion in CMB spectrum if a significant energy release (around 10%) took
place before the red-shift z = 108(ΩBh
2)−4 ((to avoid possible confusion one should
keep in mind that in different papers the parameter h is normalized in different ways;
here we use h = H/100km/sec/Mpc, while in many earlier papers it is normalized
to 50 km/sec/Mpc). Based on that result the limit on the life-time of neutrino in
the case of radiative decays was obtained [159, 114], τ radν < (2 − 3) · 103 sec. The
characteristic time of Bremsstrahlung can be estimated as follows. The cross-section
of scattering of non-relativistic electron on a heavy target with emission of photon
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with energy ω ≪ me is given by [322]
dσBS =
32α3
3pme
dω
ω
ln


√
p2
2meω
+
√
p2
2meω
− 1

 (144)
where p is the electron momentum; in thermal equilibrium p2 ∼ 2meT . We assume
that the log2-factor coming from integration over ω is close to unity (it is difficult to
make a closer estimate by this naive approach). The number of photon producing
collisions per unit time is given by(
n˙γ
nγ
)
BS
=
σBSvn
2
e
nγ
(145)
where v = p/me is the velocity of electrons. It is assumed that the plasma is electri-
cally neutral, so the number density of protons is the same as that of electrons. A
possible presence of neutral helium-4 atoms is neglected because the relevant time is
far smaller than the recombination time. For electron momentum we take the “ther-
mal” value p2 = 2meT and assume that the temperatures of photons and electrons
are the same. Substituting the numbers we find
τBS =
5.5 · 1018sec
(ΩBh2/0.01)2(T/keV)5/2I
, (146)
where I is an unknown value of the integral over ω. If I = 1, this result is approx-
imately twice higher than that given by more accurate considerations [323, 324]. In
refs. [324] the factor 4π, omitted in the paper [323], was corrected. Taking I = 2
and ΩBh
2 = 1 we find that Bremsstrahlung is faster than expansion, τBS < tc, for
T > 0.07 MeV. In other words, radiative decays of neutrino with a life time below 200
sec would not disturb the CMB spectrum. For a realistic number density of baryons,
ΩBh
2 = 10−2, the Bremsstrahlung seems ineffective, but this is not exactly so. In
fact, for temperatures higher than ∼ me/20 the number density of electrons and
positrons is given by thermal equilibrium and is much larger than their asymptotic
value, ne/nγ ∼ 3 · 10−10. The high number density of e± made Bremsstrahlung very
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efficient when the universe was younger than a few thousand seconds. Thus we come
to the estimates quoted above.
The effect of Bremsstrahlung for restoring the equilibrium spectrum of CMB for
the radiatively decaying right-handed neutrinos which decoupled at high tempera-
tures, when number of species was about 50, was considered in ref. [325]. However,
the conclusion that the photons from the decays would be unobservable if the life-time
is below 50y ≈ 1.5·109 sec, seems to be too strong, possibly because the omitted factor
4π mentioned above (the shift of life-time is proportional to (4π)4). Subsequent more
accurate calculations [324] showed that Bremsstrahlung could not be that efficient
even for Ωbh ≈ 1.
The importance of double Compton (DC) reaction for thermalization of CMB
was mentioned in several early papers [326]-[328]. It was shown in ref. [202] that
the distortion of CMB spectrum would be smoothed down if the energy was released
before z = 4 · 106(ΩBh2)1/3. It is close to the result presented in ref. [320]) that
DC is efficient before z = 107. It permits the restriction of neutrino life-time in
case of predominantly radiative decays, by τ > 105 − 106 sec [202, 114, 329]. The
characteristic time of thermalization by the double Compton process can be found as
follows. The cross-section of this reaction, in the limit of low photon energies and if
the energy of one of the photons is much smaller than the other, can be approximately
taken as [330]:
σDC =
32α3
9
ω2
m4e
(147)
The characteristic time is
τDC ≡
(
n˙γ
nγ
)−1
= (σDCne)
−1 =
6 · 1022
(ΩBh2/0.01)(T/eV)5
sec (148)
This time is smaller than the cosmological time, tc = 10
12/(T/eV))2 sec, if T >
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4 · 103eV/(ΩBh2/0.01)1/3. This permits to obtain the limit
τ radν < 6 · 104(ΩBh2/0.01)2/3 sec (149)
We substituted here thermal average 〈ω2〉 ∼ 10. The bound (149) is essentially the
same as that found in ref. [202].
The simple estimates presented above are not very precise and can be trusted
within a factor of few. More accurate results strongly depend upon the photon fre-
quency and can be found only through a solution of kinetic equations. Fortunately
for non-relativistic electrons and in the limit of low photon energies, ω ≪ me, the sys-
tem of integro-differential kinetic equations (42,43), which are very difficult to treat
numerically, can be approximately reduced to ordinary differential equations. The es-
sential condition that allows this simplification is that the relative frequency change
in a single collision be small, δω/ω ∼ (T/me)1/2 ≪ 1. In zeroth approximation one
may neglect the frequency shift and take the latter into account perturbatively ex-
panding δ-function which gives energy-momentum conservation, δ(
∑
pi −∑ pf). For
the case of elastic γ e-scattering such equation was derived by Kompaneets [331]. It
reads
tel
∂fγ(t, y)
∂t
|K=
(
T
mey2
)
∂
∂y
[
y4
(
∂fγ
∂y
+ fγ + f
2
γ
)]
(150)
where y = ω/T and tel = (σTne)
−1. In the equation above it is assumed that the
temperatures of photons and electrons are the same, Te = Tγ, but in the original
version of the Kompaneets equation there was no such assumption and the factor
Te/Tγ in front of the first term in the r.h.s. was present. This equation describes
diffusion of photons in frequency space with a conserved number of photons. The
impact of cosmological expansion on this equation was considered in refs. [332, 333,
324] and was shown to be weak.
The equilibrium solution of this equation is the Bose-Einstein distribution, fγ =
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[exp(ξ + y) − 1]−1 with the dimensionless chemical potential ξ = µ/T , which is de-
termined by the initial conditions. If only elastic scattering is operative, chemical
potential does not relax down to zero. Such relaxation may be achieved only by in-
elastic processes with a different number of photons in initial and final states, which
go in higher order in the fine structure coupling constant α. As we have already
noted, there are two such processes in the leading (third) order in α: Bremsstrahlung
and double Compton. The analog of the Kompaneets equation for these processes
was derived in ref. [323]. Bremsstrahlung thermalization was considered earlier in
the papers [334, 335] and the equation for the double Compton was derived inde-
pendently in ref. [336] and in a simplified version in ref. [327]. These two processes
create new photons, mostly at low energy ω. Then, these photons diffuse upward in
energy in accordance with eq. (150) in a much shorter time. Altogether, black body
spectrum is created if the characteristic time scale of the reactions is smaller than
the cosmological time. If relativistic electrons or photons are injected into plasma,
the relaxation time would be longer because the corresponding cross-sections are sup-
pressed roughly bym2e/s, where s is the total center-of-mass energy squared. However
relativistic electrons or positrons are very quickly thermalized by scattering on a large
number of photons. Thermalization of non-equilibrium photons is much slower be-
cause it is achieved by scattering on electrons with a very small number density
ne/nγ = 10
−9 − 10−10 ≪ 1.
Let us now consider inelastic processes that can reduce chemical potential down
to zero. The contribution of Bremsstrahlung into thermalization is described by the
equation:
tel
∂fγ(t, y)
∂t
|BS= Q g(y)
y3 exp(y)
[1− fγ (ey − 1)] (151)
where
Q =
4πα
(2π)7/2
(
me
T
)1/2 ∑
i niZ
2
i
T 3
, (152)
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and ni and Zie are respectively the number density and charge of ions. The function
g(x) is given by g(y) = ln(2.2/y) for y ≤ 1 and g(y) = ln 2.2/√y for y ≥ 1. In
accordance with ref. [324] the factor Q presented here is larger by 4π than that in
paper [323].
The contribution of double Compton into evolution of fγ is given by
tel
∂fγ(t, y)
∂t
|DC=
(
4α
3π
)(
T
m2
)2 I(t)
y3
[1− fγ(y, t) (ey − 1)] (153)
where
I(t) =
∫
dyy4fγ(y, t) [1 + fγ(y, t)] (154)
The total evolution of fγ is determined by the sum of all three contributions (150,151,153).
Based on these equations the efficiency of thermalization of CMB due to double Comp-
ton was studied in ref. [337]. It was shown there that double Compton efficiently
smoothed down any spectrum distortion for the red-shift z > 6 · 106/(ΩBh2/0.01)1/3.
This is quite close to the naive estimates presented above (148,149).
Detailed calculations of the impact of decaying neutrinos on CMB spectrum were
made in refs. [338, 324], where all three contributions into evolution of fγ were taken
into account. However the contribution of Bremsstrahlung was underestimated in
ref. [338] by the factor 4π, as was noticed in ref. [324]. In ref. [324] both numerical and
approximate analytical solution to the evolution equation have been found under the
simplifying assumption that the injection of energy from the decay was instantaneous.
It was found that any significant energy injection is ruled out for a red-shift smaller
than
z =
5 · 105
(ΩBh2)
2/5
=
3 · 106
(ΩBh2/0.01)
2/5
(155)
practically for all (except a very small class) injection scenarios. It corresponds to
the bound on neutrino life-time
τ radν < 2.5 · 106
(
ΩBh
2
0.01
)4/5
sec (156)
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For further details and discussion of energy dependence and effective chemical poten-
tial one might address the paper [324].
Though the above calculations are quite accurate, the underlying assumptions
which permit to reduce the complete system of kinetic equations to simpler differen-
tial equations, may be invalid or not very precise. In particular, they are not true
for relativistic electrons or energetic photons. The commonly used assumption that
photons and electrons are described by thermal distribution with the same or different
temperatures may also be inaccurate. In view of that, it is very desirable to do pre-
cise calculations without any simplifying assumptions by numerical solution of exact
integro-differential kinetic equation in the similar way as it was done for the impact
of neutrinos on nucleosynthesis [136, 198, 137, 162, 228]. Of course the solution of
the integro-differential equation is much more difficult technically, and what’s more,
the matrix elements of the reactions are not polynomial as in the case of local weak
interactions. It can be demonstrated that the collision integral for elastic Compton
scattering can be reduced down to two dimensions [339], even for the exact non-
polynomial matrix element. So at least for Compton scattering the problem seems to
be tractable. The numerical solution of the complete set of kinetic equations found
in ref. [339] agrees well with the solution of Kompaneets equations for nonrelativistic
electrons. However for inelastic processes the collision integral hardly can be reduced
down to two or even three dimensions without any approximations, and the direct
numerical solution of kinetic equations looks extremely difficult.
8.4 Cosmic electromagnetic radiation, other than CMBR
If massive neutrinos live longer than hydrogen recombination time, then, depending
on their mass, either they would distort the CMBR spectrum (if they are very light) -
or, in case of a larger mass, the flux of the decay photons would be observable in more
energetic cosmic photon backgrounds at different frequencies: gamma- and X-rays,
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ultraviolet optical, infrared and, for very small masses, radio. Cowsik [340] was the
first to point out that the life-time of a massive neutrino νh decaying into a lighter
one, νl, and a photon, νh → νl + γ, can be restricted based on these considerations.
He discussed a relatively light neutrino and found that for mν ≈ 10−3 eV its life-
time must be larger than 1019 sec, otherwise they would contribute too much into
CMBR. Neutrino with mν = 1 eV would produce optical photons and from the limit
on the background star light flux, f = 3 ·108/cm2/sec, one can conclude that neutrino
should live longer than 1023 sec. These limits are somewhat overestimated because
the number density of cosmic neutrinos was taken approximately as 6 times bigger
than the actual value (see discussion in sec. 4.1).
Cosmic electromagnetic radiation created by possible electromagnetic decays of
massive neutrinos was estimated for neutrinos with any (small or large) mass in a
slightly later paper [159]. It was roughly concluded that if neutrinos live more than
105 years (this is the approximate time of recombination), then they must live longer
than 1018 years. The range of neutrino masses from 10 to 100 eV, i.e. approximately
satisfying the Gerstein-Zeldovich limit, was considered in refs. [341, 342, 343], where
the contribution from neutrino radiative decays into cosmic UV (ultraviolet) back-
ground was calculated. The conclusion of ref. [341], that no bound on life-time can
be derived from the known astronomical data on UV, contradicts the other two pa-
pers [342, 343] and is possibly related to a numerical error, as stated in ref. [343]. In
ref. [342] the hypothesis was investigated that an observed feature in the spectrum
of UV background might be explained by the decay νh → νl + γ. If this were the
case, the mass of νh would have been around 14 eV. Presently this spectral signature
disappeared and does not give an indication of the existence of 14-eV neutrino. A
systematic study of the constraints on the life-time of radiative decays of light neu-
trinos with mass 10-100 eV was performed in ref. [343], where it was shown that
the observations of electromagnetic radiation from infrared to extreme ultraviolet ex-
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cludes electromagnetic decay in the life-time interval 1013 − 1023 sec. The results of
refs. [342] and [343] agree in the overlapping region of mass values. The spectral
density of electromagnetic radiation originating from the decay νh → νl + γ can be
calculated as follows. In the absence of absorption, when the photon energy is smaller
than 13.6 eV, the photon distribution function fγ(t, ω) obeys the equation:
(∂t −Hω∂ω) fγ = 1
2ω
∫ d3p
2Ep (2π)3
d3q
2Eq (2π)3
fνh |A|2(2π)4δ4(p− q − k) (157)
where fνh is the distribution function of the heavy neutrino and p is its momentum; q
and k are the momenta of the light neutrino and photon respectively. In this simplified
kinetic equation the inverse decay as well as Fermi suppression for neutrinos and Bose
amplification for photons are neglected. The amplitude A is related to the decay width
as
Γ =
1
2m
∫ d3q
2Eq (2π)3
d3k
2ω (2π)3
|A|2(2π)4δ4(p− q − k) = |A|
2
16πm
(158)
It is convenient to introduce the variables x = ma(t) and y = ωa(t) where a(t) is
the cosmological scale factor, normalized so that a = 1 at the present day (This
normalization is different from the one used in previous subsections). In terms of
these variables the l.h.s. of equation (157) takes the form Hx∂xfγ. The calculations
are very much simplified if the heavier neutrino is non-relativistic, so that Ep ≈ m,
while the light one is massless or very light. After some simple algebra one obtains
Hx∂xfγ(x, y) =
16π2Γnνh
m3
δ
(
1− 2y
x
)
(159)
where nνh(x) =
∫
d3pfνh/(2π)
3 is the number density of the heavy neutrinos. It
decreases due to decay and the universe expansion, so that
nνh(x) = n
(0)
νh
exp[−Γ(t− t0)]/a3 (160)
where t0 is the universe age and n
(0)
νh
is the number density of heavy neutrinos at
the present time. To proceed further we need to know the time dependence of the
137
scale factor which is determined by the Einstein equation (13). In the simple case of
matter-dominated flat universe (i.e. Ω = 1) the expansion law is a(t) = (t/t0)
2/3 and
H = 2/3t. We will make one more simplifying assumption that the life-time of νh
is large in comparison with the universe age t0. After that, equation (159) is easily
integrated and we obtain for the intensity of the radiation in the interval of wave
length dλ:
dI =
Γn(0)νh
H0
λ
3/2
min
λ5/2
dλ =
Γn(νh0)
H0
ω1/2dω
ω
3/2
max
(161)
where λmin = 4π/m is the minimal-wave length of emitted photons and ωmax = mν/2
is the maximum energy of the photons. This is essentially the result obtained in
refs. [342, 343], where a more general expression, valid for a non-flat universe, was
derived. Calculations for a more general case of neutrinos decaying with an arbitrary
energy, not necessarily at rest, were done relatively recently in ref. [346].
If νh is more massive so that the photon energy is larger than 13.6 eV, they can
ionize hydrogen, and the universe becomes opaque to such photons. However the red-
shifted low energy tail of the spectrum still remains dangerous. The analysis made
in ref. [343] permits to exclude life-times smaller than 1022 to 1023 sec in the mass
interval 10-100 eV.
In ref. [344] cosmological restrictions on the decay νh → νl + γ induced by a large
non-diagonal magnetic moment, µlh = (10
−8 − 10−10)µB, were considered. Such a
large µlh would be allowed by the data on cosmic electromagnetic radiation if the
decay has a very small branching ratio (< 10−6) and the dominant mode is invisible
or the mass of νh is rather high (> 100 keV) so the photons from νh decay were
thermalized with CMBR at high red-shift.
A more complicated chain of decays was discussed in ref. [345]: νh → νl + γ,
a → 2γ, where a is an axion. Such decays are consistent with cosmology for the
taken in the paper axion mass about 3 eV. If the decays took place near red-shift
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z ∼ 103 it would lead to a significant reionization of matter, which in turn would
smooth down angular fluctuations of CMBR.
For a smaller neutrino mass, m = 0.01 − 1 eV, the bound on their possible ra-
diative decays can be found from the extra-galactic infra-red (IR) background. The
bounds [313] found from direct IR observations are roughly τν > (a few) · 1021 sec for
mν ≈ 1 eV, τν > 3 · 1018 sec for mν ≈ 0.1 eV, and τν > 3 · 1019 sec for mν ≈ 0.03
eV. Recently considerably stronger limits [347] on the density of IR background were
found from the observations of high energy (TeV) cosmic photons. Since those ener-
getic photons should produce e+e−-pairs through scattering on IR background, the
interstellar medium should become opaque to them and distant sources would be un-
observable. The idea was first formulated in the paper [348] and later considered in
detail in ref. [349]. The effect can be estimated in the following way. The cross-section
of the pair production γ + γ → e+ + e− is
σ(γγ → e+e−) = πα
2
2m2e
(1− β2)
[
(3− β4) ln 1 + β
1− β + 2β(β
2 − 2)
]
(162)
where β =
√
1− 4m2e/s is the electron velocity in center-of-mass frame and s =
(k1 + k2)
2, with kj being the momenta of colliding photons. In the limit of small
red-shift, z ≪ 1, the kinetic equation for the distribution function f1 of the high
energy photons with the energy ω1 can be written as
f˙1
f1
= − 1
2ω1
∫
d3k2
(2π)3 2ω2
sf2
2
σ(γγ → e+e−) (163)
The function f2 is expressed through dI/dω (161) in an evident way: ω
2f2/(2π)
2 =
dI/dω. Near threshold, s ≈ 4m2e, the product σs/2 can be approximately taken as
2πα2β. After that the integration in eq. (163) is straightforward and we obtain
f˙1
f1
= −πα
2n(0)ν Γ
2H0m2e
F
(
mνω1
2m2e
)
(164)
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where
F (x) = x−3/2
∫ x
1
dy
√
y − 1
y
(165)
For mν = 1 eV and correspondingly ω2 = 0.5 eV the threshold for pair production
is reached if high energy photons have the energy above 0.5 TeV. For 10 TeV photons
the pairs are produced on IR background with energy larger than 0.025 eV. The
corresponding optical depth is given by d = (f˙1/f1)
−1 ≈ 1023H0τνF−1 cm. The
TeV photons are observed from active galaxies Mrk 421 and Mrk 501 both at red-
sifts slightly above 0.03 or at the distance ∼ 100/h Mpc. No spectral features that
may correspond to attenuation of TeV photons at this distance were observed. This
permits us to obtain an upper limit on the intensity of IR background and the lower
limit on possible radiative decays of neutrino. It was found in ref. [347] that the
radiative life-time of neutrino should be larger than 1014 years for mν = 1 eV and
τν > 2 · 1013 years for mν = 0.1 eV. A substantial improvement in the strength of
these limits is expected for the next generation of instruments. At the present time,
however, astrophysics permits putting stronger limits on τν with respect to radiative
decays [350].
The bounds discussed above tested the hypothesis that cosmic neutrinos are uni-
formly distributed in space and, because of that, their decays create a diffuse electro-
magnetic background. More stringent limits can be obtained from the observations
of discrete sources rather than from background measurements if neutrinos are accu-
mulated in galaxies or their clusters. However, such limits are intrinsically uncertain
because they depend upon unknown fraction of clustered neutrino dark matter. Un-
der the assumption that the entire (virial) masses of Coma and Virgo clusters are
composed of neutrinos the conclusion [351] was made that τν > (a few) · (1023− 1024)
sec from the observation of the ultraviolet (UV) spectrum by the “Voyager 2” in the
912-1200 A˚ range and that τν > 10
25 sec for roughly twice longer wave length. A
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slightly stronger limit in the different wave length range 1240-1550 A˚ from Apollo
17 UV spectrometer was obtained in ref. [352], τν > 2 · (1024 − 1025) sec. Later a
considerable improvement of the results of the paper [351] was achieved in ref. [353]
in practically the same wave length interval 912-1150 A˚, based on new series of mea-
surements of UV radiation from Coma cluster by Voyager 2. For λ = 912A˚ the upper
bound on diffuse line emission is J (line) < 6.3 · 103 photons/cm2/sec/sr and for con-
tinuum emission dJ (ce)/dλ < 75 photons/cm2/sec/sr/A˚. This permits us to obtain
the limit τν > 2.4 · 1025 sec. For λ = 1150A˚ the bounds are J (line) < 2.7 · 104 and
dJ (ce)/dλ < 300 (in the same units as above). Correspondingly τν < 7.1 · 1024 sec.
For the intermediate values of wave length the limit on τν smoothly changes between
these two results.
Except for possible direct observations of photons from the decay νh → νl+γ, they
may be observed through ionization of interstellar hydrogen if neutrino mass is larger
than 27.2 eV and the photon energy is higher than hydrogen ionization threshold.
From the requirement that the ionization level of high velocity clouds of neutral
hydrogen in the Galaxy does not exceed observational limits, it was found [354] that
neutrino life-time should be larger than 1024 sec. This limit is independent of the
discussed above bounds based on UV and other backgrounds. A similar limit was
found from the observation of neutral hydrogen in the nearby galaxy M 31 [355] for
neutrinos with masses in the range 30-150 eV. Radiative decays of neutrinos with a
shorter life-time would practically destroy such neutral clouds. However the accuracy
of both results are roughly an order of magnitude, so that τν in the range 10
23− 1025
sec can still be considered as a possibility [355].
On the other hand, the photons from the decay could serve as a missing ionization
factor explaining a high level of ionization of matter in the universe [355, 356, 357] (for
a detailed discussion and the list of earlier references see the book [358]). In the stan-
dard cosmological model the density of diffuse neutral hydrogen in the intergalactic
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medium should be much higher than the actual upper limits. The latter are obtained
by the Gunn-Peterson test [359], i.e. by absorption of the quasar radiation at the
Lyman alpha resonance, where no significant continuum absorption was registered.
Thus there is a very strong indication that intergalactic medium is highly ionized up
to red shifts z = 5 [360]. A recent analysis of the ionization level up to redshift 6 and
references to new observations can be found in the paper [361].
The flux of ionizing UV photons from the conventional stellar sources (mostly from
quasars themselves) seems to be insufficient for the observed high level of ionization
(see e.g. ref. [362]). However neutrinos with masses about mν ≈ 27.5 eV and life-
time τν = (1−2) · 1023 sec [363] could produce the necessary photons to maintain the
required near-complete ionization. It was suggested by Melott [364] that radiative de-
cays of neutrinos producing photons with the energy ω ≥ 13 eV with life-time around
1024 sec could be responsible for the sharp hydrogen ionization edges observed in many
galaxies. Moreover, the same decays could simultaneously account for the ionization
level of hydrogen found in HI regions, local interstellar medium, and in pregalactic
medium (for details and references see the book [358]). The role of ionization induced
by electromagnetic neutrino decays in establishing equilibrium between cold and hot
phases in the interstellar medium was recently studied in ref. [365]. It was shown, in
particular, that an increase of neutrino flux (e.g. due to supernova explosion) might
induce condensation of cold clouds stimulating star formation processes.
The hypothesis of radiative decays of neutrinos was actively studied in the recent
years and seems to be on verge of exclusion. The search [366] of 14-15 eV line from
the galaxy cluster Abel 665 produced a negative result corresponding to the lower
life-time limit τν > 3 · 1024 sec. However, strictly speaking, one cannot exclude
that the line of sight to Abel 665 as well as to Coma and Virgo clusters (discussed
above) is blocked by an unknown amount of absorbing matter [367] and one has to
turn to diffuse extra-galactic UV background. The study of the latter in ref. [367]
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and in the corrected version [368] still leaves some, though rather narrow, room for
this hypothesis. Moreover, the arguments presented in ref. [369] showed that the
observational constraints depended on the distribution of neutrinos in clusters of
galaxies and for some distributions the Sciama scenario was not ruled out. However
as is argued in the recent paper [370], this window is closed by their measurements of
diffuse extreme UV emission in the wave range λ = 890− 915 A˚. The measurements
made in this work are approximately an order of magnitude below the level predicted
by the Sciama model. But the model of Melott [364] with a longer neutrino life-
time which may explain only part of the cosmic ionization pattern, namely the sharp
ionization edges, is not excluded.
Some other bounds for neutrino radiative decays are the following. A restrictive
upper limit from the Gunn-Peterson test was derived in ref. [371]: τν < 10
23 sec for
mν ≈ 27 eV and τν < 5 ·1023 sec formν > 28.5 eV. Taken together with optimistically
strong lower limits from UV-data, these results would exclude the Sciama’s preferred
values mν = 27.4± 0.2 eV and τν = (1− 2) · 1023 sec [358, 372]. If, however, decaying
neutrinos are not the only source of HI ionization, then their life-time could be larger
than 1024 sec. Moreover, as mentioned above, the conclusions derived from the UV-
data may be weakened due to an uncertainty in opacity by interstellar dust and an
unknown fraction of neutrino dark matter in galactic clusters (see the paper [371] for
details and references).
Growing pressure from accumulated observational data demanded a modifica-
tion [373] of Sciama’s scenario with a smaller ionizing contribution from the neutrino
decay and with a larger contribution from conventional sources: stars and quasars.
Some more restrictions on the model would be also eased if one neglects a possible role
of neutrinos in large scale structure formation and concentrates only on the properties
of re-ionization. An analysis performed in ref. [374] under the assumptions that QSOs
ionize HI, HeI, and HeII, stars ionize just HI and HeI and decaying neutrinos ionize
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only HI, shows that it is possible to avoid contradictions with Gunn-Peterson test if
additional sources (e.g. stars at large red-shifts z = 2− 4) are sufficiently strong.
Possible cosmological sources of ionizing photons and the present constraints on
their intensity inside the Local Group were reviewed recently in ref. [375]. As de-
scribed there, the cosmological sources of ionizing photons fall into two categories:
standard (active galactic nuclei and stellar ionizing photons from galaxies) and exotic
(decaying particles). However the recent Hα-observations in spiral galaxy NGC3198
(see [375] for the references) indicate that the observed emission is an order of mag-
nitude weaker than requested by decaying neutrino theory.
One more test of the model of radiatively decaying neutrinos can be done by a
study of the angular fluctuations of CMBR [376] and is discussed below in sec. 9.
The decays νh → νl+ γ would significantly suppress the level of angular fluctuations.
This seems to contradict already existing data.
Thus the radiative decays of 27.5 eV neutrinos probably cannot explain the ob-
served level of ionization in interstellar and intergalactic media. Since it is also dif-
ficult to find an explanation through conventional sources, the mystery of ionization
remains unsolved and at the present state it is unclear if one has to invoke new
physics (e.m. decays of long-lived particles, mirror photon oscillations, or something
even more unusual) for the resolution of the problem. One more argument against
27.5 eV neutrinos is that, according to contemporary data, the mass fraction of mat-
ter in the universe is relatively small, Ωm ≤ 0.3 − 0.4. Neutrinos should contribute
into that no more than 0.1. Correspondingly their mass should be smaller than 10
eV, according to eq. (66). Consideration of large scale structure formation imposes
even stronger upper bound on mν (see sec. 11.1).
An extension of the model to include possible mixing of active and sterile neutri-
nos could help. It was considered in refs. [377, 378]. The number density of sterile
neutrinos with mass 27.4 eV could be much smaller than the density of normal neu-
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trinos. If e.g. νs were produced at an early stage above QCD phase transition their
number density would be suppressed by the entropy release. In addition, the mixing
angle between νs and active neutrinos should be very small, otherwise they would
be produced by oscillations at low temperatures. An extra free parameter, the num-
ber density of sterile neutrinos, permits in some cases to weaken discussed above
contradictions between the decaying neutrino model and observations.
In ref. [379] the arguments were inverted. The author derived a limit on possi-
ble radiative neutrino decay from the observation of singly ionized helium in diffuse
intergalactic medium. It was assumed that neutrinos predominantly decay into invis-
ible channels with a small branching into radiative mode. The observed amount of
singly ionized helium [380] is the lower bound on its abundance and it gives an upper
bound on the amount of doubly ionized helium. If there exists a radiatively decaying
neutrino with the mass twice larger than the ionization potential of singly ionized
helium, mν > 108.8 eV, one can put an upper limit on the radiative decay proba-
bility. According to the paper [379] for neutrino life-time bounded from below by
τν > 10
18 (1 eV/mν)
2 sec, the magnetic transition moment of a heavier neutrino with
respect to the decay νh → νl + γ is quite strongly bounded by µhl < (4− 8) · 10−17µB
for 110 eV < mν < 10 keV.
9 Angular anisotropy of CMBR and neutrinos.
The spectrum of angular fluctuations of cosmic microwave background radiation
(CMB) is very sensitive to the fraction of relativistic matter in the universe, to a
possible neutrino mass in eV range, and to decays of neutrino with life-time around
1012 − 1013 sec. If neutrino decays create photons or e+e−-pairs, the decay products
could distort the perfect Planckian spectrum of CMB (as discussed in sec. 8.3), but
the spectrum of angular fluctuations would be distorted even by decays into invisible
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modes, such as νh → νl + φ or νh → 3νl, where φ is a light or massless scalar, νh is
a heavy neutrino, and νl are some light ones. We will briefly describe basic physical
effects leading to this distortion and then present existing and potential bounds on
mν and τν that can be deduced from the existing and mostly coming measurements
of angular fluctuations of CMBR. The following presentation is by necessity oversim-
plified. It can be considered a set of intuitively simple rules which give basic physical
features of the phenomena A more detailed discussion and a list of references can be
found in review papers [381]-[386].
The spectrum of angular fluctuations of CMB depends, first, upon the initial
spectrum of metric and density perturbations and, second, upon physical processes
governing the evolution of these perturbations in cosmological Friedman background.
The evolution on the second stage depends upon the geometry (curvature) of the
universe, its matter content (relativistic versus non-relativistic, vacuum energy) and
expansion regime, amount of baryons, etc. This dependence permits to determine in
principle the corresponding cosmological parameters.
It is assumed that some primordial density fluctuations existed in the universe.
These density fluctuations are necessary seeds for formation of large scale structure
of the universe. In a perfectly smooth universe no structures can be formed. There
could be different mechanisms of creating density perturbations on astronomically
large scales, e.g. inflation or topological defects, but we will not discuss the concrete
mechanisms. It is assumed that the spectrum of primordial perturbations has a very
simple one-parameter form:
〈(δρk/ρ)2〉 ∼ kn (166)
where k is the wave number of the fluctuations (inverse wave length) and the pa-
rameter n is the power index. In what follows we assume a special case of n = 1
corresponding to the so called scale-free (or flat) Harrison-Zeldovich spectrum. Sim-
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ilar spectra appear in simplest inflationary models.
If the wave length of perturbation is longer than the horizon size, Lh ∼ t, then the
amplitude of the so called adiabatic or curvature perturbations (to be more precise
of the rising mode) evolves kinematically, as dictated by General Relativity:
δρ
ρ
∼
{
a(t)2 ∼ t, at RD− stage,
a(t) ∼ t2/3, at MD− stage (167)
where a(t) is the cosmological scale factor; the presented time dependence of a(t) is
true for the case of Ωm = 1. To illustrate the derivation of this result we can proceed
as follows. The energy density ρ, the Hubble parameter H , and the curvature c are
related by one of the Einstein equations (13):
ρ =
3H2m2P l
8π
+
c
a2
(168)
Let us choose a coordinate frame in which the Hubble parameter is independent of
space points. Then the density fluctuations are proportional to curvature fluctuations,
δρ = δc/a2. Keeping in mind that ρ ∼ a−4 at RD-stage and ρ ∼ a−3 at MD-stage,
we will obtain the expressions (167).
Since the wave length of perturbation rises as λ ∼ a(t), at some moment it be-
comes shorter than the horizon, Lh ∼ t, and dynamics comes into play. The evolution
of perturbations at this stage is determined by competition between attractive forces
of gravity and the pressure resistance. If the magnitude of a perturbation is suffi-
ciently large, the pressure could not resist gravity and the excessive density regions
would collapse indefinitely or until equation of state is changed to a more rigid one.
Until that happens, such density perturbations would keep on rising. For smaller
perturbations the pressure of compressed fluid (plasma) could stop gravitational con-
traction, the rise of perturbation would be terminated, and acoustic oscillations would
be produced. The boundary between these two regimes is given by the so-called Jeans
wave length λJ = cs
√
πm2P l/ρ where cs is the speed of sound. Waves shorter than
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λJ oscillate, while those with λ > λJ are unstable against gravitational collapse. For
relativistic gas cs = 1/
√
3 and thus the waves shorter than horizon are stable. After
hydrogen recombination, which took place at T ≈ 3000 K, the photons of CMBR
propagated freely and temperature fluctuations which existed at this moment (the
moment of last scattering) were imprinted in the angular distribution of CMB. So the
waves whose phase corresponded to maximum of compression or rarefaction at the
moment of last scattering would create peaks in the angular spectrum of CMB.
Thus one can understand the basic features of the angular spectrum of CMB
presented in fig. 15(a). This figure is taken from ref. [307] where a very good expla-
nation of different physical effects leading to the structure in the CMB spectrum is
presented. The spectrum is given in terms of Cl, the squares of the amplitudes in the
decomposition of the temperature fluctuations in spherical harmonics:
∆T
T
=
∑
l,m
almYlm(θ, φ) (169)
and
Cl =
1
2l + 1
l∑
m=−l
|alm|2 (170)
Very long waves which were outside horizon during recombination retain a constant
amplitude (for flat spectrum of perturbations) because for them acoustic oscillations
were not important and the relative density contrast rises as δρ/ρ ∼ a(t) at MD-
stage, both for waves inside and outside horizon. This result is true for the universe
dominated by nonrelativistic matter. In the case of dominance of vacuum energy
(lambda-term) perturbations do not rise and there should be some decrease of the
amplitudes from quadrupole to higher multipoles. For shorter waves which were inside
horizon at recombination and whose phase reached π at the moment of last scattering
(in other words, the mode had time to oscillate for exactly one half of the period),
the temperature fluctuations should reach maximum creating the first peak in the
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figure. (The concrete value of the phase depends on the form of fluctuations and may
differ from π.) The second peak is created by the mode that had time to oscillate
a full period, etc. Since the speed of sound in photon dominated cosmic plasma is
cs ≈ 1/
√
3 the wave length corresponding to the first maximum is
λ1 ≈ lrech /
√
3 (171)
where lrech is the cosmological horizon at recombination. The latter is determined by
the expansion regime and in particular by the competition between contributions of
relativistic and non-relativistic matter. This is why the position of the peak depends
upon the fraction of relativistic matter. (This peak is often called ”Doppler” peak, but
this name is quite misleading; the Doppler effect has nothing to do with this peak.)
The decrease of Cl at large l’s is related to the Silk damping [308], the diffusion of
photons from the hotter regions, which is more efficient at small scales.
The amplitude of acoustic oscillations depends on the temporal evolution of the
gravitational potential. In a static potential the amplitude remains constant because
the blue-shift due to infall into potential well is compensated by a red-shift when the
wave emerges from the well. On the other hand, in a time varying potential a resonant
amplification of the amplitude may take place. The potential varies at RD-stage while
it remains constant at MD-stage. Indeed from the Newtonian equation
a−2∂2ψ = GNδρ (172)
we find ψ ∼ (δρ/ρ)a2ρ. At MD-stage ρ ∼ a−3 and δρ/ρ ∼ a, hence ψ is time indepen-
dent. At RD-stage or because of non-negligible contribution of relativistic matter at
an early MD-stage, the potential changes and oscillations could be enhanced. Thus
the position and the height of the peaks, roughly speaking, depend upon the moment
of equality, teq, between matter and radiation, ρnonrel = ρrel. One should keep in
mind, however, that the position of the peaks is much more sensitive to the geometry
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Figure 15: (a) An example of an angular spectrum of CMB anisotropies with varying
number of neutrino species, kν = 2, 3, 4. (b) The ratio of Cl for kν = 2, 4 relative to
kν = 3 (from ref. [307])
of the universe. The same physical size on the sky would correspond to different
angular scales depending on the space curvature. This is why the position of the first
peak measures the total energy density of the universe, i.e. Ωtot = ρtot/ρc.
As we have already mentioned, after recombination of hydrogen, which took place
at red-shift z ≈ 1300 (see e.g. [60, 61, 64]), the interactions of CMB photons be-
came very weak and they propagate freely over cosmologically large distances. So
the temperature fluctuations observed today present the picture that existed at the
last scattering surface up to some secondary anisotropies (see below). The photons
”last scattered” slightly after recombination at z ≈ 1065. In fact the switch-off of
the interactions is not an instantaneous process so that the last scattering surface has
a finite thickness, ∆z ≈ 80 [387]. The anisotropies created by the acoustic oscilla-
tions with wave length shorter than this thickness are strongly damped because the
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observed signal is averaged over several peaks and througs. Evidently an increase of
∆z would result in a suppression of the angular fluctuations of CMB. Correspond-
ingly, reionization of the intergalactic medium would lead to a suppression of the of
the angular fluctuations of CMBR at the scales smaller that horizon at reionization
epoch [388].
This explains the statement made in sec. 8.4 that possible radiative decays of
neutrino would significantly suppress the level of angular fluctuations. Indeed neu-
trinos with masses about 27.5 eV and life-times ∼ 1023 sec would ionize universe not
only at the present day but also at earlier periods, in particular during recombination
epoch. The UV photons produced by the decay would reionize hydrogen making the
last scattering surface significantly thicker. This in turn would result in a strong
suppression of acoustic peaks in the angular fluctuations of CMB [376]. The resulting
anisotropy of CMB is presented in fig. 16, taken from ref. [376]. The suppression of
the level of angular fluctuations is quite strong and seems to be disfavored by the
data.
One of the mechanisms that could create secondary anisotropies, essential for the
subject of this section, is a possible variation of gravitational potential during the
propagation of light ray from the surface of the last scattering to the observer. In a
static potential the blue shift of the radiation, when it enters the potential well, is
canceled out by the red shift when it escapes the potential. However, if the potential
changes during the time of propagation, some frequency shift must arise. This effect
is called integrated Sachs-Wolfe (ISW) effect.
Now, bearing this simple picture in mind, we can discuss how neutrino properties
would influence the angular spectrum of CMBR. A review on the interplay between
CMBR and particle, and in particular neutrino physics, can be found in ref. [389]. It
is evident that the shape of the angular spectrum of CMB depends on the number
of massless neutrino species, kν. In the standard model kν = 3 and a deviation
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Figure 16: Angular power spectrum of CMB anisotropy in the decaying neutrino
cosmology for ΩB = 0.062, with τν = 10
23, 2× 1023 sec.
from this number would change teq and, in turn, the angular spectrum [381, 390]
(see fig. 15). As is argued in refs. [138, 145], even much smaller non-equilibrium
corrections to the energy density of massless neutrinos discussed in sec. 4.2, could
be in principle observable in the future MAP and especially PLANCK missions if
the latter reaches the planned accuracy of 1% or better. A very serious problem of
accuracy and degeneracy (when the same effect in the spectrum is created by different
physical phenomena, for example the position of the peaks depends not only on kν
or teq but, as mentioned above and to a much larger extent, on the curvature of
space) were analyzed e.g. in ref. [391, 392]. The problem of degeneracy in connection
with detection of cosmological neutrino background was discussed in ref. [393]. The
authors argued that detection of neutrino background radiation requires detecting the
anisotropies of the latter due to degeneracy in CMBR acoustic peaks. Anisotropies
of neutrino background radiation are potentially observable through their effect on
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CMBR anisotropies.
The CMBR is most sensitive to the matter radiation ratio rather than to the
individual energy densities. However combining the measured CMBR anisotropies
and the data on the galaxy power spectrum with the additional information on the
baryonic fraction, Ωb/Ωm, in the galaxy clusters permits to determine Ωr individu-
ally [393], but still the accuracy at the per cent level necessary to observe the details
of neutrino decoupling (76) seems questionable. On the other hand, the observation
of neutrino anisotropies looks feasible with the future Planck mission.
Assuming the standard cosmological model, and using the available CMBR data,
Hannestad [394] found a rather loose limit on the effective number of neutrino species,
Nν < 17 (95% confidence level) for the Hubble parameter h = 0.72±0.08 and Ωbh2 =
0.020± 0.002. Larger values of these parameters allow for a larger relativistic energy
density or larger Nν . This bound is not competitive with BBN at the present time.
However it could be such in future. Moreover, the BBN and CMBR limits are sensitive
to different forms of relativistic energy. In particular, the BBN limit could be modified
by a non-zero chemical potential of electronic neutrinos, while the CMBR is not
sensitive to that. Furthermore, additional relativistic species produced by decays of
some new particles or heavy neutrinos would contribute to relativistic energy density
at recombination but not during BBN. An additional consideration [394] of the data
on the large scale structure (see discussion in the previous paragraph and in sec. 11)
permitted to arrive to an interesting lower limit, Nν > 1.5. Thus an indication of
non-vanishing cosmological background of massless or very light neutrinos is obtained.
A combined analysis of CMBR and BBN data ref. [395] gives a somewhat better
limit, Nν < 7 at the same 2σ level. According to the results of this group the
neutrino chemical potentials, ξ = µ/T , are bounded as −.01 < ξe < 0.2 and |ξµ,τ | ≤
2.6. The idea of using CMBR data for extracting a fraction of relativistic energy at
recombination was discussed in several papers but the earlier ones [396]-[399], where
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the bound on Nν was derived, used less precise earlier data and their results were
subject to uncertainty related to the values of other cosmological parameters [400].
An impact of additional relativistic background on determination of cosmological
parameters from CMBR anisotropies is studied in the paper [401]. It is shown that
Ωrel is nearly degenerate with the fraction of energy in non-relativistic matter, Ωm,
at small l but this degeneracy can be broken on smaller scales available to Planck
mission.
An imprint of active-sterile neutrino oscillations (in non-resonant case) on CMBR
angular spectrum was studied in ref. [402]. Light sterile neutrinos, produced by the
mixing with active ones, could contribute into relativistic matter at the epoch of
matter-radiation equality as well as into the cosmological hot dark matter. The sig-
nature of sterile neutrinos cannot be unambiguously observed in the CMBR spectrum,
and they could add an extra problem with extracting the value of the cosmological
parameters from the data.
The constraint on the number of neutrino species recalls a similar one obtained
from BBN (see sec. 6.1). However, the BBN bounds are sensitive to neutrinos with
mass in or below MeV range, while CMB considerations are valid for very light
neutrinos with mass around recombination temperature, i.e. mν ≤ (∼ 1) eV. Putting
it another way, BBN considerations permit setting a limit on neutrino mass in MeV
scale while CMB would permit reaching higher accuracy in eV scale. If neutrinos
are massive and contribute into hot component of dark matter, their presence can be
traced through CMB [403]. Both effects mentioned above, a shift of the peak positions
and a change of their heights, manifest themselves depending on the fraction of hot
dark matter ΩHDM . Moreover the angular spectrum of CMB is sensitive also to the
value of neutrino mass because the latter shifts teq, the moment of the transition
from radiation dominance to matter dominance. According to the paper [403] the
amplitude of angular fluctuations of CMB is 5-10% larger for 400 < l < 1000 in the
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mixed hot-cold dark matter (HCDM) model with Ων = 0.2− 0.3 in comparison with
the pure CDM model. A detailed analysis of the latest data [71] on CMBR angular
spectrum was performed in ref. [77] and the best-fit range of neutrino mass was found,
mν = 0.04− 2.2 eV.
The influence of unstable neutrinos on the CMB anisotropies in connection with
large scale structure formation was considered in refs. [223, 404, 405, 406]. It was
shown that the first peak in models with decaying particles is noticeably higher than
that in the standard CDM model, and the secondary peaks are strongly shifted to
the right (toward higher l’s). As we have already noted it is related to the change of
the sound horizon at the moment of last scattering and to the integrated Sachs-Wolfe
effect.
Similar arguments can be used to put rather tight constraints on neutrino mass/life-
time [407]-[411] in the case of decays into invisible channels. For sufficiently small
life-times, τν < a few × 100 sec, and large masses, mν ∼ O(MeV), the consideration
of big bang nucleosynthesis rather strongly restricts parameter space (see sec. 6.3).
However for a much longer τν the nucleosynthesis does not help. On the contrary
CMB angular spectrum is sensitive to mν as small as a few eV and a life-time close
to the time of recombination, trec ∼ 1013 sec. The idea to rely on the CMB spec-
trum (and in particular on the change of the height of acoustic peaks due to ISW
effect) for derivation of bounds on mν/τν was first formulated in ref. [407]. Approxi-
mate calculations has been done in refs. [407, 408, 409] and an improved treatment,
correcting previously found results, has been presented in ref. [410, 411]. For low
neutrino masses and large life-times the distortion of the angular spectrum of CMB
was found to be much weaker than in the earlier papers but still the obtained bounds
remain quite restrictive. The already existing CMB data permit to exclude the range
mν > 100 eV and τν > 10
12 sec. The bound on the life-time becomes less stringent
with decreasing mν . Future more precise measurements could significantly enlarge
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the excluded area in mν/τν-plane permitting to reach the accuracy in eV scale and,
with measuring polarization, the accuracy reached by Planck could be about 0.3 eV.
The results however depend upon the concrete model of neutrino decay.
An effect of unstable neutrinos on the position and height of the second acoustic
peak was discussed in ref. [412]. The authors proposed the decay of a heavier neutrino
into a lighter one and a scalar boson, νh → νl+φ, to explain the inconsistency between
BBN and earlier CMBR data [413, 414] on the value of Ωbh
2. The new results [71],
however, show much better agreement with BBN.
10 Cosmological lepton asymmetry.
10.1 Introduction.
It is normally assumed that cosmological lepton charge asymmetry, i.e the difference
between the number densities of neutrinos and antineutrinos, is vanishingly small.
Of course relic neutrinos are not observed directly but the asymmetries that can be
observed are very small; baryon asymmetry is βB = (nB − nB¯)/nγ = (a few)× 10−10
and electric asymmetry is probably exactly zero. So by analogy, the asymmetry
between leptons and antileptons βL = (nL − nL¯)/nγ is assumed to be also small.
Moreover, there are some theoretical grounds for a small lepton asymmetry ( for a
review see e.g. [296]). In SU(5) grand unification models the difference of leptonic and
baryonic charges, (B−L), is conserved, so lepton and baryon asymmetry must be the
same. Even in SO(10), where this conservation law is not valid, the asymmetries have
similar magnitude in simple versions of the theory. Despite that, it was suggested in
ref. [114] that a large lepton asymmetry together with a small baryonic one might be
generated in grand unified theories. A model which permitted to realize generation of
a small βB and a much larger βL in the frameworks of SO(10)-symmetry was proposed
in ref. [415]. On the other hand (B−L) is conserved in electroweak theory, and thus
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if electroweak baryogenesis is operative, then after electroweak phase transition any
preexisting baryon or lepton asymmetry would be redistributed in more or less equal
shares between baryons and leptons.
Nevertheless, a few theoretical models predicting a large difference between βB
and βL have been proposed during the past decade. To avoid electroweak ”equal-
ization” one has to assume that either generation of lepton asymmetry took place
after electroweak phase transition or that the electroweak washing-out of preexisting
asymmetries is not effective. A possible mechanism to suppress electroweak non-
conservation of baryons and leptons is triggered by lepton asymmetry itself. As was
pointed out in ref. [416] a large charge asymmetry suppresses symmetry restoration
at high temperatures. The suppression of symmetry restoration or even symmetry
breaking at high T , induced by large chemical potentials, was found in several papers
in different theories [417]-[419]. It means in particular that due to this effect elec-
troweak non-conservation of baryonic and leptonic charges in strongly asymmetric
background would always be exponentially small [420]. As was shown in ref. [421]
electroweak symmetry in the minimal standard model is not restored at high temper-
atures if ξν = 2.5− 5.3 and the masses of the Higgs bosons lie in the range 100-800
GeV.
Another logically possible, though rather unnatural, way to avoid contradiction
with electroweak baryogenesis is to assume that the total lepton asymmetry is small,
βL = βe + βµ + βτ ∼ βB ≈ (a few × 10−10) (173)
while individual βj could be much larger, even of the order of unity. A rather interest-
ing argument in favor of this was found recently in ref. [422]: if electron number and
lepton number are equal and opposite, then baryon asymmetry produced by electro-
weak processes in the standard model is equal to the observed one within a factor of
2 and has the correct sign.
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A model predicting a large (even of order unity) lepton asymmetry together with
a small baryonic one was proposed in refs. [295, 296] in the frameworks of Affleck
and Dine baryogenesis scenario [297]. Other models in the same frameworks were
suggested recently in [300, 423]. A possible way to create an overpopulated, though
not necessarily asymmetric, cosmological neutrino density through decays of a heavier
particle was considered in ref. [218]. A possibility of generation of a large asymmetry
by active/sterile neutrino oscillations was advocated in ref. [298] and in many sub-
sequent papers (see sec. 12 for discussion and references). Thus, there are plenty of
mechanisms of efficient leptogenesis and it is not excluded that cosmological lepton
asymmetry is large, and it is worthwhile to discuss its observational manifestations.
The earlier papers on the subject are reviewed e.g. in [114].
10.2 Cosmological evolution of strongly degenerate neutri-
nos.
The usual thermal history of neutrinos (see secs. (3.2,4.1)) is written under the as-
sumption that their chemical potentials, µ, are not essential. It would be quite dif-
ferent if the degeneracy is strong, i.e. ξ = µ/T ≫ 1. The energy density of massless
degenerate neutrinos in thermal equilibrium is
ρν + ρν¯ =
1
2π2
∫ ∞
0
dpp3
[
1
ep/T−ξ + 1
+
1
ep/T+ξ + 1
]
=
7
8
π2T 4
15

1 + 30
7
(
ξ
π
)2
+
15
7
(
ξ
π
)4 (174)
and for a large ξ may be considerably larger than the energy density of non-degenerate
ones. The magnitude of charge asymmetry is given by
ηL =
nν − nν¯
nγ
=
(
Tν
Tγ
)3
ξ3 + π2ξ
12ζ(3)
(175)
The cosmological evolution of strongly degenerate neutrinos was considered in [424,
425]. However these papers are in some disagreement and here we will reconsider and
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correct their results. It was noticed in ref. [424] that in the case of strong degeneracy
neutrino decoupling would take place much earlier than in the usual case of non-
degenerate neutrinos. That statement is partly true. Indeed, the reactions changing
the number of neutrinos, e.g.
ν + ν¯ ↔ e+ + e− (176)
would be frozen at much higher temperatures than the usual 2-3 MeV in the stan-
dard case. However, as we see in what follows, elastic neutrino scattering which
would maintain equal temperatures of neutrinos and the rest of the primeval plasma
remains efficient down to almost the same temperatures as in non-degenerate case.
However the efficiency of elastic scattering in the case of degenerate neutrinos is
strongly momentum-dependent and the spectrum would be distorted anyhow (see
below eq. (179)).
The estimates of the freezing temperature, Td, for annihilation (176) are different
in papers [424, 425] so ”to find the truth” we will perform the calculations of Td in
some detail here. We will use kinetic equation in the form (48) with collision integral
given by (71) and matrix element taken from table 2. We assume that the occupation
numbers of neutrinos and antineutrinos are given by f1 and f2 respectively, and
the latter have the equilibrium form (27) with equal by magnitude and opposite by
sign dimensionless chemical potentials ξ = µ/T . The electron-positron occupation
numbers, f3,4, are given by the same expressions but with vanishing µ. The product
of fj that enters kinetic equations can be written as
f1f2(1− f3)(1− f4) = f1f2f3f4 exp [(E3 + E4) /T ] (177)
If we assume Maxwell-Boltzmann statistics for e±, then f3f4 exp (E3 + E4) /T = 1.
The corrections to this approximation can be found with the help of expansion
f ≈ e−E/T − e−2E/T + ... (178)
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and are evidently small. Integration over d3p3d
3p4 is trivial in this approximation (it
is just the usual phase space integral) and gives:
Hx∂xf1(x, y) = −2
3G2F (g
2
L + g
2
R)m
5
0
9π3x5
f1(x, y)y
∫ ∞
0
dy2y
3
2f2(x, y2) + ... (179)
where multi-dots indicate contribution of inverse reaction. The integral can be easily
estimated, again using expansion similar to (178), f2 = exp(−y − ξ) + ..., and we
obtain:
f1 ∼ exp
(
−0.01y
x3
e−ξ
√
10.75
g∗
g2L + g
2
R
0.5858
)
(180)
If two other neutrino species are not degenerate then the contribution of the annihi-
lation of νe ν¯e into νµ ν¯µ and ντ ν¯τ should be also taken into account and this changes
the factor g2L + g
2
R to g
2
L + g
2
R + 1/2 (see table 2). The exponential suppression of the
annihilation rate, Γ ∼ exp(−ξ), is related to a small number density of antineutrinos,
so it is difficult to find a partner for a neutrino to annihilate. On the other hand,
the annihilation rate for antineutrinos is not suppressed. Thus the variation of the
number density of antineutrinos keeps pace with the universe expansion to rather
low temperatures, while the variation of neutrino number density stopped at a rather
high T , see below. (For a negative chemical potential the situation is opposite.)
Freezing temperature, Tf = 1/xf , is determined by the condition that the power
of the exponent in this expression is unity:
Tf = 4.64MeV e
ξ/3y−1/3
(
g∗
10.75
)1/6 ( 0.586
g2L + g
2
R
)1/3
(181)
where the effective number of species, g∗, depends upon ξ as
g∗ = 10.75

1 + 0.3488∑
j

2
(
ξj
π
)2
+
(
ξj
π
)4

 (182)
The freezing temperature of course depends on the momentum of neutrino y =
p/T . Usually thermal averaging is performed so that 〈y〉 ≈ 3. In this way we recover
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the known results for the freezing of the annihilation of non-degenerate neutrinos into
e+e−: T νef = 3.2 MeV and T
νµ
f = 5.3 MeV. The dependence on ξ in this result is the
same as in ref. [425], and does not contain the preexponential factor ξ−2/3 found in
ref. [424], while the numerical coefficient is approximately 20 times bigger than that
in ref. [425]. The numerical value of Tf obtained here is approximately twice larger
than Tf found in ref. [397] from somewhat different considerations.
For ξ ≥ 7 the freezing temperate would be higher than 50 MeV. At such tem-
peratures the primeval plasma contained in addition to e±, photons, and three types
of neutrinos at least π±, π0, and µ±, so g∗ ≥ 17.25, even without contribution from
degenerate neutrinos. In the course of expansion and cooling down, massive particles
would annihilate, and as a result the temperature would drop slower than 1/a. Usu-
ally the ratio T/a−1 is calculated with the help of entropy conservation (40), which is
true in the case of vanishing chemical potentials. In particular, this is how the well
known ratio Tν/Tγ = (4/11)
1/3 after e+e−-annihilation is obtained (see sec 4.1).
The calculation of the freezing temperature of elastic scattering is not so simple.
The rate of elastic scattering ν1+ l2 ↔ ν3+ l4, where l is a lepton, can be found from
the equation
Hx∂xfν1(x, y1) = − fν1
2E1
∫
d˜l2 ˜dν3d˜l4(2π)
4δ4(p1 + p2 − p3 − p4)|A|2fl1(1− fν4) (183)
where d˜l2 = d
3p2/2E (2π)
3 and we assumed that the leptons l obey Boltzmann statis-
tics. We also assume for simplicity sake that the amplitude |A|2 can be substituted
by its average value |A|2 = 26G2FE21T 2. Integration over the phase space is first
done over d3p4 with the help of spatial δ-function. Then the integration over d
3p2
can be performed, in particular, the integration over cos θ is achieved with the en-
ergy δ-function. And ultimately we are left with the integral over the energy of the
degenerate neutrino in the final state:
Hx∂xfν1(x, y1) = −|A|
2fν1T
3
64π3E21
∫ ∞
0
dE3
T
(1− fν3)e
E1−E3
2T
[
e−
|E1−E3|
2T − e−E1+E3)2T
]
(184)
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where fν3 = [1 + exp(y − ξ)]−1. The remaining integral can be taken analytically:
I = (ξ − y)ey−ξ − ξ e−ξ −
(
1 + e−ξ
)
ln
(
1 + e−ξ
)
+
(
1 + ey−ξ
)
ln
(
1 + ey−ξ
)
(185)
Note that this function is not exponentially suppressed in ξ near y = ξ where the
bulk of degenerate neutrinos “lives”: I(ξ = y) ∼ 1.
Integrating over x and we obtain for the reaction rate:
Γel = 4.6MeV I
−1/3
(
g∗
10.75
)1/6
(186)
Hence the freezing of elastic scattering takes place at a much lower temperature than
annihilation. Numerical calculations of the freezing of degenerate neutrinos have
been done in ref. [141] for relatively small values of the asymmetry, 0 ≤ ξνe ≤ 0.5
and 0 ≤ ξνµ,ντ < 1, where the results are presented in the form of interpolating
polynomials.
After annihilation of muons the distribution functions of neutrinos, fν , evolve in
the usual way, i.e. they preserve the form (27) with a constant ratio ξ = µ/T and
T decreasing as 1/a. To the moment of e±-annihilation neutrinos were already com-
pletely decoupled from the plasma so their evolution continued in the same way. If
ν¯ ν ↔ e+e− was frozen before µ+µ−-annihilation, then the dimensionless chemical
potential of neutrinos ξ did not stay constant until all muons annihilated. The evo-
lution of neutrino chemical potentials (in the case of ξνe > 0) can be found from the
conservation of number density of neutrinos in the comoving volume, which became
true after freezing of neutrino annihilation (176):
a3T 3
∫ dyy2
exp (y − ξ) + 1 = const (187)
If Ta = const then the solution to this equation is ξ = const. For a non-constant Ta
chemical potential ξ cannot remain constant in the course of expansion in contrast to
the common assumption. The solution ξ(R) can be easily found in the limit of large
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chemical potentials. For a large and positive ξ the solution is
ξ1(a) =
ξ0
R
[
1− π
2
3ξ20
(
R2 − 1
)]
(188)
and for a negative ξ:
ξ2(a) = −ξ0 − 3 lnR (189)
where ξ0 is an initial value of ξ and R = Ta/T0a0 ≥ 1.
The evolution of antineutrinos is different from the evolution of neutrinos. The
number density of the former is small and they can easily find a partner for an-
nihilation so their distribution keeps the equilibrium form until low temperatures,
even slightly smaller that the temperature of decoupling of non-degenerate neutrinos.
Their number density is not conserved in the comoving volume (if Ta 6= const) and,
even if initially ξ + ξ¯ = 0, this relation would not hold in the course of evolution.
Thus chemical potentials of neutrinos and antineutrinos during nucleosynthesis may
have different absolute values. Numerical calculations of the evolution of effective
chemical potentials of degenerate neutrinos were done in ref. [141]. Their results for
νe and ν¯e are presented in fig. 17.
The variations of temperature of the cosmic plasma in the case of strong degener-
acy cannot be calculated on the basis of entropy conservation because entropy is not
conserved if chemical potentials are non-vanishing. To this end one should use the
covariant energy conservation law (14). The energy density of neutrinos with negative
chemical potential is exponentially suppressed, ρ ≈ (3T 4/4π2) exp(−|ξ|), and can be
neglected. The total energy density of a certain neutrino flavor is given by
ρtot =
T 4
8π2
(
ξ4 + 2π2ξ2 +
7π4
15
)
≈ T
4ξ40
8π2R4
[
1− 4π
2
3ξ20 (R
2 − 1)
](
1 +
2π2R2
ξ20
)
(190)
If we take into account only the leading, for large ξ, term in this expression then
ρ1 ∼ 1/a4 and automatically satisfies the conservation law (14). In this case the
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Figure 17: The evolution of the absolute value of the effective degeneracy parameter ξ
(if the distribution function is written in the equilibrium form) for electron neutrinos
and antineutrinos with momentum y = 5 (ξe = 0.5, ξx = 1).
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remaining matter (photons, muons, electrons and positrons, etc) also satisfy this law
and since their chemical potentials by assumption are vanishing, their entropy is
conserved if they are decoupled from neutrinos, and the ratio R = Ta/T0a0 varies
because of the annihilation of massive species. At the nucleosynthesis epoch it would
be R = (g0∗/10.75)
1/3. If νν¯-annihilation is frozen at 100 MeV then g
(0)
∗ = 17.25 and
R = 1.17; in the case of decoupling above QCD phase transition g
(0)
∗ = 47.75 and
R = 1.64.
However the non-leading terms in ρ1 that are of order of 1/ξ
2 are quite essential
and their presence destroys entropy conservation, so to find R one has to solve nu-
merically differential equation (14). The effect of these terms is to diminish R, so the
results presented above can be considered the upper limits for R.
10.3 Degenerate neutrinos and primordial nucleosynthesis.
A possible role of neutrino degeneracy in big bang nucleosynthesis was noted already
in the pioneering paper by Wagoner, Fowler, and Hoyle [426]. Even earlier the effects
of neutrino degeneracy on β-reactions (50,51) were studied by Zeldovich [427] in old
style cold universe model. After these works the effects of lepton degeneracy in BBN
were analyzed in a number of papers [428]-[445], as well as in the quoted above
ref. [425] (it is probably an incomplete list of references). The papers on this list
differ chronologically by an increasing precision of essential physical parameters (in
particular neutron life-time) and by increasingly accurate astronomical data. So in
what follows we will quote only the results of the most recent works. The earlier
papers are reviewed e.g. in ref. [114, 446, 91]
There are two physical effects from degenerate neutrinos that could influence
primordial abundances. First, an increase of the energy density in comparison with
non-degenerate case results in a faster expansion which in turn leads to a larger
n/p-ratio at the onset of nucleosynthesis. Second, an asymmetry in the sector of
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electronic neutrinos/antineutrinos would strongly shift the equilibrium value of n/p-
ratio, n/p ∼ exp(−ξνe). That’s why the bounds on ξνe from BBN are much stronger
than those for ξνµ,ντ . The ratio of the extra energy densities of degenerate ν and ν¯
to the energy density of non-degenerate ν + ν¯, under the assumption that ξ = −ξ¯, is
(see eq. (174)):
∆Nν =
15
7


(
ξ
π
)4
+ 2
(
ξ
π
)2 (191)
If ξ > 2 then one degenerate neutrino (plus antineutrino) species are equivalent to
more than three ”normal” neutrinos and should be rejected. However, a positive (and
rather small) chemical potential of νe would work in the opposite direction in BBN,
so it is difficult to exclude a ”conspired” degeneracy of νµ,τ and νe.
First we neglect a possible conspiracy and consider the effect of asymmetries of
different neutrino families separately. It follows from the arguments presented above
that chemical potentials of νµ,τ are bounded by the condition
ξµ,τ < 1.5 (192)
if one extra neutrino species is permitted by the data on light element abundances
(see sec. 6.1)
A possible role of electron asymmetry was studied in relatively recent works [442,
443]. The allowed range according to ref. [443] is |ξνe| < 0.1 with 4 ≤ η10 ≤ 6. A more
sophisticated statistical analysis of ref. [442] gives somewhat different numbers ξνe =
0.043±0.040 and η10 = 4.0+1.5−0.9. However there are still some discrepancies in the data
on light element abundances (in particular, high versus low deuterium controversy)
and their interpretation, so possibly these numbers will be changed in future. One can
expect a better accuracy in determination or restriction of the magnitude of neutrino
degeneracy if the baryon number density is fixed by the CMBR data, independently
from BBN.
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A more interesting case is when all three chemical potentials are permitted to
influence BBN. In that case the theory has two additional parameters in comparison
with the standard model (the roles of ξνµ and ξντ are the same because the essential
quantity is the total energy density of νµ and ντ ) and the bounds on their values
become much less restrictive. In particular, prior to measurements of the baryon
density of the universe by CMBR, the freedom in the values of chemical potentials
permitted the baryon-to-photon ratio to be much larger than in the standard BBN
theory, allowing baryon dominated universe. Now it looks unlikely with any values
of chemical potentials. Some decrease of η with respect to the standard value is also
possible, diminishing the conflict between visible and invisible baryons. The analysis
made in refs. [440, 425] permits to conclude that η can be as large as a hundred, so
that even ΩB = 1 is permitted. The appropriate values of chemical potentials are
ξνe ∼ 1 and ξνµ,ντ ≥ 10. For that large values of ξνµ,ντ the freezing of reaction (176)
takes place above 100 MeV and, according to eqs. (188,189), primordial values of
ξνµ,ντ differ from those at BBN, while neutrino temperature at BBN remains equal
to Tγ . If indeed ξ > 1, then the energy density of degenerate neutrinos would be
very large and the neutrinos could have an important impact on large scale structure
formation. This problem and corresponding bounds on |ξ| are discussed in the next
subsection.
A combined analysis of the effect of simultaneous variation of all three chemical
potentials on BBN was performed in the papers [439, 397, 92]. As is stressed in
ref. [397], the authors carefully reexamined the decoupling temperature of neutrinos
(see discussion in the previous subsection). They have found that the allowed range
of variation of chemical potentials is
0 ≤ ξνe ≤ 1.4
0 ≤ |ξνµ,ντ | ≤ 40 (193)
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for the baryonic density confined in the interval 0.1 ≤ Ωbh250 ≤ 1. These results are
somewhat less restrictive than those found in ref. [92]. For low deuterium abundance
the electronic chemical potential can roughly change in the interval −0.25 ≤ ξνe ≤
0.25 for the total number of neutrino species changing from 1 to 16. The last number
can be related to the muonic or tauonic asymmetry through the equation (182). The
results are slightly different for high deuterium. The best fit values are ξνe = 0.06,
Nν = 3.43, and η10 = 5 for low D and ξνe = 0.35, Nν = 13, and η10 = 4.2 for high D.
Some inconsistency between the papers [397] and [92] is possibly related to a different
evolution of the temperature of degenerate neutrinos. As is stated in ref. [92] the effect
of non-standard value of neutrino temperature [141] is negligible. The latter is closer
to the estimate of the evolution of neutrino temperature presented in the previous
subsection. But the estimate is rather approximate and moreover, the spectrum of
neutrinos may be noticeably distorted in the course of expansion because the elastic
reaction rate is strongly energy dependent (186). A more accurate treatment of this
problem is desirable.
The recent analysis [395], based on new measurements of the angular spectrum of
CMBR, gives the limits:
− 0.01 < ξνe < 0.2, |ξνµ,ντ | < 2.6 (194)
under assumptions that the primordial fraction of deuterium is D/H = (3.0± 0.4) ·
10−5 [109].
The results presented above are valid for homogeneous distribution of neutri-
nos. Possible inhomogeneities in lepton asymmetry at cosmologically large scale and
strongly chemically inhomogeneous universe is discussed in sec. 7. Models of varia-
tion of lepton asymmetry in the sector of active neutrinos induced by the oscillations
between active and sterile ν’s are described in sec. 12.7. Small scale inhomogeneities
in neutrino degeneracy and their impact on big bang nucleosynthesis are considered
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in ref. [447]. The scale of variation of leptonic chemical potentials are assumed to be
sufficiently large, so the fluctuations in ξ were not erased before BBN began (this cor-
responds to approximately 100 pc today). On the other hand, the scale is assumed to
be smaller than the matter mixing scale so the resulting element distribution is homo-
geneous today. A surprising result is that in the case of the inhomogeneous scenario
the total energy density of neutrinos is not bounded by BBN. Indeed one may have a
regions with a very large and positive value of ξ which gives a dominant contribution
into the energy density but does not participate in the element formation, because
for a very large ξ the production of light elements is negligible. The model permits to
enlarge considerably the upper limit on the baryon number density allowed by BBN,
while the lower limit remains practically untouched: 3.0 · 10−10 < η < 1.1 · 10−8 for
ξνe ≫ ξνµ,ντ and 3.1 · 10−10 < η < 1.0 · 10−9 for ξνe = ξνµ = ξντ . These upper limits
correspond to Ωbh
2 = 0.4 and Ωbh
2 = 0.036 respectively.
In some papers a ”double” deviation from the standard scenario is considered -
in addition to neutrino degeneracy another non-standard assumption is made. In
ref. [444] inhomogeneous nucleosynthesis (induced by inhomogeneities in baryon dis-
tribution) with degenerate neutrinos is applied to the solution of a possible discrep-
ancy between the observed low deuterium abundance in Lyman-α clouds and a pos-
sible overproduction of 4He. In ref. [445] primordial nucleosynthesis with varying
gravitational constant and degenerate neutrinos is discussed.
Some more bounds on the neutrino degeneracy (energy density) follow from struc-
ture formation and cosmic microwave background, which are considered in the fol-
lowing subsections.
10.4 Degenerate neutrinos and large scale structure.
If degeneracy is large, the energy density of neutrinos would be much larger than
that of non-degenerate ones and it would have a very strong impact on cosmological
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evolution. A trivial upper limit on the magnitude of degeneracy follows form the
condition that neutrinos should not over-close the universe, Ων < 1. It gives
|ξ| = 53h1/2Ω1/4ν (2.73K/Tγ) (195)
To obtain this limit we used eqs. (16,35) and took neutrino temperature after e+e−-
annihilation equal to Tν = 0.71Tγ. It would be true if before the annihilation the
temperatures were equal as is argued in subsection 10.2. This limit is stronger than
those obtained in refs. [424, 425] where a smaller Tν was used (see discussion in
sec. 10.2), but still very weak. Even this rather weak limit excludes very high values
of ξ discussed in the previous section in connection with BBN.
A much stronger upper bound on |ξ| is obtained from the condition that the
universe must become matter dominated sufficiently early so that there would be
enough time for large scale structure formation [424, 425]. (At RD-stage perturbations
grow at most logarithmically and structure formation is ineffective [317].) Since
at MD-stage perturbations rise as the scale factor a(t) and the primordial density
fluctuations are below 10−4, as is seen from temperature fluctuations of CMB, we
assume that the equilibrium between matter and radiation should be earlier than
red-shift z = 104. It gives
|ξ| < 5.3h1/2Ω1/4m (2.73K/Tγ) (196)
This limit is valid for massless neutrinos. Massive neutrinos have practically the
same distribution as massless ones, i.e. the equilibrium one before decoupling and
the rescaled distribution after decoupling:
fm =
1
exp
(√
p2(zd + 1)2 +m2 /Td − ξ
)
+ 1
≈ 1
exp(p/Tν − ξ) + 1 (197)
if their mass is much smaller than decoupling temperature, Td ∼ MeV. Here zd +
1 = a(t)/ad is the red-shift at decoupling and Tν = Td/(zd + 1). For mν ∼ Td
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nonequilibrium corrections to the spectrum are essential and the distribution may very
much differ from the usually assumed rescaled one, see sec. 6.2 and ref. [150]. In this
section we are interested in neutrinos with a small mass (in eV range or below) so for
them we may use the distribution function (197). Such neutrinos become effectively
non-relativistic when mν/Tν > 0.2; at that moment their pressure is about 0.1 of their
energy density, while for relativistic gas p/ρ = 1/3. Degenerate neutrinos have a larger
average momentum and pressure, so they are more relativistic at the same T/mν .
Degenerate neutrinos become nonrelativistic at mν/T ∼ ξ (if ξ > 10) and the upper
limit on their chemical potential, which follows from the condition that RD-stage was
earlier than z = 104, is ξ < mν/eV (for a large ξ). On the other hand, neutrinos
with masses larger than 10 eV and ξ > 2 would over-close the universe because
their number density is 5.3 times larger than the number density of non-degenerate
neutrinos. So the bound (196) can be taken as a safe upper bound for both massive
and massless neutrinos. Correlated bounds on neutrino mass and degeneracy based on
their contribution into cosmological energy density were analyzed in refs. [448, 449].
It is indicated there that neutrinos may be cosmologically interesting even if they have
a very small mass, mν < 0.1 eV, as follows from the data on neutrino oscillations.
If the bound (196) is satisfied the contribution of such neutrinos into cosmological
energy density could be as large as:
Ων < 0.037h
−1/2Ω3/4m (mν/0.1eV) (198)
There are a few points however, where the results presented in ref. [448] disagree
with our analysis. In particular, it is stated there that the decoupling temperature
of degenerate neutrinos may be lower than that of non-degenerate ones, it may be
even smaller that the electron mass. If this were the case, then the temperatures of
relic neutrinos and photons at the present day would be equal. To come to this con-
clusion the authors of ref. [448] estimated the decoupling temperature from the usual
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condition of equality of expansion rate, H , and reaction rate, σn, and substituted
for n the largest number density of participating particles, i.e. the number density
of degenerate neutrinos. However, the reaction rate is given by n˙/n so the rate of
elastic scattering of degenerate neutrinos on electrons, that maintain the equality of
their temperatures, is proportional to electron number density as in the standard non-
degenerate case (compare with the discussion in sec. 10.2). As a result, the authors
of ref. [448] obtained a high value of Tν , while in other papers a much lower value
found in ref. [425] was used. The estimates presented in the previous subsection give
an intermediate result and some more work is necessary to confirm which value of Tν
is correct. Accordingly the limits on the values of ξ presented here should be taken
with caution.
The impact of massive degenerate neutrinos on structure formation was consid-
ered in refs. [424, 450, 449, 451, 397]. An extra free parameter, ξ permits breaking
rigorous connection between the neutrino mass, their energy density, neutrino free
streaming and Jeans mass. A larger mass density of degenerate neutrinos permits
having the same contribution of HDM into Ω with a smaller neutrino mass or permits
a larger Hubble parameter for a fixed mν . Degeneracy gives rise to somewhat larger
free-streaming for a fixed mν and h (because the average momentum of degenerate
neutrinos is larger than that of non-degenerate ones). As shown in ref. [450] de-
generate neutrinos may resolve inconsistency between mixed HCDM (hot+cold dark
matter, Λ = 0) model with observations, that appears if Hubble parameter is large,
h > 0.5.
An analysis of the power spectrum of density perturbations in a model with
ΩΛ = 0.7 was performed in ref. [449] both for massless and massive (mν = 0.07 eV)
degenerate neutrinos. With an increasing ξ the power at small scales is suppressed
because a large degeneracy postpones the matter-radiation equality and correspond-
ingly the fluctuations that enter horizon at RD-stage began to rise later. Another
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Figure 18: LSS and CMB constraints in (ξ, n) space for ΩΛ = 0 (left) and ΩΛ = 0.6
(right). The underlying cosmological model is flat, with h = 0.65, Ωb = 0.05,
Qrms−ps = 18 µK, no reionization, no tensor contribution. The allowed regions are
those where the labels are. For LSS constraints, we can distinguish between degen-
erate neutrinos with mν = 0 (solid lines) and mν = 0.07 eV (dotted lines).
effect of neutrino degeneracy is a larger free streaming mentioned above. It leads
to a further suppression of small scale matter fluctuations. In figure 18 taken from
ref. [449] the region in the plane of neutrino chemical potential ξ and spectral index
of density perturbations n is presented so that the model agrees with the observed
large scale structure and CMBR, the latter is discussed in the next subsection.
The idea to “save” the critical density universe with vanishing vacuum energy and
Ωm = 1, using freedom in neutrino degeneracy, was explored in ref. [452]. The authors
concluded that the model with massless neutrinos failed to fit the observational data
on large scale structure and CMBR anisotropies. If neutrinos have the mass of order
1 eV, a much better agreement with observations can be reached. However, with
the latest results on the microwave anisotropy [71], the model encounters a serious
problem with the observed baryon mass fraction in galactic clusters.
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10.5 Neutrino degeneracy and CMBR.
The effects of neutrino degeneracy on the spectrum of angular fluctuations of CMB
is discussed in recent papers [453, 454, 449, 451]. In the first one the analysis was
done for massless neutrinos in Λ = 0 cosmology, while in the other three the case
of ΩΛ = 0.7 was considered for massless [454] and for both massless and mν = 0.07
eV [449, 451] neutrinos. Another burst of activity [455, 396, 397, 92, 398] in this
area was stimulated by the BOOMERanG [413] and MAXIMA-1 [414] measurements
of CMBR anisotropies on sub-degree scales where a surprisingly small height of the
second acoustic peak was observed. The new data [71], however, do not support this
result. Still these papers are of interest because their arguments could be used to
obtain the bounds on the neutrino degeneracy from CMBR.
The main effect of neutrino degeneracy, as we have already mentioned, is to delay
matter-radiation equality, which results in a larger amplitude of the first acoustic peak
and in a shift in the positions of the peaks toward higher l’s (see sec. 9). However
the dependence on ξ is not monotonic and for a large ξ the hydrogen recombination
may take place at RD-stage. This would give rise to a suppression of fluctuations
and to a decrease of the peak height. According to ref. [449] this happens for ξ > 7.
The location of the first peak in this case would be at l > 450, which disagrees
with the data. Moreover such big ξ contradicts the bound (196). Secondary peaks
are influenced also by the damping at large l and their amplitude could decrease
with rising ξ. Another effect mentioned in these papers, a change of decoupling
temperature for degenerate neutrinos [424, 425] and the corresponding decrease of
Tν , possibly is not effective, as discussed in sec. 10.2. The results of the calculations
of the angular spectrum of CMBR for different values of the degeneracy parameter ξ
are presented in fig. 19 taken from ref. [449].
One can see from this figure that neutrino degeneracy has a very strong impact on
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Figure 19: Spectrum of angular fluctuations of CMB for different values of ξ for one
family of degenerate neutrinos; from bottom to top ξ = 0, 3, 5. Massless and massive
(mν = 0.07 eV) neutrinos are depicted by solid and dashed lines respectively. The
appropriate cosmological parameters are chosen as h = 0.65, Ωb = 0.05, ΩΛ = 0.70,
ΩCDM = 1 − Ωb − Ων − ΩΛ, Qrms−ps = 18 µK n = 1. Reionization and tensor
contribution are neglected. (from ref. [449])
the height of the first peak. The height is almost twice larger for ξ = 5 in comparison
with ξ = 0. One may conclude that ξ > 5 does not fit the already existing data [454] if
the data is interpreted in the frameworks of the standard cosmological model. On the
other hand, a large neutrino degeneracy could help the survival of those cosmological
models that predict a low first peak [449]. The future missions, MAP and Planck,
could significantly improve the bounds on the neutrino degeneracy, roughly at the
level δξ < 0.1, the accuracy strongly improving with rising ξ [454]. On the other
hand, in the case of considerable asymmetry, ξ > 3, the future Planck mission will be
able to measure neutrino mass at the level of 0.1 eV [451].
A small amplitude of the second acoustic peak observed in the earlier (prelimi-
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nary?) data set [413, 414] in the frameworks of the standard model demanded a larger
baryonic number density than was allowed by big bang nucleosynthesis [456, 457]. One
possible way to diminish the height of the peak is neutrino degeneracy; it is discussed
in the papers [455, 396, 397, 92, 398]. As we have seen in sec. 10.3, neutrino degen-
eracy permits having a much larger baryonic fraction than in the standard model.
A larger value of Ωb moves acoustic peaks to the right, and simultaneously enhances
odd peaks against even ones. The small height of the second peak indicates a large
baryon fraction. On the other hand, a larger fraction of relativistic matter, which
can be achieved by a large chemical potential of νµ or ντ , moves the peaks in the
opposite direction and also increases the amplitude of the first peak, so the relative
height of the second peak becomes smaller. In this sense it could mimic an increase
of the baryon number. To ensure the necessary output of primordial abundances one
can vary a small chemical potential of νe. An unnatural feature of this scenario is
an adjustment of two similar parameters ξνµ,ντ and ξνe in such a way that the first is
large, while the second is small. Moreover, if there is mixing between νe, νµ, and/or
ντ then for the LMA solution for solar neutrino anomaly all chemical potentials would
acquire equal values (see sec. 12.6). On the other hand, for SMA solution an initially
large ξνµ,ντ might naturally give rise through oscillations to a small ξνe.
The values of chemical potentials and the baryon number density that are neces-
sary to reach an agreement between the BBN and CMBR data are somewhat differ-
ent in different papers but an agreement about gross features is manifest. According
to the consistency plot between the number of effective neutrino species Nν and the
baryonic number density Ωbh
2 presented in the paper [398] agreement can be achieved
approximately for Nν = 6−10 and Ωbh2 = 0.025−0.030, but with the latest data [71]
the baryonic density shifts to Ωbh
2 = 0.022± 0.004.
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11 Neutrinos, dark matter, and large scale struc-
ture of the universe.
11.1 Normal neutrinos.
Of all possible candidates for dark matter particles, neutrinos have a definite ad-
vantage: they are certainly known to exist and may naturally have a cosmologically
interesting mass so that their contribution to Ω would be close to 1 (see sec. 4.1).
All other candidates for the role of dark matter particles remain hypothetical. The
suggestion that ∼ 10 eV neutrinos could solve the problem of the missing mass
of the universe was put forward in 1972 by Marx and Szalay [121] and by Cowsik
and McClelland [458], see also [122]. The idea was elaborated in many subsequent
publications [459]-[475] in the 1980s, especially by the Moscow group. Detailed inves-
tigations showed that neutrino-dominated universe would have large scale structure
significantly different from the observed one and, though neutrinos may still remain
one of essential components of dark matter, the dominant part most probably con-
sists of new unknown particles (or fields). The situation was summarized in the
late 1980s in ref. [476]. For more recent reviews on neutrino dark matter see e.g.
refs. [477, 478, 479].
A strong argument against neutrino-dominated universe is that light neutrinos
(m = O(eV)) permit formation of structures on a scale much larger then the galactic
one, while the formation of galaxies is strongly inhibited and could take place rather
late at red-shifts z smaller or close to 1 [466, 470],[472]-[475]. The characteristic size of
structures in neutrino-dominated universe can be estimated as follows. Neutrinos were
decoupled from the cosmic plasma rather early, at T ∼ 2−3 MeV, when neutrinos were
relativistic. In the gas of non-interacting particles moving practically with the speed
of light all perturbations with wave lengths smaller than the distances traveled by
these particles until they become non-relativistic, are erased. Indeed, if in some region
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the number (and energy) density of neutrinos is larger than in nearby regions, the
flux from neutrino-rich regions would be larger than the inverse flux from neutrino-
poor regions and this evidently leads to equalization. The distance that neutrino
passed, before it became non-relativistic, was roughly equal to 2tν , where tν was the
time when the neutrino temperature dropped down to Tν = mν/3. According to
equations (37,39), tν = 0.75mP l/m
2
ν ≈ 6 · 1012 sec/(mν/eV)2. Correspondingly, the
mass contributed by neutrinos of one flavor inside the free-streaming radius is
Mν =
4π(2t)3
3
ρν = 0.135m
2
P ltν = 0.1m
3
P l/m
2
ν (199)
where the numerical coefficient comes from the ratio of the energy density of one
neutrino species to the total relativistic energy density: ρν/ρtot = (1.36/3)/3.36 =
0.135 with ρtot = 3m
2
P l/32πt
2. Thus we find that the smallest objects, which could
be initially formed, have the mass [459, 461, 462]:
Mν ≈ 1.5 · 1017M⊙ (mν/eV)−2 (200)
where M⊙ = 2 · 1033 g is the solar mass. In fact the mass is even larger because
neutrinos did not stop when Tν = mν/3.
The redshift when neutrinos became nonrelativistic is zν = 1.4(mν/3)/2.73K =
2 · 103(mν/eV). Hence, the characteristic comoving size of the first formed structures
is given by
lν = 2 tν(1 + zν) ≈ 250Mpc (eV/mν) (201)
Neutrinos present an example of the so-called hot dark matter (HDM), which gives
characteristic scale of the structures much larger than galactic size. The opposite case
of dark matter giving l ≪ lgal is called cold dark matter (CDM) and the intermediate
one is naturally called warm dark matter (WDM).
Initially small density inhomogeneities started to rise when universe expansion
became dominated by nonrelativistic matter. In the case of neutrinos, the change of
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regime takes place at the redshift given by the ratio of the present day energy densities
of nonrelativistic matter represented by one massive neutrino species and relativistic
matter containing cosmic microwave background radiation and two massless neutrino
species:
z(eq)ν =
(
ρν
ρrel
)
0
=
112mν/cm
3
1.45 · 0.261 eV/cm3 = 3 · 10
2
(
mν
eV
)
(202)
Thus the structures in the gas of cosmic neutrinos would be formed before hydrogen
recombination (zrec ≈ 103) if mν > 5 eV. The result (202) would be trivially changed
if there are several (2 or 3) massive neutrino species.
It was initially believed that structures smaller than lν (201) which are observed
on the sky could be formed by fragmentation of the large sheets (Zeldovich pancakes)
and filaments into galaxies. In other words, in universe dominated by neutrinos
larger structures formed first and smaller ones appeared later (top-bottom scenario).
However, as was argued in ref. [480], observations point to the opposite picture: our
Galaxy seems to be considerably older than the Local Group. Moreover, numerical
simulations [475] showed that universe dominated by light neutrinos is in disagreement
with observations, or to quote the authors of ref. [475], “the conventional neutrino
dominated picture appears to be ruled out”.
The idea that neutrinos might have a much shorter free-streaming length due
to their self-interaction associated with the majoron exchange (see sec. 11.4), was
proposed in ref. [481] and further discussed in ref. [482]. In such model, neutrinos
indeed could behave similarly to cold dark matter at galactic scales. However they
could not provide dark matter in dwarf galaxies (see the following paragraph).
Another strong blow to neutrino as the only form of dark matter was dealt by the
Tremaine-Gunn limit [483]. The latter is a striking example of quantum phenomenon
on cosmologically large scales. Neutrinos are fermions, so only one particle could be
in a certain quantum state. Hence the total number of neutrinos in a galaxy cannot
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be arbitrarily large, and in order to constitute the total amount of galactic dark
matter neutrinos must be sufficiently heavy. We assume that neutrinos form strongly
degenerate gas with Fermi momentum pF = mνVF , where VF is the neutrino velocity.
The number density of galactic neutrinos (plus antineutrinos) is n = 2p3F/(6π
2).
Correspondingly the total mass of neutrinos in a galaxy with radius R is equal to N =
4πR3mνn/3 = (2/9π)(RpF )
3mν . By virial theorem, velocity is related to gravitational
potential V 2F = GNMgal/R. This set of relations permit us to express mν through
particle velocity around the galaxy and galactic radius:
mν ≈ 80 eV
(
300 km/sec
VF
)1/4 (
1kpc
R
)1/2
(203)
Thus, to provide all dark matter in small galaxies with R ∼ 1 kpc and V ≤ 100 km/sec
neutrinos mush be heavier than 100 eV, which goes against the Gerstein-Zeldovich
limit (66,67).
The validity of Tremaine-Gunn limit was questioned by Ruffini and collabora-
tors [484] who argued that numerical analysis does not support this limit. However
it is difficult to see a flaw in the Tremaine-Gunn arguments presented above. More-
over, these arguments were applied in ref. [485] to a large number (1100) of galaxies
with well measured rotational curves. It was shown that in order to be clustered on
galactic scale neutrino mass should violate the Gerstein-Zeldovich limit.
The large free-streaming length and the Tremaine-Gunn limit have made the idea
of purely neutrino dark matter rather unpopular and the attention has shifted to
cold dark matter models. Particle physics proposes several possible candidates for
CDM but none of them has been yet experimentally observed (see e.g. review [486]).
After the magnitude of density fluctuations at large scales has been normalized by
the COBE measurements [487], it has became clear that the simple CDM model with
flat spectrum of primordial density fluctuations predicts too much power at small
scales and requests some modifications. A possible resolution of the controversy
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was an assumption of a mixed CDM+HDM model [488]-[491] with about 30% of
HDM and the rest in CDM. 2 The mixed model revived the role of neutrinos as
building blocks of the universe. The basic idea of why the model may work is easy
to understand. At very large scales there is no difference between HDM and CDM.
So the COBE data fixes their common contribution into density fluctuations. At
smaller scales neutrino perturbations disappear and the remaining power becomes
smaller than in the pure CDM model. Adjusting the new free parameter, the ratio
ΩHDM/ΩCDM , one can achieve agreement between the size of density fluctuations
at very large (horizon) scales and at galaxy cluster scales. Though both CDM and
HDM dark matter look quite natural from the point of view of elementary particle
physics, the similar magnitudes of their contributions into total cosmological energy
density remains a mystery. This “cosmic conspiracy,” which includes also a similar
contribution of baryons into Ω (ΩB is at a per cent level) presents one of the most
interesting challenges in cosmo-particle physics. A possible way to understand this
conspiracy is discussed in a recent work [495]. Now we also have a contribution from
vacuum or vacuum-like energy with Ωvac ≈ 0.7, which strongly increases the gravity
of the problem.
Despite this unexplained conspiracy (which is a common shortcoming of all models
involving several types of dark matter), the mixed CDM+HDM model was quite
popular for several years. With the fraction of mass density in HDM ΩHDM ≈ 0.3
and the rest in CDM, ΩCDM ≈ 0.7 (except for some small fraction in baryons), the
model successfully described the observed gross features of large scale structures. In
particular, the top-bottom scenario that was a shortcoming of pure HDM models, is
reversed into a bottom-top one (i.e. smaller structures forming first) in the case of
dominating cold dark matter. However it was noticed almost immediately after the
2In fact, the pioneering suggestion of mixed dark matter model with three flavors of neutrinos
with mass 3-4 eV giving hot dark matter, and axions giving cold dark matter, was made almost a
decade earlier [492]. Earlier references also include [493, 494]
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mixed CDM+HDM model was proposed that the model had serious problems with
the description of structures at high redshifts [496]-[498]. The problem originated
from the fact that the hot component reduces the magnitude of perturbations at
small scales, and if one uses the COBE normalization at large scales and assumes flat
(Harrison-Zeldovich) spectrum of fluctuations, there would be too little power at small
scales and galaxy formation would be delayed. This phenomenon is in disagreement
with the observed abundances of damped Lyα-systems at high red-shifts, z ∼ 3, and
quasars at z ≥ 4. Numerical simulations of ref. [498] (see also [499]) in the frameworks
of the reference model of that time with h = 0.5, and baryonic fraction ΩB = 0.05
lead to the conclusion that Ων < 0.2 and mν < 4.7 eV. The CDM+HDM model was
defended in ref. [500], where it was argued that Ων = 0.25 is compatible with z > 3
data. However, subsequent N-body and hydrodynamic simulations [501] indicate that
a model with Ων ≥ 0.2 predicts an amount of gas in damped Lyα-systems well below
observations. Reducing Ων down to 0.2 (from the originally proposed 0.3) gives rise
to an overproduction of clusters [502], because a smaller mass fraction of neutrinos
results in a higher power at cluster scales. In a better shape is a model with several
mass-degenerate neutrinos [502] with the same Ω. It was suggested that νµ and ντ have
almost equal masses close to 2.4 eV, so that the total Ων remains the same as in the
model with a single massive neutrino with the mass 4.8 eV but the neutrinos became
nonrelativistic later and have a larger free-streaming length. This leads to a lower
abundance of clusters and to better agreement with data. However, good agreement
was only reached for a rather low value of the Hubble parameter, h = 0.5, while the
observational data point toward a larger value, h = 0.65− 0.7. A recent discussion of
hot dark matter with 2 or 3 degenerate neutrinos can be found in ref. [503]. A review
of the state of art of HDM at the end of 20th century can be found in [504].
As we have already mentioned, the description of the large scale structure strongly
depends upon the primordial spectrum of density fluctuations. Usually it is assumed
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that the spectrum is flat, i.e. perturbations of gravitational potential do not contain
any dimensional parameters. This is the simplest possible spectrum and, moreover,
it is predicted by the simplest inflationary models. Usually deviations from the flat
spectrum are parameterized by a power law with the exponent n, see eq. (166).
The flat spectrum corresponds to n = 1. The assumption of n = 1 was relaxed in
refs. [405, 406], where the models of structure formation with massive hot neutrinos
and n > 1 were considered.
The form of the evolved spectrum depends upon the relative cosmological mass
fraction of CDM and HDM. If HDM constituents are neutrinos, their number den-
sity in the standard model is fixed, nν = 112/cm
3 (see sec 4.1) and thus ΩHDM is
determined by neutrino mass. The larger mν and ΩHDM are, the stronger the sup-
pression of density fluctuations at small scales is. This phenomenon is illustrated in
fig 20 taken from reference [478]. At large scales there is no difference between CDM
and HDM, so that all the curves coincide. They start to deviate at smaller scales
corresponding to neutrino free streaming length. The deviation becomes weaker with
time because neutrino velocities drop in the process of expansion. One can see that
a change in neutrino mass by 1 eV has a visible effect on the spectrum of density
perturbations.
On the other hand, astronomical data accumulated over the past several years
strongly indicates that cosmological constant is non-zero with Ωvac ≈ 0.7 and ΩCDM ≈
0.3 (for discussion and a list of relevant references see e.g. the papers [505]-[510]).
If this is indeed the case then there remains much less room for hot dark matter.
Even if we assume that HDM makes 100% contribution into total density of matter,
i.e. ΩHDM = 0.3 and if we take the currently accepted value h = 0.7, then from the
limit (66) follows
∑
mν < 14 eV. The data on neutrino oscillations (see sec. 2) show
that the mass differences between different types of neutrinos are much smaller than
1 eV. If the oscillations take place between active neutrinos only, then they are nearly
183
Figure 20: Growth rate of the CDM density field, f ≡ d log δ/d log a, in four flat
C+HDM models at cosmological scale factor a = 1 (solid) and 0.1 (dashed). The
four models assume different neutrino masses: mν = 1.2, 2.3, 4.6, and 6.9 eV (from
top down), corresponding to Ων = 0.05, 0.1, 0.2, and 0.3.
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mass degenerate and their masses should be below roughly 5 eV. However, as we have
already discussed, hot dark matter could not be dominant because in that case, short
wave length perturbations would be efficiently erased and formation of small scale
structures would be suppressed. This effect is stronger for a smaller ΩCDM . Hence in
the models with non-zero cosmological constant and/or with a low Ωmatter the upper
limit on neutrino mass is more restrictive.
The cosmological limits on the neutrino mass from the Lyα forest have been
reanalyzed in ref. [511] for a larger range of values of the parameter Ωm and with a
recent Lyα forest measurements. The conclusion was that mν < 5.5 eV for all values
of Ωm and mν < 2.4 eV (Ωm/0.17− 1) for small Ω, 0.2 < Ω < 0.5.
It was argued in ref. [512] that galaxy red-shift surveys could probe neutrino mass
in eV range. The forthcoming data from the high precision Sloan Digital Sky Survey
(SDSS) will permit to measure neutrino mass with an accuracy of
mν ∼ 0.65 eV
(
Ωmh
2/0.1Nν
)0.8
(204)
and even a mass as small as 0.01-0.1 eV is potentially observable in astronomy. Such
strong result was obtained under the assumption that all other relevant cosmological
parameters would be independently measured by CMB experiments at 1% level. To
this end the standard theory of structure formation with adiabatic density pertur-
bations and with linear scale independent bias have been used. The impact of 1 eV
neutrinos on the galactic power spectrum is illustrated in fig. 21 taken from ref. [512]
for high and low density of cosmic matter. The effect is very strong for k ∼ 0.1/Mpc,
while the impact of such massive neutrinos on CMB spectrum is at the level of sev-
eral per cent. It is worthwhile to redo these calculations for cosmology with non-zero
Lambda.
As shown in ref. [513], the cluster abundance does not suffer from the biasing
uncertainties and from the matching condition of the observed fluctuation power at
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Figure 21: Effect of a 1 eV neutrino on the bright red galaxy (BRG) power spectrum
compared with expected precision of the SDSS BRG survey (1σ error boxes). Upper
curves: an Ωm = 1.0, h = 0.5, Ωbh
2 = 0.0125, n = 1 model with and without a 1 eV
neutrino mass. Lower curves: the same but for an Ωm = 0.2, h = 0.65 model.
COBE scale (several hundred Mpc) and at the cluster scale (lcluster = 8h
−1 Mpc).
It permits to obtain the limit mν < 0.6 eV for the flat universe with Ωm = 0.3 and
h < 0.8. For this matching, the Harrison-Zeldovich spectrum of fluctuations was
assumed, n = 1. If n is significantly larger than 1, the limit becomes weaker. For the
same set of cosmological parameters, and n = 1.2 the limit is mν < 1.4 eV.
Another possible way of weighting neutrinos by astronomical means is to use
gravitational lensing effects on background galaxies created by foreground large scale
structures [514]. The physics behind this phenomenon is the same as discussed above,
namely suppression of power at small scale by massive neutrinos and a reduction
of the lensing signal. If all relevant cosmological parameters are measured with an
accuracy of 10 per cent expected from the MAP mission, a weak lensing survey of 100
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degrees squared could be sensitive to neutrino mass about 3.5 eV. For the survey of
π steradian down to 25th magnitude the limit could be 0.4 eV. With Planck satellite
the limit could be further improved by factor 3-4. As is argued in the paper [514],
the advantage of this method is that it is free of bias and evolutionary effects.
An analysis of all available data on CMBR and large scale structures was per-
formed in ref. [515]. As was already mentioned, the addition of hot dark matter
reduces the power at small scales and to compensate this effect for e.g. ΩHDM = 0.05
a blue tilt of primordial power spectrum, n ≈ 1.3, is necessary. On the other hand,
large n gives too-large angular fluctuations of CMBR at small scales. They can be
diminished by a significant tensor component or early reionization. For the flat spec-
trum of perturbations, i.e. n = 1, and h = 0.65 in ΛCDM scenario of the structure
formation, the upper bound on the amount of hot dark matter is Ων < 0.05 ormν < 2
eV. With a possibility that n can vary the limit is twice weaker.
A detailed study of all cosmological parameters, based on the large scale structure
observations at different scales and angular fluctuations of CMBR together with the
BBN data and measurements of the Hubble constant, was performed in a series of
papers [516, 517, 518]. The best fit model is Λ-dominated, with ΩΛ ≈ 0.7 and with
8% contribution of neutrinos into clustered dark matter, or Ων = 0.03
+0.07
−0.03. The upper
limit on the neutrino mass is mν < 4 eV. A more recent analysis of ref. [519] lead to
the conclusion that Ων = (0− 0.2)Ωmatter.
To summarize, the study of details of large scale structure permits obtaining an
upper limit on neutrino mass that would be considerably stronger than the Gerstein-
Zeldovich limit, which is based solely on considerations of the total cosmological
energy density. However, the latter is model-independent while the former demands
very accurate measurements of basic cosmological parameters. Moreover, some es-
sential assumptions about the structure formation should be made. In particular,
the simplest form of the spectrum of primordial fluctuations, Gaussian statistic of
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the fluctuations, and their adiabatic character are assumed. In principle all these
assumptions can be tested by other astronomical observations, especially by precise
measurements of angular spectrum of CMB with the Planck mission accuracy. Still
the problem of degeneracy persists and it is a difficult task to separate the effects of
different parameters. On the other hand, the best direct limit that can be expected
from the total cosmological density could be hardly stronger than 10 eV, while the
bounds discussed above may be much better.
11.2 Lepton asymmetry and large scale structure.
The results of the previous subsection were obtained under the standard assumption
that the lepton asymmetry in neutrino sector is negligibly small. Strictly speaking
this is not known and the data permit rather large chemical potentials of νµ and ντ ,
see sec. 10.3, ξ = µ/T ≥ 1. An extra parameter, ξ permits to break the rigid relation
between neutrino mass and their cosmological energy density:
ρν(ξ) = ρν(0)

1 + ξ3
9ζ(3)
+
π2ξ
9ζ(3)
−
2
(
1− e−ξ
)
3ζ(3)
∫ ∞
0
dy y2
(ey + 1) (ey+ξ + 1)

 (205)
where ζ(3) ≈ 1.202 and the dimensionless chemical potential ξ is positive. Note that
this expression is different from eq. (174), because the latter is valid for relativistic
neutrinos, while the former is true for non-relativistic neutrinos - it is simply ρ = mn,
where n is the number density. The energy density ρν(ξ) is an increasing function of
ξ, so for a degenerate neutrino gas the same energy density could be achieved with
smaller mν . Another difference from the standard model is that the average momen-
tum of degenerate neutrinos is somewhat higher than that of non-degenerate ones
with the same mass, so degenerate neutrinos are more relativistic. Correspondingly
their free streaming path is larger.
A mixed dark matter model with non-vanishing chemical potentials of neutrinos
was considered in ref. [450]. The introduction of the additional parameter, ξ, helps
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alleviate some problems of (H+C)DM models discussed in the previous subsection. A
larger Ων with the same mν permits higher values of the Hubble parameter, h > 0.5,
while a bigger free-streaming length diminishes the destructive influence of neutrinos
on the damped Lyα-system. For more detail see sec. 10.4.
Structure formation with degenerate neutrinos was considered in the papers [453,
449]. In the first one it was shown that a model with massless neutrinos with chemical
potential µν = 3.4T together with the usual cold dark matter gives a good description
of the large scale structure in Λ = 0 universe and of the anisotropy of CMBR (see
sec. 10.5). In the subsequent paper [449] the scenario was generalized both to massless
and massive neutrinos and cosmology with non-zero Lambda-term.
11.3 Sterile neutrinos.
A much richer zoo of possible forms of dark matter becomes open if one permits the
existence of sterile neutrinos, νs, which interact much weaker than the usual, active,
ones, or if one allows usual neutrinos to have stronger, than normal weak, interaction
(for the latter see the next subsection). A recent review on physics of sterile neutrinos
can be found in [520]. The simplest way to produce sterile neutrinos is to assume that
neutrinos have both Majorana and Dirac masses. The simultaneous existence of both
types of mass excites right-handed (sterile) neutrino states which are produced from
the active ones by oscillations [54]. If equilibration with respect to sterile states was
not achieved, then their number density could be smaller than the number density
of active neutrinos and correspondingly the Majorana mass of νs could be around
keV without violation of the Gerstein-Zeldovich limit. However, sterile right-handed
neutrino states, νR, are not necessarily created through oscillations. They could be
thermally produced at an earlier hot stage in equilibrium abundance, and cosmology
allows their mass to be larger than the mass of their left-handed companions because
the number density of right-handed states is suppressed by the entropy factor (see
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section 6.4 where production of right-handed neutrinos is discussed). This mechanism
for making warm dark matter from νR was considered in ref. [521].
Another way to create warm dark matter from neutrinos was proposed in ref. [130],
where the cosmological scenario with a very low reheating temperature was consid-
ered. In this model the cosmological number density of normal active neutrinos could
be much smaller than the usual 100 /cm3 and their mass is not subject to Gerstein-
Zeldovich limit, sec. 4.1. A model with 4 neutrino mixing, based on this scenario of
low temperature reheating, was considered in ref. [522]. It was assumed that νµ or ντ
with keV mass form warm dark matter, while solar neutrino anomaly is explained by
the mixing between νe and a light sterile neutrino. However, the new SNO data [36]
disfavors the νe − νs solution of the solar neutrino problem, and though some (even
large) mixing of active and sterile neutrinos is not excluded, the concrete values of
the parameters used in the paper [522] are not realistic.
The idea of “using” sterile neutrinos as warm dark particles was further pursued
in ref. [523] with production of νS through oscillations. WDM cosmology is con-
sidered in more detail in subsequent research [524]. Present day data indicate that
warm dark matter together with cold dark matter may resolve some problems with
galaxy properties that exist in CDM scenario (for discussion, literature, and possible
candidates for WDM see e.g. ref. [525]). Thus, WDM may become a respectable
member of dark member community [526]. Recently the properties of warm dark
matter particles were strongly constrained by Lyman-alpha forest [527] and by cos-
mological reionization [528]. The lower limits on their mass are respectively 0.75 keV
and 0.5 keV.
A dark matter model with sterile neutrinos but with an unusual, non-thermal,
spectrum was considered in paper [529]. It was noticed some time before [530] that
neutrino oscillations can strongly distort the spectrum of active neutrinos and also
create sterile neutrinos with a non-thermal spectrum. As was shown in ref. [529], νs
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could be produced by neutrino oscillations in the early universe, but in contrast to the
previous case, in the presence of a rather large cosmological lepton asymmetry, about
0.001-0.1. In this case the production proceeds mostly through resonance conversion,
and the resonance condition is fulfilled only for low energy νs (see section 12.5). Thus,
non-relativistic νs are predominantly produced even though they are very light, with
the mass in the interval of 0.1-10 keV. Because of the cold non-thermal spectrum of
νs they move more slowly than the usual warm dark matter particles, so the authors
of ref. [529] propose to call such dark matter “cool”. In this model the cut-off in the
spectrum of density perturbations could be around the dwarf galaxy scale or even
below.
A new heavy neutral fermion with several GeV mass was proposed in ref. [531], in
a particular model with an extended Higgs sector, as an explanation of the gamma-
ray emission from the galactic halo. This is completely analogous to the annihilation
of heavy leptons described in sec. 5.1. The energy density of such fermions could
be cosmologically interesting and they might contribute noticeably to cold dark mat-
ter. However, these particles are not mixed with active neutrinos and calling them
”neutrinos” is rather arbitrary.
Naturally light sterile neutrinos appear in a large class of supersymmetric models
with gauge mediated symmetry breaking [532]. These neutrinos have mixing with
the active ones at the level of 10−4 and mass in the interval of 10 eV - 1 keV. Their
number density, created by oscillations in the early universe, may be sufficiently high
to make them cosmologically interesting and to provide a warm component to dark
matter.
Sterile neutrinos may appear in our universe from mirror or shadow worlds (see
sec. 14). Their implications for structure formation are essentially the same as of
“normal” sterile neutrinos. Depending upon the mass difference between active and
sterile ν’s the latter could constitute hot, warm, or even cold dark matter. On the
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other hand, judging by the existing indications to neutrino oscillations, the mass
differences between different neutrino species are small, though some heavy νs are
not excluded.
The production of νs through oscillations could result in a smaller number density
of active neutrinos because the total number of active plus sterile neutrinos was
approximately conserved at later stages, when the active neutrinos decoupled from
the plasma. The energy density of mirror/shadow particles must be smaller than that
of the usual ones, otherwise there would be serious problems with nucleosynthesis, or
a charge asymmetry in νe − ν¯e sector must exist to compensate the effect of larger
energy density of relativistic species at BBN. In ref. [533] an exact parity model (exact
mirror symmetry) was considered with a heavier ντ and light mirror neutrinos. The
number density of ντ , which constitute hot dark matter particles in this model, could
be smaller than the standard one because of the above mentioned effect of conversion
of ντ into mirror neutrinos. With the parameters taken in that paper the authors
obtained nντ = 0.7n
standard
ν . This means that effective number of neutrino generations
participating in dark matter becomes non-integer and allows for a larger mass of HDM
neutrinos. The particular example considered in [533] was 5 eV < mντ < 10 eV.
Another possible effect related to the existence of sterile (mirror) neutrinos that could
be important for structure formation is that the energy density of relativistic particles
at the moment when heavier neutrinos became non-relativistic could be different from
that of the standard model [533]. Thus, the model with sterile neutrinos allows more
freedom in comparison with the standard hot dark matter model and may better
agree with the data.
In the case of broken mirror parity [534] it is natural to expect sterile neutrinos
with a mass in the keV range and with a cosmological abundance of roughly two
orders of magnitude below the standard neutrino abundance (65). Such neutrinos are
also good candidates for warm dark matter particles [535, 536].
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Usually the production of sterile neutrinos in the cosmological plasma proceeds
through their mixing with active ones, so the equations derived in secs. 12.4, 12.5,
12.8 for the mixing with light sterile ν are directly applicable here. The calculations
of the production of heavy sterile (WDM) neutrinos through mixing with active ones
were performed in the paper [523]. The calculations were based on equation (413)
but in contrast to the previous works the production rate of active neutrinos was
not averaged over neutrino spectrum but taken with an explicit energy dependence.
It permits calculating the spectrum of the produced νs. The latter was found to
be the same as the spectrum of active neutrinos mixed with νs [523, 537]. In the
second paper the factor 2 was corrected, as shown in sec. 12.4, eq. (305). Hence the
cosmological number density found in ref. [537] is twice smaller than that found in
ref. [523].
The relative number densities of sterile neutrinos mixed with an active flavor νa,
ras = ns/neq, according to the results of the paper [537] are
res = 1.8 · 105 sin2 2θ (m/keV) (10.75/g∗(Tprod)3/2 , (206)
rµ,τs = 2.5 · 105 sin2 2θ (m/keV) (10.75/g∗(Tprod)3/2 (207)
where the correction factor (10.75/g∗(Tprod)3/2, due to entropy generation, is included.
Here Tprod is the effective temperature of production of sterile neutrinos given by
Ts ≈ 100MeV (m/keV)1/3 (see discussion in sec. 12.4, eq. (323)).
If sterile neutrinos indeed constitute the dark matter, then their number density
can be found from ρs = 10ΩDM h
2 keV/cm3, which gives
rs ≡ ns
na
= 1.2 · 10−2
(
keV
m
)(
ΩDM
0.3
)(
h
0.65
)2
. (208)
Thus, comparing eqs. (206, 207) with eq. (208) we find the necessary values of
mass/mixing:
sin2 2θse ≈ 6.7 · 10−8
(
keV
m
)2 (
g∗(Tprod)
10.75
)3/2 (
ΩDM
0.3
)(
h
0.65
)2
, (209)
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sin2 2θsµ ≈ 4.8 · 10−8
(
keV
m
)2 (
g∗(Tprod)
10.75
)3/2 (
ΩDM
0.3
)(
h
0.65
)2
, (210)
The mass eigenstate, the heavier neutrino, ν2, does not completely coincide with
νs. It has an admixture of an active ν, proportional to sin θ. Because of this mixing
ν2 is coupled to the intermediate Z
0-boson and it allows for the decay:
ν2 → ν1 + ℓ+ ℓ¯ , (211)
where ν1 is mostly an active flavor and ℓ is any lepton with a mass of less than half
the mass of the heavy neutrino. Following ref. [537] we express the decay life-time as:
τ =
105 f(m)
m(MeV)5 sin22θ
sec , (212)
where f(m) takes into account the open decay channels (for m < 1 MeV only the
neutrino channels are open, and f(m) = 0.86, while for ms > 2me the e
+e−-channel
is also open and f = 1). Now, for the sterile neutrino to be a dark matter particle we
must demand that it does not decay on cosmic time scales, which means τ > 4×1017
sec, and hence from eq. (212) we get
sin22θ < 2.5× 10−13 f(m)
m(MeV)5
. (213)
We can obtain a stronger bound considering the radiative decay
νs → νa + γ , (214)
where νa is any of the active neutrinos. This decay will contribute with a distinct
line into the diffuse photon background near m/2. The branching ratio for the reac-
tion (214) was found [287] to be: BR ≈ 1/128. The flux of electromagnetic radiation
form the decay was calculated in the papers [342, 343] (see also refs. [62, 538]). In
the case of a life-time larger than the universe age, and of the matter dominated flat
universe the intensity of the radiation in the frequency interval dω is equal to:
dI = (BR)
n(0)s
Hτs
ω1/2dω
(ms/2)3/2
(215)
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where n(0)s is the present-day number density of νs and H is the Hubble constant
(compare to eq. (161) of sec. 8.4). We neglected here some corrections related to a
possible dominance of the lambda-term in the latest history of the universe.
In the relevant energy range a rather conservative upper limit on the flux of
electromagnetic radiation is (see e.g. ref. [313]):
dF
dΩ
< 0.1
(
1MeV
E
)
cm−2sr−1sec−1 (216)
Thus taking the accepted now values Ωs = 0.3 and h = 0.65 we find: τ > 4 × 1022,
which leads to the bound
sin22θ < 2.5× 10−18 f(m)
m(MeV)5
. (217)
The mass-mixing relation for warm dark matter consisting of sterile neutrinos is
presented in fig. 22 taken from ref. [537].
Recently there appeared a paper [539] where the problems of production of sterile
neutrinos and their role as possible warm dark matter were addressed both for reso-
nance and non-resonance cases. The number density of sterile neutrinos obtained in
that paper for non-resonance case is
Ωνh
2 = 0.3 (sin 2θ/10−5)2 (m/100keV)2. (218)
It is about (7 − 10) times smaller than the results (206,207) for g∗(Tprod) = 10.75
and differs by twice larger factor , i.e. by (14− 20) from reference [523]. One could
attribute the disagreement to different treatment of of the cooling rate T (t), entropy
production, etc. In view of the potential importance of sterile neutrinos as warm dark
matter particles, it is desirable to make an additional study to resolve this discrepancy.
In a subsequent paper [540] direct detection of sterile neutrino warm dark matter
by the observation of the X-ray line with the energy below 2.5 keV was suggested.
The authors obtained the upper limit mνs < 5 keV using the result (218) of ref. [539]
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Figure 22: Bounds for (να − νs)-mixing. The middle full line describes the mass-
mixing relationship if sterile neutrinos are the dark matter for (ντ − νs)-mixing. The
two other full lines allow a factor 2 uncertainty in the amount of dark matter, ΩDM =
0.15−0.6. The dashed line is for (νe− νs)-mixing. The hatched region for big masses
is excluded by the Diffuse Gamma Background. The region above the dotted line
is excluded by the duration of SN 1987A for (ντ − νs)-mixing. (for discussion and
references see the paper [537])
for νs mass density and the existing data on the X-ray background. However, the
limit is substantially weakened if νs are produced resonantly due to a large primordial
lepton asymmetry [529]. The range of photon energies, where the line from the decay
of νs can be observed, was narrowed in ref. [541]. It was argued there that the lower
limits on mνs [527, 528] should be strengthen by factor 3.4 for the particular case of
νs produced with a smaller temperature, and correspondingly softer spectrum than
normal neutrinos. This argument together with the result of ref. [540] constraints the
mass of νs in the range 2.6 - 5 keV and the X-ray line, to be looked for, between 1.3
and 2.5 keV.
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11.4 Anomalous neutrino interactions and dark matter; un-
stable neutrinos.
As we have already mentioned, the cosmological upper limit on neutrino mass (66)
would not be applicable if the number density of neutrinos becomes smaller than the
standard value (65). There are several possible ways to achieve that. Neutrinos could
be very weakly coupled to ordinary matter, so they were never abundantly produced.
In the case of sterile neutrinos considered above, the production proceeds through
oscillations and they never abundantly produced. Another possibility is an early
decoupling of sterile neutrinos, and though they were in thermal equilibrium at high
temperatures, their present-day abundance is diluted by the entropy release i.e. by the
ratio of the number of particles species in the plasma at the moment of decoupling of
active ν to that at decoupling of sterile ν, g
(fin)
∗ /g
(in)
∗ . Since g
(fin)
∗ = 10.75, one needs
the decoupling of νs to take place at electroweak scale or above to ensure suppression
by an order of magnitude.
Another possible way to diminish the number density of cosmic neutrinos is to
assume that they, on the contrary, have an additional, stronger than weak, interaction.
In that case neutrinos would remain longer in thermal equilibrium and at the moment
of freeze-out their number density would be suppressed by the Boltzmann factor,
exp(−mν/T ). For this mechanism to be operative, the interactions should be strong
enough and the neutrino mass, mν , should be sufficiently high. Such a possibility
is naturally realized, for example, in the models of spontaneous breaking of leptonic
charge conservation [56, 127, 236] or breaking of family symmetry [57]. As we have
already mentioned, in this case, due to the Goldstone theorem, there appears a new
light (or massless) (pseudo)goldstone boson-majoron, J , (or familon) with the Yukawa
coupling to neutrinos:
Lν,J = gik J ν¯iγ5νk + ... (219)
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where gik are the coupling constants of majoron to neutrino species i and k and
multi-dot stands for higher order terms in the coupling constant. This interaction
not only could reduce the cosmological number density of massive neutrinos but also
induce the decay of heavier neutrino νh to a lighter one and majoron, if mJ < mνh
(see sec. 6.3,8).
The idea that cosmological number density of neutrinos could be strongly depleted
through annihilation into light or massless bosons was proposed and elaborated long
ago [542]-[545]. Depending on the parameters of the model and, in particular, on the
value ofmν , massive stable neutrinos could dominate cosmological energy density and
constitute either cold or warm dark matter. If light scalar bosons do not exist, then
one may diminish cosmological number density of massive neutrinos assuming that
the latter have a large magnetic moment [263], µν ∼ 10−6 Bohr magneton. However
this value contradicts the limits on the neutrino magnetic moment discussed in sec. 6.5
as well as the experimental measurements (9). Thus, as it was concluded in ref. [546],
tau-neutrino with MeV mass cannot constitute cosmological dark matter.
The majoron model naturally opens two interesting possibilities for neutrino dark
matter:
1) a stable ν’s providing warm or even cold dark matter; neutrinos could be ei-
ther rather heavy with a smaller than normal cosmological number density or have
a strong self-interactions reducing their mean-free path, as mentioned in subsec-
tion 11.1 [481, 482];
2) an unstable dark matter either with a heavy ν decaying into majoron and light ν
or with majoron decaying into a pair of neutrinos.
The role that unstable neutrinos might play in the large scale structure formation
was briefly mentioned in ref. [159], where the bound on their life-time was derived
from the condition that the universe could not be radiation dominated during the
epoch of galaxy formation (see sec. 8.2). A more constructive idea to describe the ob-
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served structure of the universe with pure neutrino dark matter, using heavy unstable
neutrinos and lighter stable ones was proposed a little later in the paper [547]. The
authors argued that neutrinos with masses about 100 keV would preserve and amplify
initial perturbations on galactic scales. Their life-time should be small in comparison
with the universe age to avoid the Gerstein-Zeldovich bound. On the other hand
the life-time should be long enough so that the perturbations would not be washed
out after heavy neutrino decay. For further amplification of perturbations the heavy
neutrinos should decay a little after light neutrinos (with mν ∼ 100 eV) became non-
relativistic. An alternative possibility of preserving galactic scale perturbations until
light neutrinos became nonrelativistic is to introduce large amplitude fluctuations at
small wave length, such as primordial black holes with masses 109M⊙ [547].
Detailed works of the 1980s with the same idea to save pure neutrino dark matter
with heavier unstable ν’s can be found in refs. [548]-[554]. More general scenarios of
decaying particle cosmology, when the particles in question are not necessary neutri-
nos, are considered in the papers [555, 316]. In ref. [549] only the decays of heavy
neutrino into known particles were permitted: νh → νl γ, ν → e+ e− νl, or νh → 3νl.
Radiative decays are very strongly restricted now, see secs. 8.3,8.4,11.3 and fig. 22
and permit the exclusion of a large range of parameter values, while the decay into
invisible 3ν channel might be a viable option. The life-time with respect to this
decay is given by eq. (212). With mν < 2me, so that the decay into e
+e−ν is forbid-
den, this life-time could be cosmologically permitted and interesting for the structure
formation.
There is considerably more freedom in the decaying particle model of structure
formation if new decay channels are allowed, in particular, decays into lighter ν and a
(pseudo)goldstone boson majoron or familon. This idea was proposed almost simul-
taneously in several papers [548, 550, 551]. A more complicated model with several
decaying particles (heavy neutrinos), and cold (axion) and hot (light neutrinos) dark
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matter is considered in ref. [556].
A new burst of interest to the structure formation with decaying particles arose in
the middle of 90th after COBE [487] fixed the normalization of the power spectrum of
density fluctuations at large scales. If one assumes that the universe is dominated by
cold dark matter and that the spectrum of fluctuations is flat, then one can use the
COBE normalization to calculate the power at galactic and cluster scales. The results
were about twice larger than the astronomical measurements. This meant that the
simple one-component dark matter scenario was ruled out and some modifications
of the latter need to be found. 3 Several papers appeared almost simultaneously
that considered the decaying neutrino model of structure formation. Essentially two
distinct possibilities were explored: tau-neutrino with an arbitrary mass from a frac-
tion of keV up to several MeV [222, 223],[558]-[565] and, somewhat earlier, a new 17
keV neutrino [566, 567, 218, 568], now dead. The paper [566] is essentially based on
ref. [569] where the case of a neutrino with a mass in keV range and a life-time of
about 104 years was considered. It is shown that such neutrinos would provide the
necessary extra power on galactic scale. A detailed analysis of perturbation growth
in the universe with unstable neutrinos having the mass and life-time in the intervals
30 eV < mν < 10 keV and 10
7 sec < τν < 10
16 sec respectively, was performed in
ref. [570].
A new idea was proposed in ref. [218], namely that the bosons, B, from the decay
of relativistic 17 keV neutrinos through the channel ν17 → ν + B could form a Bose
condensate producing cosmologically interesting cold dark matter. The model was
further developed and corrected in refs. [571]-[574] for an arbitrary type of decaying
neutrino. The energy spectrum of the bosons produced in the decay could be quite
different from the thermal one. A large part of them is produced at small momenta,
3In fact the conclusion about the possible end of cold dark matter was made earlier in ref. [557]
where a possible resolution of existing discrepancies with the help of decaying dark matter was
mentioned.
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while some are still relativistic. The scenario permits to obtain simultaneously two
forms of dark matter: cold and hot ones with comparable contributions into Ω. How-
ever in the simplest version of the scenario only 35% of matter is cold and about 60%
is hot. The fraction of CDM could be somewhat enhanced if a sequence of the decays:
ντ → νµ +B, ντ → νe +B, and νµ → νe +B was effective.
The scenarios with decaying particles have some common basic features that are
illustrated below on the examples of models presented in several different papers.
There are two main effects important for structure formation: an increase of a fraction
of relativistic matter by the products of the decay and a possible earlier MD stage
prior to the decay of a heavy original particle.
In the scenario of ref. [223] a tau-neutrino with a mass in the interval of 1-10 MeV
and a rather short life-time 0.1-100 sec was considered. The role of such neutrino in
primordial nucleosynthesis is discussed in sec. 6.3. Its impact on structure formation
proceeds through an increase of energy density in relativistic particles produced by
the decay of ντ . An excess of relativistic energy would shift the moment of equality
between matter and radiation to a later time and would modify the spectrum of
evolved perturbations. Indeed, perturbations with the wave length λ larger than
horizon evolve in the same manner, so that their spectrum is preserved. If a certain
wave enters horizon at MD stage, the perturbation continue rising as they did before,
so the transfer function relating primordial perturbations to the evolved ones may
be taken as being equal to unity, ftr(λ) = 1 However, if perturbation enters horizon
earlier at RD stage, the amplitude of such perturbation essentially freezes so its
relative magnitude becomes smaller. It can be checked that the transfer function can
be taken as
ftr(λ) = (λ/λeq)
2, for λ > λeq (220)
where λeq is the wave length that entered horizon at a time when the energy densities
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of nonrelativistic and relativistic matters were equal. According to ref. [223]:
λeq ≈ 10Mpc
(
Ωh2
)−1
(g∗/3.36)
1/2 (221)
One can see from these arguments that an increase of λeq would diminish the power
at scales λ < λeq and would help resolve the discrepancy between COBE and cluster
scales.
Another effect associated with unstable particles is that prior to their decay they
might dominate the cosmological energy density, so the universe would be in an early
temporary MD-stage. Correspondingly, the scales that entered horizon during this
short MD period would have larger amplitudes and the formation of structures at
these scales would be enhanced. In the case that the decay products are also massive,
as e.g. decays of a heavy neutrino into majoron (with keV mass) and light but still
possibly massive neutrino, they could contribute both to hot and/or warm or cold
dark matter (see e.g. [551, 575, 562, 563, 564]). One more version of the idea of
creation of hot dark matter from the decay of heavier particles was considered in
ref. [565] in the version νh → νl+φ. If the decay proceeded after neutrino decoupling
but before matter-radiation equality, the number of light, but massive, neutrinos, νl,
would be twice larger than in the standard model, as requested by two degenerate
neutrino scenario [502] discussed in sec. 11.1. However, the models are not identical
because the energy density of relativistic matter in two models are different and the
spectrum of νl produced in the decay could be non-thermal.
Today, when cosmology is becoming more and more precise, the new and forth-
coming accurate data on large scale structure and CMBR will permit to check the
models of structure formation with great scrutiny and to make restrictive conclusions
about the properties of dark matter. To this end the calculations of the impact of
decaying dark matter on CMBR is of primary importance [576, 577, 560, 405, 406].
The considered models permit to vary quite many parameters: the cosmological mass
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fractions of different forms of dark matter, masses and life-times of possibly unstable
particles (neutrinos?), the value of the cosmological constant, and even the spectral
index n. However, the initial spectrum of perturbations is still assumed to be of the
simple power law form with the power n. Hopefully the combined observational data
will be both accurate and detailed enough to resolve possible ambiguities.
12 Neutrino oscillations in the early universe.
12.1 Neutrino oscillations in vacuum. Basic concepts.
As we have already mentioned in the Introduction, the mass eigenstates of neutrinos
may be different from their interaction eigenstates [11]-[15],[578] (for a review and
more references to the early papers see [579]). In other words, the mass matrix of
different neutrino species is not diagonal in the basis of neutrino flavors: [νe, νµ, ντ ].
The latter is determined by the interaction with charged leptons, so that a beam of e.g.
electrons would produce νe which is a mixture of several different mass states. And
since masses, as we believe, are created by the Higgs mechanism, they know nothing
about interactions with W and Z bosons and it is only natural that mass matrix
and interaction matrix are not diagonal in the same basis. An important condition is
that the masses are different, otherwise oscillations would be unobservable. Indeed,
if all the masses are equal, the mass matrix would be proportional to the unit matrix
which is diagonal in any basis.
Of course not only neutrinos are capable of oscillation. All particles that are
produced in the same reactions will do that, but usually the oscillation frequency,
ωosc ∼ δm2/2E is so huge and correspondingly the oscillation length
losc = 2p/|δm2| (222)
is so small, that the effect is very difficult to observe. Here E and p are respectively the
energy and momentum of the particles under consideration and δm2 = m22−m21. The
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expression is valid in relativistic limit. Only forK-mesons and hopefully for neutrinos
the mass difference is sufficiently small so that losc is, or may be, macroscopically large.
The neutrino Lagrangian can be written as follows:
Lν = iν¯∂/ν + ν¯Mν + ν¯Z/ν + ν¯W/ l (223)
where the vector-column ν = [νe, νµ, ντ ]
T is the operator of neutrino field in inter-
action basis, l = [e, µ, τ ]T is the vector of charged lepton operators; the last two
terms describe respectively neutral and charge current interactions (with Z and W
bosons). The upper index “T” means transposition. The matrixM is the Dirac mass
matrix and, by assumption, it is non-diagonal in the interaction basis. For the Majo-
rana mass this term should be changed into ν¯cMν, where νc is the charge conjugate
spinor.
Transformation between mass and interaction eigenstates is realized by an orthog-
onal, or to be more precise, unitary matrix U with the entries that are parameters
which should be determined from experiment. In the simplest case of only two mixed
particles the matrix U has the form
U =
(
cos θ sin θ
− sin θ cos θ
)
(224)
If, for example, the only noticeable mixing is between electronic and muonic neutrinos,
then the flavor eigenstates are related to the mass eigenstates ν1,2 as:
νe = ν1 cos θ + ν2 sin θ ,
νµ = −ν1 sin θ + ν2 cos θ (225)
Thus if electronic neutrinos are produced on a target by an electron beam, the wave
function describing their propagation would have the form
ψνe(~r, t) = cos θ |ν1〉 eik1x + sin θ |ν2〉 eik2x (226)
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where kx = ωt − ~k~r and sub-νe means that the initial state was pure electronic
neutrino. Below (in this section only) we denote neutrino energy as ω to distinguish
it from the energies of heavy particles that are denoted as E. We assume, as is
normally done, plane wave representation of the wave function.
If such a state hits a target, what is the probability of producing an electron or a
muon? This probability is determined by the fraction of νe and νµ components in the
wave function ψνe at space-time point x. The latter can be found by re-decomposition
of ν1,2 in terms of νe,µ:
ψνe(~r, t) = cos θ e
ip1x (cos θ |νe〉 − sin θ |νµ〉) + sin θ eip2x (sin θ |νe〉+ cos θ |νµ〉) (227)
One can easily find from that expression that the probabilities of registering νe or νµ
are respectively:
Pνe(~r, t) ∼ cos4 θ + sin4 θ + 2 sin2 θ cos2 θ cos δΦ , (228)
Pνµ(~r, t) ∼ 2 sin2 θ cos2 θ (1− cos δΦ) (229)
Here δω = ω1 − ω2, δ~k = ~k1 − ~k2, and
δΦ (~r, t) = δω t− ~δk ~r (230)
The energy difference between the mass eigenstates is
δω =
∂ω
∂m2
δm2 +
∂ω
∂~k
δ~k (231)
Using this expression we find for the phase difference
δΦ (~r, t) =
δm2
2ω
t+ δ~k

~k
ω
t− ~r

 (232)
The standard result of the neutrino oscillation theory is obtained if one assumes
that: 1) δ~k = 0, 2) ~k = ω~v, and 3) t = r/v:
δΦ =
δm2r
2k
(233)
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Each of these assumptions is difficult to understand, and moreover, some of them,
in particular, δk = 0 may be explicitly incorrect (see below). Both the second and
the third conditions are fulfilled for a classical motion of a point-like body, however
their validity should be questioned for a quantum mechanical particle (for a wave).
Despite all that, the final result (233) is true and if there are some corrections, they
can be easily understood.
Basic features of neutrino oscillations were discussed in many papers. An incom-
plete list of references includes [580]-[598]. One can find more citations and discussion
in the above quoted papers and in the books [599]-[603]. Still some confusion and sug-
gestions of possible controversies reappear from time to time in literature, so it seems
worthwhile to present a consistent derivation of eq. (233) from the first principles. A
large part of this section is based on discussions (and unpublished work) with A.Yu.
Morozov, L.B. Okun, and M.G. Schepkin and on the lecture by the author [604].
Let us consider a localized source that produces oscillating neutrinos; we keep
in mind, for example, a pion decaying through the channel π → µ + νµ. The wave
function of the source ψs(~r, t) can be Fourier decomposed in terms of plane waves:
ψs(~r, t) =
∫
d3p C(~p− ~p0)eiEt−i~p~r ≈
eiE0t−i~p0~r
∫
d3q C(~q) exp
[
−i~q
(
~r − ~V0t
)]
= eiE0t−i~p0~r C˜
(
~r − ~V0t
)
(234)
where ~V0 = ~p0/E0. It is the standard wave packet representation. The function
C(~p − ~p0) is assumed to be sharply peaked around the central momentum ~p0 with
dispersion ∆~p. The particle is, by construction, on-mass-shell, i.e. E2 = p2+m2. This
is also true for the central values E0 and p0. As the last expression shows, the particle
behaves as a plane wave, with the frequency and the wave vector given respectively
by E0 and ~p0 and with the shape function (envelope) given by C˜(~r− ~V0t), which is the
Fourier transform of C(~q). Evidently the envelope moves with the classical velocity
~V0. The characteristic size of the wave packet is lpack ∼ 1/∆p.
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Let us consider the pion decay, π → µ + ν. One would naturally expect δω ∼
δk ∼ δm2/E. If this is true the probability of oscillation would be
Posc ∼ cos
[
x+ b (x− V t)
losc
]
, (235)
where losc is given by expression (222) and b is a numerical coefficient relating δp with
losc. For simplicity the one-dimensional expression is presented.
Thus to calculate the probability of neutrino registration one should average the
factor (x − V t) over the size of the wave packet and for large packets, if b is non-
negligible, a considerable suppression of oscillations should be expected. The size
of the neutrino wave packet from the pion decay at rest is macroscopically large,
lpack ≈ c τπ ≈ 7.8 m, where c is the speed of light and τπ = 2.6 · 10−8 sec is the
pion life-time. The oscillation length is losc = 0.4m (E/MeV/(δm
2/eV2), so losc could
be smaller or comparable to lpack and the effect of suppression of oscillations due to
a finite size of the wave packet might be significant. It is indeed true but only for
the decay of a moving pion, and this suppression is related to an uncertainty in the
position of the pion at the moment of decay. To check that we have to abandon
the naive approach described above and to work formally using the standard set of
quantum mechanical rules.
Let us assume that neutrinos are produced by a source with the wave function
ψs(~x, t). This source produces neutrinos together with some other particles. We as-
sume first the following experimental conditions: neutrinos are detected at space-time
point ~xν , tν , while the accompanying particles are not registered. The complete set of
stationary states of these particles is given by the wave functions ψn ∼ exp(iEnt). The
amplitude of registration of propagating state of neutrino of type j (mass eigenstate)
accompanying by other particles in the state ψn is given by
A
(n)
j =
∫
d~rs dtsψs(~rs, ts)ψn(~rs, ts)Gνj (~rν − ~rs, tν − ts) (236)
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In principle one even does not need to know the concrete form of ψn. The only
necessary property of these functions is the condition that they form a complete set:
∑
n
ψn (~r, t)ψ
∗
n (~r
′, t) = δ (~r − ~r ′) (237)
However, in what follows, for simplicity sake, we will use the eigenfunctions of mo-
mentum, ψn ∼ exp(i~p~r − iEt).
For the subsequent calculations we need the following representation of the Green
function, which is obtained by the sequence of integration:
G(~r, t) =
∫
d4p4
p24 −m2
eip4x =
2π
∫ +∞
−∞
dωeiωt
∫ +∞
0
dpp2
ω2 − p2 −m2
∫ 1
−1
dζe−iprζ =
iπ
r
∫ +∞
−∞
dωe−iωt
∫ +∞
−∞
dpp2
ω2 − p2 −m2
(
eipr − e−ipr
)
(238)
Here ω and p are respectively the fourth and space components of the 4-vector p4. We
have omitted spin matrices because the final result is essentially independent of them.
The integration over dp was extended over the whole axis (from −∞ to +∞) because
the integrand is an even function of p. This permits us to calculate this integral by
taking residues in the poles on mass shell: p = ±√ω2 −m2 + iǫ. Both poles give the
same contribution, so skipping unnecessary numerical coefficients, we finally obtain:
G(~r, t) =
1
r
∫ +∞
−∞
dωe−iωt+i
√
ω2−m2 r (239)
As a source function ψs we will take essentially the expression (234) but assume
that the source is a decaying particle with the decay width γ, that was born at the
moment t = 0. It corresponds to multiplication of ψs by θ(t) exp(−γt), where θ(t) is
the theta-function, i.e. θ(t < 0) = 0 and θ(t > 0) = 1. Taking all together we obtain
the following expression for the amplitude:
A
(n)
j (~r, t) =
∫ ∞
0
dts
∫
d~rs
|~r − ~rs|
∫
d~pC (~p− ~p0) eiEts−i~p~rs−γt/2 eiEnts+i~pn~rs
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∫ +∞
−∞
dωje
iωj(t−ts)−ikj |~r−~rs| (240)
Integrals over d~rs and d~p are taken over all infinite space. It is worthwhile to remind
here that all the momenta are on mass shell, E2 = p2 + m2π (we assumed that the
source is a decaying pion) and ω2j = k
2
j +m
2
j , where mj is the mass of j-th neutrino
eigenstate.
The integration over dts is trivial and gives the factor (E −En − ωj + iγ/2)−1.
The integration over d~rs can be easily done if the registration point is far from the
source. In this case it is accurate enough to take 1/|~r − ~rs| ≈ 1/r, while the same
quantity in the exponent should be expanded up to the first order:
|~r − ~rs| ≈ r − ~ξ ~rs (241)
where ~ξ = ~r/r is a unit vector directed from the center of the source taken at the
initial moment t = 0 to the detector at the point ~r. In this limit the integral over d~rs
gives δ
(
~p− ~pn − ~kj
)
, ensuring momentum conservation:
~p = ~pn + ~kj ≡ ~pπ,j (242)
The vector of neutrino momentum is formally defined as
~kj = ~ξ kj = ~ξ
√
ω2j −m2j (243)
Ultimately we are left with the integral:
A
(n)
j =
1
r
∫ +∞
−∞
dωjC
(
~pn + ~kj − ~p0
) eiωjt−ikjr
Eπ,j − En − ωj + iγ/2 (244)
where Eπ,j =
√
(~pn + ~kj)2 +m2π. This integral can be taken in the ’pole approxi-
mation’ and to do that we need to expand the integrand around the energy con-
servation law (see below eq. (247)) as follows. The neutrino energy is presented as
ωj = ω
(0)
j + ∆ωj. To avoid confusion one should distinguish between the deviation
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of neutrino energy from the central value given by the conservation law, ∆ωj, from
the difference of energies of different neutrino mass eigenstates, δω = ω1 − ω2. The
neutrino momentum is expanded up to the first order in ∆ωj :
kj =
√
ω2j −m2j ≈ k(0)j +∆ωj/V (ν)j (245)
where V
(ν)
j = k
(0)
j /ω
(0)
j is the velocity of j-th neutrino. The pion energy is determined
by the momentum conservation (242) and is given by
Eπ,j =
√(
~pn + ~k
(0)
j + ~∆kj
)2
+m2π ≈ E(0)π,j + ~Vπ,j~ξ∆ωj (246)
where the pion velocity is ~V
(π)
j = (~pn+~k
(0)
j )/E
(0)
π,j . The neutrino energy, ω
(0)
j , satisfying
the conservation law is defined from the equation:
E
(0)
π,j −En − ω(0)j = 0 (247)
Now the integral over ωj is reduced to
A
(n)
j =
eiω
(0)
j
t−ik(0)
j
r
r
C
(
~pn + ~k
(0)
j − ~p0
)
∫ +∞
−∞
d∆ωj
ei∆ωj(t−r/V
ν
j )(
~V
(π)
j
~ξ/V
(ν)
j
)
∆ωj −∆ωj + iγ/2
(248)
The last integral vanishes if t < V
(ν)
j r, while in the opposite case it can be taken as
the residue in the pole and we finally obtain:
A
(n)
j =
C (~pπ,j − ~p0)
r
θ
(
r − V (ν)j t
)
exp

iω(0)t− ik(0)j r − γ2
V
(ν)
j t− r
V
(ν)
j − ~V (π)j ~ξ

 (249)
We have obtained the neutrino wave packet moving with the velocity V
(ν)
j with a well
defined front (given by the theta-function) and decaying with time in accordance with
the decay law of the source. A similar wave packet, but moving with a slightly different
velocity describes another oscillating state νi. It is evident from these expressions that
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the phenomenon of coherent oscillations takes place only if the packets overlap, as
was noticed long ago [580, 54, 582].
The probability of the registration of oscillating neutrinos at the space-time point
(~rν , tν) is given by the density matrix
ρij =
∫
d~pnA
(n)
i (~rν , tν)A
∗(n)
j (~rν , tν) (250)
The oscillating part of the probability is determined by the phase difference (230) but
now the quantities δω and δk are unambiguously defined. To this end we will use
conservation laws (242,247). They give:
δω(0) = δEπ and δ~k
(0) = δ~pπ (251)
The variation of neutrino energy is given by
δω = V (ν)δk + δm2/2ω (252)
while the variation of the pion energy can be found from expression (246):
δE(π) = ~V (π)δ~k (253)
From these equations follows
δω = −δm
2
2ω
~V (π)~ξ
V (ν) − ~V (π)~ξ and δk = −
δm2
2ω
1
V (ν) − ~V (π)~ξ (254)
One sees that generally both δω and δk are non-vanishing. A similar statement was
made in ref. [605]. Only in the case of pion decay at rest, δω = 0 but δk is is invariably
non-zero. Inserting the obtained results into expression (230) for the phase difference
we come to the standard expression (233) if Vπ = 0. This result shows a remarkable
stability with respect to assumptions made in its derivation. However if the pion is
moving, then the oscillation phase contains an extra term
δΦ =
δm2
2ω
~ξ
(
~r − ~V (π)t
)
V (ν) − ~ξ ~V (π) =
r δm2
2k
+
(~ξ ~V (π))(r − V (ν)t)
V (ν) − ~ξ~V (π) (255)
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This extra term would lead to a suppression of oscillation after averaging over time.
This suppression is related to the motion of the source and reflects the uncertainty
in the position of the pion at the moment of decay. So this result can be understood
in the framework of the standard naive approach.
A similar expression can be derived for the case when both neutrino and muon
from the decay π → µ + νj are registered in the space-time points ~rν , tν and ~rµ, tµ
respectively. This case was considered in refs. [591, 598]. Here we will use the same
approach as described above when the muon is not registered. The only difference
is that in eq. (236) for the oscillation amplitude we have to substitute the Green’s
function of muon Gµ(~rµ − rs, tµ − ts) instead of ψn(~rs, ts). The calculations are es-
sentially the same and after some algebra the following expression for the oscillation
amplitude is obtained [604]:
Aµ,ν ∼ VµVν
rµrν
θ(Lµ + Lν) exp
[
−γ(Lµ + Lν)
2(Vµ + Vν)
]
C˜(VµLν − VνLµ)
exp
[
i
(
k(0)µ rµ + k
(0)
ν rν −E(0)µ tµ −E(0)ν tν
)]
(256)
where L = V t − r. Each kinematic variable depends upon the neutrino state j, so
they should contain sub-index j. The upper indices “0” mean that these momenta
and energies are the central values of the corresponding wave packets, so the classical
relation ~k(0 = ~V E(0) holds for them. Here the direction of momenta are defined
as above, eq. (243), along the vector indicated to the observation point. However,
the kinematics in this case is different from the previous one and the change of the
energy and momentum of each particle for reactions with different sorts of neutrinos
are related through the equations:
δEµ + δEν = 0 and δ~kµ + δ~kν = 0. (257)
For the central values of momenta the following relations are evidently true, δkν =
δEν − δm2/2kν , and the similar one for the muon without the last term proportional
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to the mass difference. Correspondingly the phase of the oscillations is given by the
expression
δΦ = δkµrµ − δEµtµ + δkνrν − δEνtν =
δEν
(
rµ − Vµtµ
Vµ
− rν − Vνtν
Vν
)
− δm
2
2kν
rν (258)
The first two terms in the phase are proportional to the argument of C˜ in eq. (256)
and thus their contribution is equal to the size of the the source, i.e. to the wave
packet of the initial pion. If the latter is small (as usually is the case) we again obtain
the standard expression for the oscillation phase.
12.2 Matter effects. General description.
Despite extremely weak interactions of neutrinos, matter may have a significant in-
fluence on the oscillations if/because the mass difference between the propagating
eigenstates is very small. A description of neutrino oscillations in matter was first
done in ref. [48]. Somewhat later a very important effect of resonance neutrino con-
version was discovered [47], when even with a very small vacuum mixing angle, mixing
in medium could reach the maximal value.
Hamiltonian of free neutrinos in the mass eigenstate basis has the form:
H(1,2)m =
(
E1 0
0 E2
)
(259)
where Ej =
√
p2 +m2j . In the interaction basis Hm is rotated by the matrix (224):
H(a,b)m = UH(1,2)m U−1 =
(
cos2 θ E1 + sin
2 θ E2 g sin θ cos θ
g sin θ cos θ sin2 θ E1 + cos
2 θ E2
)
(260)
Here g = δm2/2E and we returned to the more usual notation E, for neutrino energy
instead of ω used in the previous subsection.
The interaction Hamiltonian is diagonal in the interaction basis and if only first
order effects in the Fermi coupling constant, GF , are taken into account, then the
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Hamiltonian can be expressed through refraction index, na, of flavor a-neutrino in
the medium (recall that the deviation of refraction index from unity is proportional
to the forward scattering amplitude and thus contains GF to the first power):
H
(a,b)
int =
(
E (na − 1) 0
0 E (nb − 1)
)
(261)
where a small difference between E1 and E2 in front of small factors (n − 1) was
neglected. This result is true for the forward scattering of neutrinos on electrons or
other active neutrinos that are not mixed with neutrinos in question. For example,
if νe and νµ are mixed between themselves but not with ντ , refraction index in the
equation above contains contributions from (νe − ντ )- and (νµ − ντ )- scattering as
well as from (νe − e±) and (νµ − e±) ones. The contribution from self-scattering, i.e.
(νe − νe), (νµ − νµ), and (νe − νµ) is given by non-diagonal matrix with off-diagonal
entries. This point was noticed in ref. [606]. We will discuss these non-diagonal terms
in sec. 12.6, where oscillations between active neutrinos are considered. In the case
of oscillations between active and sterile neutrinos, which is especially interesting for
cosmology, the matrix (261) has the diagonal form presented above with nb = 1.
Thus, up to a unit matrix, the total Hamiltonian in the interaction basis can be
written as
H
(a,b)
tot =
(
f g sin 2θ/2
g sin 2θ/2 0
)
(262)
where f = g cos 2θ + Eδn and δn = na − nb. This matrix is easy to diagonalize. Its
eigenvalues are
λ1,2 =
f ±
√
f 2 + g2 sin2 2θ
2
(263)
and the eigenstates in matter (up to normalization factor) are
|ν1,2〉 = |νa〉+ g sin 2θ
f ±
√
f 2 + g2 sin2 2θ
|νb〉 (264)
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Refraction index may change with time, as happens in cosmology, or with space
point, if neutrinos propagate in inhomogeneous medium, for example from the center
of the Sun to its surface. If somewhere (or sometime) f vanishes then the resonance
transition of one neutrino species to another is possible [47]. Indeed let us assume
that νe and νµ are mixed with a small vacuum mixing angle θ and that initially an
electronic neutrino was produced in vacuum. So the initial propagating state would
be mostly νe:
|ν1〉in = |νe〉+ (1/2) tan 2θ |νµ〉 (265)
After propagation in the media where the function f changes sign passing through
zero, the propagating state would become mostly νµ:
|ν1〉fin = |νe〉 − (2/ tan 2θ) |νµ〉 (266)
This effect of resonance conversion may play an important role in the resolution of
the solar neutrino problem and in cosmology.
12.3 Neutrino oscillations in cosmological plasma
12.3.1 A brief (and non-complete) review
Neutrino oscillations in the primeval plasma are significantly different from e.g. so-
lar neutrino oscillations in the following two important aspects. First, cosmological
plasma in the standard model is almost charge symmetric. The relative excess of any
particles over antiparticles is believed to be at the level 10−9 − 10−10, while in stars
the asymmetry is of order unity. (Possible large cosmological asymmetry is discussed
below in subsections 12.5 and 12.6.) Neutrino oscillations in stars do not have a
direct impact on the stellar material, while on the other hand, neutrino oscillations
in the early universe may have changed the magnitude of cosmological charge asym-
metry in the sector of active neutrinos. This asymmetry has a strong influence on the
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oscillations through the refraction index of the primeval plasma (see below). It leads
to an essential non-linearity of the problem and makes calculations quite complicated.
We will return to this effect a little later.
Second important point is that the neutrino mean free path in the early universe is
quite small at high temperatures and hence breaking of coherence becomes essential.
Because of that one cannot use wave functions to describe oscillations and should turn
to the density matrix formalism. It also leads to a greater complexity of equations.
Kinetic equations for density matrix with the account of neutrino scattering and
annihilation were discussed in the papers [54],[607]-[615].
In ref. [54], where the impact of neutrino oscillations on big bang nucleosynthesis
(BBN) was first considered, only the second order effects, proportional to G2F , were
taken into account, while the deviation of refraction index from unity was neglected.
This approximation is valid for a sufficiently high δm2. In an independent study [616]
implications for BBN of possible CP-violating effects in oscillations were discussed but
matter effects were not taken into consideration. Earlier works on neutrino oscillations
in the early universe also include refs. [617]-[620]. In ref. [619] the conversion of νe into
sterile νs was considered and it was argued that for a large mixing angle sin
2 2θ > 0.05
and (−δm2) = 10−6 − 10−9 eV2 the effect of oscillations on BBN can be significant
due to a possible asymmetry between νe and ν¯e created by the oscillations. However
subsequent works do not support the conclusion about generation of asymmetry in
the case of large mixing angles.
The case of νe − νµ or νe − ντ oscillations was considered in ref. [620]. The
authors concluded that the oscillations could create asymmetry between νe and ν¯e
prior to primordial nucleosynthesis but the effect on primordial abundances would be
very weak. The asymmetry may only be generated due to deviations from thermal
equilibrium. In the standard model it takes place due to different heating of νe and
νµ,τ by e
+e−-annihilation (see sec. 4.2). According to ref. [620] the upper bound on
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the variation of primordial mass fraction of 4He by this effect is ∆Yp < 1.3 · 10−3.
The first calculations of refraction index in cosmological plasma were performed
in ref. [621]. The results of this work permitted to make a more accurate description
of neutrino oscillations early universe [622]-[644].
It was noticed in ref. [626] that the oscillations between an active and sterile neu-
trinos for a sufficiently small mixing angle could generate an exponential rise of lepton
asymmetry in the sector of active neutrinos. The origin of this instability is the fol-
lowing. Since lepton asymmetry comes with the opposite sign to refraction indices
of neutrinos and antineutrinos (see below section 12.3.2), it may happen that the
transformation of antineutrinos into their sterile partners would proceed faster than
the similar transformation of neutrinos, especially if resonance conditions are fulfilled.
It would lead to an increase of the asymmetry and through the refraction index to
more favorable conditions for its rise. However it was concluded [626] that the rise
was not significant and the effect of the generated asymmetry on BBN was small.
This conclusion was reconsidered in ref. [298] where the arguments were presented
that the asymmetry generated by this mechanism could reach very large values, close
to unity, and this effect, in accordance with an earlier paper by the same group [645],
would have a significant influence on primordial abundances. This result attracted
great attention and was confirmed in several subsequent publications [646]-[654] where
very serious arguments, both analytical and numerical were presented. The rise of
asymmetry by 9 orders of magnitude was questioned in ref. [117] in the frameworks
of a certain analytical approximation. This work was criticized in ref. [655] (see also
refs. [656, 657]) where several drawbacks of the approximation were indicated. In
ref. [657] the maximum possible value of the asymmetry was calculated under the as-
sumption that the resonance transition has 100% efficiency, so that all (anti)neutrinos
with the resonance momentum transform into sterile partners. It was shown that in-
deed the maximum value of the asymmetry could be close to unity. The method of
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analytical calculations of ref. [117] was refined in ref. [658]. The analytical results
obtained there show a large rise of asymmetry and are very close to the numerical
results obtained by other groups cited above.
Moreover, some works showed not only a rising and large asymmetry but also a
chaotic behavior of its sign [659]-[663]. However, this conclusion was based on the
solution of a simplified system of kinetic equations either averaged over momentum
or with a fixed momentum of neutrinos. On the other hand, numerical solution of
momentum dependent kinetic equations performed in ref. [652] showed no chaoticity,
except for the region where the authors could not exclude numerical instability. The
analytical solution of the complete kinetic equation found in ref. [658] is also not
chaotic in the range of parameters where the rise is observed. These two works
contradict a recent numerical solution of the complete kinetic equations that indicates
chaoticity [664]. The problem remains open and deserves more consideration.
If the chaoticity indeed exists, then leptonic domains in the early universe might
be formed and the lepton number gradients at the domain boundaries could enhance
production of sterile neutrinos by MSW resonance [665]. This phenomenon would
have a noticeable impact on big bang nucleosynthesis.
An interesting effect related to neutrino oscillations was found in the paper [301]
(see also ref. [666]). It was shown that active-sterile neutrino oscillations in the pres-
ence of small inhomogeneities in the baryon number could give rise to large fluctua-
tions of lepton number and the formation of leptonic domains in the universe. This
phenomenon is induced by the neutrino diffusion in initially inhomogeneous medium
and has nothing to do with the chaoticity mentioned above.
Though the set of kinetic equations for density matrix looks rather simple (see
below sec. 12.3.4), its numerical solution is a difficult task because the elements of
density matrix are oscillating functions of momentum and time. Due to complexity
of equations some simplifying approximations were made in their solutions, in par-
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ticular, an averaging over momentum and an approximate description of the loss of
coherence. In the exact system of equations the latter is described by the non-linear
combinations of the elements of density matrix integrated over phase space of inter-
acting particles. In the simplified approach these terms are mimicked by γ(ρeq − ρ).
Both these approximations permit to reduce integro-differential system of kinetic
equations to the system of ordinary differential equations. First accurate numerical
solution of (almost) exact equations were done in refs. [530]−[672] for a rather small
mass difference, δm2 < 10−7 eV2. Neither chaoticity, nor a considerable rise of the
asymmetry were found. For a larger mass difference a strong numerical instability
was observed. However this result does not contradict other papers because the latter
found the above mentioned effects for much larger δm2.
Neutrino oscillations in the presence of cosmic magnetic field were considered in
the papers [274, 673, 674]. There is an evident contribution to the process if neutrinos
have a noticeable diagonal or transition magnetic moment. Moreover, there is a
possibility of a medium-induced effective interaction of left-handed neutrinos with
magnetic field. There is no consensus in the literature about a possible magnitude of
this interaction and its effect on the oscillations. For details and references see above
quoted papers and sec. 6.5. Some complications of the process of oscillations may
take place at the Planck scale, in particular, quantum gravity effects might lead to
oscillation freezing [675].
Further down in this section we will discuss these subjects in more detail. The
field is so vast that it possibly deserves a separate review, and an interesting one has
appeared recently [676].
12.3.2 Refraction index
In this section we derive the Schroedinger equation for neutrino wave function in the
primeval plasma. We will start with the neutrino quantum operator νa(x) of flavor a
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that satisfies the usual Heisenberg equation of motion:
(i∂/−M) νa(x) + g
2
√
2
δaeWα(x)O
(+)
α e(x) +
g
4 cos θW
Zα(x)O
(+)
α νa(x) = 0 (267)
where M is the neutrino mass matrix, W (x), Z(x) and e(x) are respectively the
quantum operators of intermediate bosons and electrons, and O±α = γα (1± γ5). We
assume that the temperature of the plasma is in the MeV range and thus only elec-
trons, photons, and neutrinos are present there.
Equations of motion for the field operators of W and Z bosons have the form
G−1W,αβWβ(x) =
g
2
√
2
ν¯a(x)O
(+)
α νa(x) , (268)
G−1Z,αβZβ(x) =
g
4 cos θW
[
ν¯a(x)O
(+)
α νa(x)+(
2 sin2 θW − 1
)
e¯(x)O(+)α e(x) + 2 sin
2 θW e¯(x)O
(−)
α e(x)
]
(269)
where the differential operators G−1W,Z are inverse Green’s functions of W and Z. In
momentum representation they can be written as
Gαβ =
gαβ − qαqβ/m2
m2 − q2 (270)
It can be be shown that the term qαqβ/m
2 gives contribution proportional to lepton
masses and can be neglected.
In the limit of small momenta, q ≪ mW,Z , the equation (268) can be solved as
Wα(x) = − g
2
√
2m2W
(
1− ∂
2
m2W
)(
e¯(x)O(+)α νe(x)
)
(271)
A similar expression with an evident substitution for the r.h.s. can be obtained for
Zα(x). These expressions should be inserted into eq. (267) to obtain equation that
contains only field operators of leptons, νa(x) and e(x):
(i∂/−M) νa(x) = GF√
2
{
δae
[(
1− ∂
2
m2W
)(
e¯(x)O(+)α νe(x)
)]
O(+)α e(x)+
1
2
[(
1− ∂
2
m2Z
)(
ν¯b(x)O
(+)
α νb(x) +
(
2 sin2 θW − 1
)
e¯(x)O(+)α e(x)+
2 sin2 θW e¯(x)O
(−)
α e(x)
)]
O(+)α νa(x)
}
(272)
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Neutrino wave function in the medium is defined as
Ψa(x) = 〈A|νa(x)|A+ ν(k)〉 (273)
where A describes the state of the medium and ν(k) is a certain one-neutrino state,
specified by quantum numbers k, e.g. neutrino with momentum ~k. The equation
of motion for this wave function can be found from eq. (272) after averaging over
medium. The theory is quantized perturbatively in the standard way. We define the
free neutrino operator ν(0)a that satisfies the equation of motion:
(i∂/−M) ν(0)a (x) = 0 (274)
This operator is expanded as usual in terms of creation-annihilation operators:
ν(0)(x) =
∫
d3k
(2π)3
√
2Ek
∑
s
(
asku
s(k)e−ikx + bs †k v
s(k)eikx
)
(275)
and one-particle state is defined as |ν(k)〉 = a†k|vac〉.
The equation of motion for the neutrino wave function Ψa(x) can be obtained
from expression (273) perturbatively by applying the operator (i∂/−M) and us-
ing eq. (272) with free neutrino operators ν(0)a in the r.h.s. After some algebra,
which mostly consists of using equations of motion for the free fermion operators
and (anti)commutation relations between the creation/annihilation operators, one
would obtain the equation of the form:
i∂tΨ(t) = (Hm + Veff )Ψ (276)
where Hm is the free Hamiltonian; in the mass eigenstate basis it has the form H0 =
diag
[√
p2 +m2j
]
. The matrix-potential Veff describes interactions of neutrinos with
media and is diagonal in the flavor basis (see however the discussion after eq. (261)).
Up to the factor E (i.e. neutrino energy) it is essentially the refraction index of
neutrino in the medium. The potential contains two terms. The first comes from
221
the averaging of the external current J ∼ l¯Oαl. Due to homogeneity and isotropy of
the plasma only its time component is non-vanishing and proportional to the charge
asymmetry (i.e. to the excess of particles over antiparticles) in the plasma. This
term has different signs for neutrinos and antineutrinos. The second contribution
to effective potential comes from non-locality of neutrino interactions. Indeed, the
interactions of neutrinos with the medium are not always of the (current)×(current)
form due to non-locality related to the exchange of W or Z bosons. If incoming
and outgoing neutrinos interact in different space-time points, the interaction with
the medium cannot be represented as an interaction with the external current. Such
terms are inversely proportional tom2W,Z but formally they are of the first order in GF .
With these two types of contributions the diagonal matrix elements of the effective
potential for the neutrino of flavor a has the form:
V aeff = ±C1ηGFT 3 + Ca2
G2FT
4E
α
, (277)
where E is the neutrino energy, T is the temperature of the plasma, GF = 1.166 ·10−5
GeV−2 is the Fermi coupling constant, α = 1/137 is the fine structure constant,
and the signs “±” refer to anti-neutrinos and neutrinos respectively (this choice of
sign corresponds to the helicity state, negative for ν and positive for ν¯). According
to ref. [621] the coefficients Cj are: C1 ≈ 0.95, Ce2 ≈ 0.61 and Cµ,τ2 ≈ 0.17 (for
T < mµ). These values are true in the limit of thermal equilibrium, but otherwise
these coefficients are some integrals from the distribution functions over momenta.
For oscillating neutrinos deviations from thermal equilibrium could be significant and
in this case the expression (277) should be modified. However it is technically rather
difficult to take this effect into account in numerical calculations and the simplified
version (277) is used. The contributions to the charge asymmetry η(a) from different
particle species are as follows:
η(e) = 2ηνe + ηνµ + ηντ + ηe − ηn/2 (for νe) , (278)
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η(µ) = 2ηνµ + ηνe + ηντ − ηn/2 (for νµ) , (279)
and η(τ) for ντ is obtained from eq. (279) by the interchange µ ↔ τ . The individual
charge asymmetries, ηX , are defined as the ratio of the difference between particle-
antiparticle number densities to the number density of photons:
ηX = (NX −NX¯) /Nγ (280)
12.3.3 Loss of Coherence and Density Matrix
Breaking of coherence appears in the second order in the Fermi coupling constant
GF , so equations of motion for the operators of all leptonic fields (including electrons)
should be solved up to the second order inGF . Since the calculations are quite lengthy,
we only sketch the derivation here. In this approximation the lepton operators l(x),
where l stands for neutrino or electron, in the r.h.s. of eq. (272), should be expanded
up to the first order in GF . The corresponding expressions can be obtained from the
formal solution of eq. (272) also up to first order in GF . Their typical form is as
follows:
l = l0 +Gl ∗ (r.h.s.0) (281)
where the matrix (in neutrino space) Gl is the Green’s function of the corresponding
lepton and r.h.s.0 is the r.h.s. of eq. (272) in the lowest order in GF , i.e. with lepton
operators taken in the zeroth order, l = l0. The expression (281) should be inserted
back into eq. (272) and this defines the r.h.s. up to the second order in GF expressed
through the free lepton operators l0. Of course in the second approximation we neglect
the non-local terms, ∼ 1/m2W,Z .
Now we can derive the kinetic equation for the density matrix of neutrinos,
ρˆij = ν
iν∗j , where over-hut indicates that ρˆ is a quantum operator. The C-valued
density matrix is obtained from it by averaging the matrix element over medium,
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ρ = 〈ρˆ〉. We should apply to it the differential operator (i∂/−M) and use eq. (272).
The calculations of the matrix elements of the free lepton operators l0 are straightfor-
ward and can be achieved by using the standard commutation relations. There is an
important difference between equations for the density matrix and the wave function.
The latter contains only terms proportional to the wave function, i∂tΨ = HΨ, while
the equation for the density matrix contains source term that does not vanish when
ρ = 0. Neutrino production or destruction is described by the imaginary part of the
effective Hamiltonian. The latter is not hermitian because the system is not closed.
According to the optical theorem the imaginary part of the Hamiltonian is expressed
through the cross-section of neutrino creation or annihilation. Such terms in kinetic
equation for the density matrix are similar to the “normal” kinetic equation for the
distribution functions (42), where the matrix elements of the density matrix enter the
collision integral but with a rather complicated algebraic and matrix structure. Let
us consider the case of mixing between active and sterile neutrinos. The contribution
to the coherence breaking terms by elastic scattering of oscillating neutrinos on lep-
tons in plasma (i.e. on electrons, positrons and other active neutrinos which are not
mixed with the neutrinos in question) is given by [54]:
ρ˙ =
(
∂
∂t
−Hp ∂
∂p
)
ρ = i [Hm + Veff , ρ] +
∫
dτ(ν¯, l, l¯)
(
flfl¯AA
+ − 1
2
{
ρ, Aρ¯A+
})
+
∫
dτ(l, ν ′, l′)
(
fl′Bρ
′B+ − 1
2
fl
{
ρ,BB+
})
(282)
where ρ is the density matrix of the oscillating neutrinos, fl is the distribution func-
tion of other leptons in the plasma, dτ is the phase space element of all particles
participating in the reactions except for the neutrinos in question - it is given by
eqs. (43,44). The first commutator term in the r.h.s. is first order in the interaction.
It is the usual contribution from refraction index that does not break coherence. The
last two terms are second order in the interaction and are related respectively to
annihilation, νν¯ ↔ ll¯, and elastic scattering, νl ↔ ν ′l′. The quantum statistics fac-
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tors, (1 − f), and (I − ρ) are neglected here. They can be easily reconstructed, see
ref. [612]. In the interaction basis and in the case of active-sterile mixing the matrices
A and B have only one non-zero entry in the upper left corner equal to the ampli-
tude of annihilation or elastic scattering respectively; the upper ′+′ means Hermitian
conjugate.
The contribution of the similar coherence breaking terms but related to self-
interaction of the oscillating neutrinos is presented in ref. [612]. It has more compli-
cated and lengthy matrix structure.
The equation for the evolution of the diagonal components of the density matrix,
with the coherence breaking taken into account, has the same form as the equation for
the distribution function of non-oscillating particles (42), while the role of coherence
breaking terms in the evolution of non-diagonal terms is essentially given by ρ˙as =
−Γρas [54, 610, 116, 612] as follows from eq. (282).
The complete form of the coherence breaking terms in kinetic equations is quite
complicated. It can be found e.g. in the paper [612]. However, in many cases a quite
accurate description can be achieved if the production and destruction are mimicked
by the anti-commutator:
ρ˙ = ...− {Γ, (ρ− ρeq)} (283)
where the multi-dots denote contributions from the neutrino refraction in medium
(see below, eqs. (286-289)), ρeq is the equilibrium value of the density matrix, i.e. the
unit matrix multiplied by the equilibrium distribution function
ρeq = I feq = I / [exp(E/T − ξ) + 1] , (284)
and the matrix Γ that describes the interaction with the medium, is diagonal in the
flavor basis; it is expressed through the reaction rates (see below). Such equation
exactly describes evolution of non-diagonal components and in many cases gives an
accurate approximation to the behavior of the diagonal ones.
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12.3.4 Kinetic equations for density matrix.
Density matrix is defined in the usual way as ρ = ψψ†. It satisfies the standard
equation
ρ˙ = Hρ− ρH† (285)
where H is the total Hamiltonian. Since we consider an open system the Hamiltonian
may be non-hermitian and the r.h.s. of this equation would contain, together with the
usual commutator, the anti-commutator of the density matrix with imaginary part
of the Hamiltonian. The latter, as we have already mentioned, is often mimicked by
the simplified expression (283). The total time derivative dρ/dt in the FRW metric
is given by eq. (41) and we obtain:
i(∂t −Hp∂p)ρaa = F (ρsa − ρas)/2− iΓ0(ρaa − feq) , (286)
i(∂t −Hp∂p)ρss = −F (ρsa − ρas)/2 , (287)
i(∂t −Hp∂p)ρas = Wρas + F (ρss − ρaa)/2− iΓ1ρas , (288)
i(∂t −Hp∂p)ρsa = −Wρsa − F (ρss − ρaa)/2− iΓ1ρsa , (289)
where a and s mean “active” and “sterile” respectively, H =
√
8πρtot/3M2p is the
Hubble parameter, p is the neutrino momentum and
F = δm2 sin 2θ/2E
W = δm2 cos 2θ/2E + V aeff (290)
with Veff given by eq. (277).
The antineutrino density matrix satisfies the a similar set of equations with the
opposite sign of the antisymmetric term in V aeff and with a slightly different damping
factor γ¯ (this difference is proportional to the lepton asymmetry in the primeval
plasma).
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Equations (286-289) account exactly for the first order terms described by the
refraction index, while the second order terms describing the breaking of coherence are
approximately modeled by the damping coefficients Γj in accordance with eq. (283).
If we take for the latter the total scattering rate, including both elastic scattering and
annihilation, we obtain in the Boltzmann approximation [116]:
Γ0 = 2Γ1 = ga
180ζ(3)
7π4
G2FT
4p . (291)
In general, the coefficient ga(p) is a momentum-dependent function, but in the approx-
imation of neglecting [1−f ] factors in the collision integral it becomes a constant [613]
equal respectively to gνe ≃ 4 and gνµ,µτ ≃ 2.9 [116]. In ref. [117] more accurate val-
ues are presented derived from the thermal averaging of the complete electro-weak
rates (with factors [1− f ] included), which were calculated numerically by using the
Standard Model code of ref. [137]. This gives gνe ≃ 3.56 and gνµ,µτ ≃ 2.5.
There is disagreement in the literature concerning what should be used for Γ:
the annihilation rate [622, 626] or the total reaction rate, which is approximately
an order of magnitude larger [623, 624, 629, 632]. To resolve this ambiguity one
has to make an exact description of coherence breaking and not an approximate
substitution (283) used in the equations (286-289) above. Kinetic equations for the
elements of density matrix with the exact form of coherence breaking terms could be
obtained from eq (282). It can be checked that the equations for non-diagonal matrix
elements remain the same as eqs. (288,289) with Γ1 being half the total reaction
width, including both annihilation and elastic scattering, while equations for the
diagonal components are modified. In the case of mixing with sterile neutrinos only
equation (286) essentially changes, while others remain practically the same:
ρ˙aa(p1) = −FI −
∫
dτ(l2, ν3, l4)A
2
el [ρaa(p1)fl(p2)− ρaa(p3)fl(p4)]−∫
dτ(l2, ν3, l4)A
2
ann [ρaa(p1)ρ¯aa(p2)− fl(p3)fl¯(p4)] , (292)
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ρ˙ss(p1) = FI, (293)
R˙(p1) = WI − (1/2)R(p1)
[∫
dτ(l2, ν3, l4)A
2
elfl(p2)+∫
dτ(ν¯2, l3, l¯4)A
2
annρ¯aa(p2) ] , (294)
I˙(p1) = −WR − (F/2) (ρss − ρaa)− (1/2) I(p1)
[∫
dτ(l2, ν3, l4)A
2
elfl(p2)+∫
dτ(ν¯2, l3, l¯4)A
2
annρ¯aa(p2) ] , (295)
where real and imaginary parts of non-diagonal components of neutrino density ma-
trix are introduced:
ρas = ρ
∗
sa = R + i I (296)
and a and s mean respectively “active” and “sterile”. The integration is taken over
the phase space according to eqs. (43,dnuy). The amplitude of elastic scattering and
annihilation with proper symmetrization factors can be taken from the table 2.
It is convenient to introduce new variables x and yi according to eq. (47). In
terms of these variables the differential operator (∂t−Hp∂p) transforms to Hx∂x (see
eq. (48). In many cases the approximation T˙ = −HT is sufficiently accurate, so that
we can take R = 1/T . On the other hand, it is straightforward to include the proper
dependence of temperature on the scale factor but that would make the calculations
significantly more difficult.
The system of kinetic equations for the elements of density matrix presented in
this section can be approximately solved analytically in many interesting cases and
these solutions will be applied below to the analysis of the role played by oscillating
neutrinos in big bang nucleosynthesis, to possible generation of lepton asymmetry
by oscillations between sterile and active neutrinos, and to creation of cosmological
warm dark matter (sec. 11.3). First we will consider a more simple non-resonant case.
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12.4 Non-resonant oscillations.
A non-resonance case means that the function W (290) never reaches zero, but is
always positive. This case is realized in cosmology when the mass difference between
νs and νa (to be more rigorous, between ν2, which is mostly νs, and ν1, which is
mostly an active νa) is positive, and the charge asymmetry contributing into neutrino
refraction index is sufficiently small. In stellar interior, on the opposite, a positive
δm2 is necessary for the resonance transition.
Firstly, we will formally solve equations (288,289) to express the real and imagi-
nary parts R and I of the non-diagonal components through the diagonal ones. The
relevant equations can be written as
R˙ = WI − Γ0R/2 , (297)
I˙ = −WR + F
2
(ρaa − ρss)− Γ0I/2 . (298)
In the limit when the oscillation frequency
ωosc =
(
F 2 +W 2
)1/2
(299)
is much larger than the expansion rate, the solution is given by stationary point
approximation, i.e. by the condition of vanishing the r.h.s.:
R =
FW
2 (W 2 + Γ20/4)
(ρaa − ρss) (300)
I =
FΓ0
4 (W 2 + Γ20/4)
(ρaa − ρss) (301)
In the non-resonant case, when W 6= 0, usually the condition W 2 ≫ Γ2/4 is fulfilled
and
R ≈ (sin 2θm/2) (ρaa − ρss) (302)
I ≈ (sin 2θmΓ0/4W ) (ρaa − ρss) (303)
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where θm is the mixing angle in matter and in the limit of small mixing
tan 2θm ≈ sin 2θm ≈ F
W
=
sin 2θ
cos 2θ + (2EVeff/δm2)
(304)
Now we can insert the expression for I (301) into eqs. (286,287) and obtain a closed
system of equations for the two unknown diagonal elements of density matrix which
is easy to integrate numerically. If the number density of sterile neutrinos is small
and the active neutrinos are close to equilibrium, as is often the case, we obtain the
following equation that describes the production of sterile neutrinos by the oscillations
ρ˙ss ≈ (sin2 2θmΓ0/4)feq (305)
An important conclusion of this derivation is that this production rate is by factor
2 smaller than the approximate estimates used in practically all earlier papers (see
discussion below in sec. 12.8). An explanation of this extra factor 1/2 is that the time
derivative of ρss is proportional to imaginary part of the non-diagonal component of
the density matrix and the latter is proportional to Γ1 = Γ0/2.
Now we will obtain essentially the same results by using more rigorous arguments.
The method and the equations will be used also in some other more complicated cases.
Following ref. [117] we introduce one more new variable, which is especially convenient
for the description of neutrino oscillations in cosmological background:
q = κax
3 (306)
where the coefficients κa are given by
κe = 6.63 · 103
(
|δm2|/eV2
)1/2
, κµ,τ = 1.26 · 104
(
|δm2|eV2
)1/2
(307)
Equations (297,298) can be analytically solved as [117]
I =
K sin 2θ
2y
∫ q
0
dq1e
−∆Γintcos∆Φ (ρaa − ρss) , (308)
R =
K sin 2θ
2y
∫ q
0
dq1e
−∆Γintsin∆Φ (ρaa − ρss) , (309)
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where ∆Γint = Γint(q, y)− Γint(q1, y), ∆Φ = Φ(q, y)− Φ(q1, y), and Φ and Γint obey
∂qΦ =
K
y
W and ∂qΓint =
K
y
γ , (310)
with
Ke = 5.63 · 104 (δm2/eV2)1/2, and Kµ,τ = 2.97 · 104 (δm2/eV2)1/2. (311)
The dimensionless damping factor, γ = 2EΓ/δm2 (291), expressed in terms of new
variables, reads:
γ = ǫa y
2 q−2 (312)
where ǫa are small coefficients, ǫe ≈ 7.4 · 10−3 and ǫµ,τ ≈ 5.2 · 10−3, if one takes for
the damping term the total scattering rate.
If we are interested in the period of sufficiently high temperatures, when the
production of sterile neutrinos is non-negligible, the integrals in eqs. (308,309) are
dominated by the upper limits and can be easily taken. In this way we obtain exactly
the same results as above (300,301). In the low T limit when the exponential damping
due to Γ is not essential the calculations are more tricky. But in this regime new
states are not produced because the total number of active plus sterile neutrinos is
conserved, though the spectrum of active neutrinos could be distorted.
The number density of the produced sterile neutrinos is an essential quantity for
BBN and for the amount of dark matter, if νs has a keV mass and forms warm dark
matter particles (see sec. 11.3). As we have seen above, eq. (305), the production rate
of νs is proportional to the reaction rate Γ. For the calculations it is important to
know what should be substituted for Γ: annihilation rate or the total rate, which is a
sum of annihilation and a much larger elastic rate. An argument against substitution
of elastic scattering rate is that it conserves the particle number and could not lead to
an increase of the net number density of active plus sterile neutrinos. This condition
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is not fulfilled by the approximate equations (286-289) but is explicit in exact equa-
tions (292-295). On the other hand, if sterile neutrinos are effectively produced at
sufficiently high temperatures, when annihilation is fast enough to maintain complete
thermal equilibrium, the limit Γann → 0 is physically meaningless. On the opposite,
equilibrium corresponds to very large Γ. To find which case is true we will solve
kinetic equations (292-295) in a more detailed way.
In the limit of fast oscillations and small Γ, Γ ≪ W , one can see that I =
FΓtot(ρaa − ρss)/4W 2 also for the exact equations (294-295). In what follows we
neglected ρss in comparison with ρaa; it is often true but it is easy to include this
term. After this expression for I is inserted into eqs. (292) a closed equation governing
evolution of ρaa(x, y) is obtained. The next important assumption is that active
neutrinos are close to kinetic equilibrium, i.e.
ρaa = C(x) exp(−y) (313)
Here C(x) can be expressed through an effective chemical potential, C(x) = exp[ξ(x)],
the same for ν and ν¯. A justification for this approximation is a much larger rate of
elastic scattering, which maintains the form (313) of ρaa, with respect to annihilation
rate that forces ξ down to zero (or ξ = −ξ¯ in the case of non-zero lepton asymmetry).
We have also assumed validity of Boltzmann statistics. This approach is similar to
the calculations of cosmological freezing of species discussed in sec. 5.1. Now we can
integrate both sides of eq. (292) over d3y so that the contribution of elastic scattering
disappears and the following ordinary differential equation describing evolution of
C(x) is obtained:
dC
dx
= − kl
x4
[
C2 − 1 + C 10(1 + g
2
L + g
2
R)
24(1 + 2g2L + 2g
2
R)
∫
dy y3e−y
(
F
W
)2]
(314)
The first term in the r.h.s. of this equation comes from annihilation and the second
one from oscillations; the contribution of elastic scattering disappears after integration
over d3y1.
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We have assumed above that F/W ≪ 1 and thus the term ∼ (F/W )2dC/dx has
been neglected. It is a good approximation even for not very weak mixing. The
constants kl are given by
kl =
8G2F (1 + 2g
2
L + 2g
2
R)
π3H x2
(315)
so that ke = 0.17 and kµ,τ = 0.098.
The integral over y in eq. (314) can be written as
In(x) ≡
∫ ∞
0
dy y3e−y
(
F
W
)n
= (tan 2θ)n
∫ ∞
0
dy y3e−y
(1 + βl y2x−6)
n , (316)
with
βe =
2.34 · 10−8
δm2 cos 2θ
and βµ,τ =
0.65 · 10−8
δm2 cos 2θ
, (317)
We have neglected here the charge asymmetry term in the neutrino refraction index.
It is a good approximation in the non-resonant case if the asymmetry has a normal
value around 10−9 − 10−10.
Eq. (314) can be solved analytically if |δ| = |1− C| ≪ 1:
δ = ζlkl
∫ x
0
dx1
x41
exp
[
−2kl
3
(
1
x31
− 1
x3
)]
I2(x1) (318)
where ζl = 10(1 + g
2
L + g
2
R)/24(1 + 2g
2
L + 2g
2
R), so that ζe = 0.304 and ζµ = 0.375.
Since
Γann =
8G2F (1 + 2g
2
L + 2g
2
R)
3π3
y
x5
and Γel =
8G2F (9 + 8g
2
L + 8g
2
R)
3π3
y
x5
, (319)
this quantity ζl is proportional to the ratio of the total rate to the annihilation rate.
The increase of the total number density (νa + νs) of oscillating neutrinos
∆n ≡
∫ d3 y
(2π)3
∆(ρaa + ρss) (320)
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can be found from the sum of equations (292) and (293) and is given by(
∆n
neq
)
l
= 2kl
∫ ∞
0
dx
δ(x)
x4
(321)
where δ(x) is given by eq. (318). Changing the order of integration over dx and dx1
we can integrate over over dx and dy analytically. In the last integral over dx1 we have
to neglect exp(−2kl/3x31) in comparison with 1. After that the remaining integration
can be also done analytically and we and obtain for the increase of the total number
density of sterile plus active neutrinos(
∆n
neq
)
l
=
πklζl sin
2 2θ
6
√
βl
(322)
To find the effective number of additional neutrino species at BBN one has to divide
this result by the entropy dilution factor, 10.75/g∗(T
νs
prod), where T
νs
prod is the temper-
ature at which sterile neutrinos are effectively produced. The latter can be estimated
as the temperature at which the production rate given by eq. (305) is maximal. This
rate is proportional to Γs ∼ (y/x4)(1 + βly2/x6)−2 and the maximum is reached at:
T νsprod = (12, 15) (3/y)
1/3 (δm2/eV2)1/6 MeV (323)
The first number above is for mixing of νs with νe, while the second one is for mixing
with νµ or ντ . This result is very close to the estimates of refs. [622, 624, 626, 523]
Thus we obtain the following result for the increase of the effective number of
neutrino species induced by mixing of active neutrinos with sterile ones:
∆Nν =
1
9π2
sin2 2θvac√
βl
G2F (1 + g
2
L + g
2
R)
Hx2
g∗(T
νs
prod)
10.75
(324)
Substituting numerical values of the parameters we obtain for the mixing parameters
between νs and νe or νµ,τ respectively:
(δm2νeνs/eV
2) sin4 2θνeνsvac = 3.16 · 10−5(g∗(T νsprod)/10.75)3(∆Nν)2 (325)
(δm2νµνs/eV
2) sin4 2θνµνsvac = 1.74 · 10−5(g∗(T νsprod)/10.75)3(∆Nν)2 (326)
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Here another factor g∗ comes from the Hubble parameter.
These results can be compared to other calculations. They are approximately
2 orders of magnitude stronger than those presented in refs. [622, 626], where too
high freezing temperature for weak interaction rates was assumed and the limit was
obtained: δm2 sin4 2θ < 6 · 10−3∆N2ν . In ref. [624] the limit was δm2 sin4 2θ <
3.6 · 10−4∆N2ν . (All these are given for mixing with νe.) On the other hand, the
limits obtained in ref. [116] are approximately 6 time stronger than those found
above (325,326). They are: δm2 sin4 2θ < 5 · 10−6∆N2ν for mixing with νe and
δm2 sin4 2θ < 3 · 10−6∆N2ν for mixing with νµ,τ . The difference by factor 6 between
these results and eq. (325,326) can be understood in part by the factor 2 difference
in the interaction rate, according to eq. (305), which gives factor 4 difference in the
limits. The remaining difference by roughly factor 1.5 could possibly be ascribed to
different ways of solution of kinetic equations or to the fact that the increase in the
number density of sterile neutrinos is accompanied by an equal decrease in the num-
ber density of active neutrinos if the production of the latter by inverse annihilation
is not efficient. This phenomenon is missed in kinetic equations (286-289), which are
mostly used in the literature, while equations (292-295) automatically take that into
account. However, for a sufficiently large mass difference, δm2, the effective temper-
ature of production (323) is larger than the temperature of the annihilation freezing,
so the active neutrino states are quickly re-populated and the said effect could be sig-
nificant only for a small mass difference. Much weaker bounds obtained in ref. [677]
resulted from an error in the coherence breaking terms in kinetic equations for the
non-diagonal matrix elements of the density matrix.
We have calculated above the increase of the total number density of mixed sterile
and active neutrinos. It is interesting sometimes to know the separate number density
of νs produced by oscillations. In particular, it is important for calculation of the mass
density of warm dark matter if the latter consists of νs (see sec. 11.3). The evolution
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of the number density of sterile neutrinos is determined by eqs. (293,303). It can be
easily solved if ρss ≪ ρaa and ρaa ≈ feq in accordance with the calculations performed
above. The obtained results for the number density of sterile neutrinos are very close
to (206,207).
One last comment in this subsection is about the neglect of exp(−2kl/x31) made
before eq. (322). It is easy to see that this term is indeed small in comparison with
unity if the mass difference is small, δm2 < 10−5 eV2. Otherwise the exponential term
becomes non-negligible and the bounds would be considerably weaker. To find the
size of the effect, more accurate calculations are necessary.
12.5 Resonant oscillations and generation of lepton asymme-
try
12.5.1 Notations and equations.
If the mass difference between νs and νa is negative then the MSW-resonance transi-
tion might take place in cosmological background. The resonance may also exist with
an arbitrary sign of δm2 if the initial value of the asymmetry is sufficiently large (see
below, sec. 12.6). The analysis in the resonance case is much more complicated and
we will use a simplified version of kinetic equations (286-289) with the approximate
form of the coherence breaking terms. Fortunately, the exact form of those terms is
not essential for the problem of lepton asymmetry generation, which predominantly
took place at a relatively late stage when the breaking of coherence was weak. We will
start from a naturally small value of the asymmetry, ∼ (10−9 − 10−10) and will show
analytically that it may rise up to 0.375 [658]. Our results are in good agreement with
numerical calculations of the earlier papers [646]-[654], where a large rise of asym-
metry was discovered. Throughout this section we assume that the mixing angle is
very small, otherwise the resonance transition would enforce a fast transition between
νa → νs and ν¯a → ν¯s, so that thermal equilibrium would be quickly established and
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no asymmetry would be generated.
We will normalize the elements of the density matrix to the equilibrium distribu-
tion function feq:
ρaa = feq(y)[1 + a(x, y)], ρss = feq(y)[1 + s(x, y)] , (327)
ρas = ρ
∗
sa = feq(y)[h(x, y) + il(x, y)] , (328)
and express the neutrino mass difference δm2 in eV2.
Written in terms of the variable q (306) the system of basic kinetic equations takes
a very simple form [117]:
s′ = −(Ka/y) sin 2θ l (329)
a′ = (Ka/y) (sin 2θ l − 2γ a) (330)
h′ = (Ka/y) (Wl − γ h ) (331)
l′ = (Ka/y) [sin 2θ (s− a)/2−Wh− γ l] (332)
where the prime means differentiation with respect to q and the constant coefficients
Ka are given by eqs. (311). It is essential for what follows that these coefficients
are large, Ka ≫ 1. This condition is valid for a sufficiently large mass difference,
δm2 > 10−8 and reflects high oscillation frequency in comparison with the cosmolog-
ical expansion rate. Big values of Ka permit solving kinetic equations analytically
with the accuracy of the order of 1/Ka.
For the coefficient functions in the equations (329-332) we use the same notation
as in eqs. (286-289) but now they are all divided by the factor 1.12 · 109 |δm2| x2/y
and are equal to:
W = U ± y V Z, U = y2 q−2 − 1,
V = ba q
−4/3, γ = ǫa y2 q−2 (333)
237
where the signs ′′−′′ or ′′+′′ in W refer to neutrinos and antineutrinos respectively;
be = 3.3 ·10−3|δm2|, bµ,τ = 7.8 ·10−3|δm2|, and ǫa are small coefficients, ǫe ≈ 7.4 ·10−3
and ǫµ,τ ≈ 5.2 · 10−3. Their exact numerical values are not important. The charge
asymmetry term in W is given by
Z = 1010
[
ηo
12
+
∫ ∞
0
dy
8π2
y2feq(y) (a− a¯)
]
, (334)
where ηo is the charge asymmetry of all particles except for νa defined in accordance
with eqs. (278,279). The normalization of the charge asymmetry term (334) is rather
unusual and to understand the numerical values of the coefficients one should keep
in mind the following. The coefficient C2 in eq. (277) is obtained for the standard
normalization of charge asymmetry with respect to the present-day photon number
density, which differs from nγ in the early universe by the well-known factor 11/4, re-
lated to the increase of the the number of photons by e+e−-annihilation. On the other
hand, lepton asymmetry, Lνa , induced by neutrino oscillations, which is calculated
in most papers, is normalized to the number density of photons that are in thermal
equilibrium with neutrinos, so the factor 11/4 is absent. The photon number density
is equal to Nγ = 2ζ(3)T
3
γ /π
2 with ζ(3) ≈ 1.2. The charge asymmetry of neutrinos is
ην =
1
4ζ(3)
(
Tν
Tγ
)3 ∫
dyy2(ρaa − ρ¯aa) (335)
so that ηνa = 4Lνa/11. The quantity Z introduced in eq. (334) differs from Lνa by
the factor 2 · 10−10π2/ζ(3):
L = 16.45 · 10−10 Z. (336)
The factor 10−10 is chosen so that initially Z = O(1). Noting that the charge asym-
metry of neutrinos under study enters expressions (278,279) with coefficient 2 one
obtains the coefficient 1/11.96 ≈ 1/12 in eq. (334).
It is worth noting that the charge asymmetric term enters eq. (333) with a very
large coefficient if expressed in terms of L: V Z ∼ 107q−4/3L, while in all other possible
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places, L (or chemical potential) enters with the coefficients of order 1, and may be
neglected.
Up to this point our equations have been essentially the same as those used by
other groups. The equations look rather innocent and at first sight one does not
anticipate any problem with their numerical solution. However the contribution from
Z could be quite large with the increasing magnitude of the asymmetry. The exact
value of the latter is determined by a delicate cancellation of the contributions from
all energy spectrum of neutrinos. The function [a(x, y) − a¯(x, y)] under momentum
integral quickly oscillates it takes very good precision to calculate the integral with
desired accuracy. Even a small numerical error results in a large instability. To avoid
this difficulty we analytically separated fast and slow variables in the problem and
reduced this set of equations to a single differential equation for the asymmetry, which
can be easily numerically integrated. One can find the details in ref. [658].
12.5.2 Solution without back-reaction.
One can solve analytically the last two kinetic equations (331,332) with respect to h
and l in terms of a and s in the same way as in the previous section:
l(q, y) = −(K sin 2θ/2y)
∫ q
qin
dq1 [a(q1)− s(q1)] e−∆Γ cos∆Φ, (337)
h(q, y) = −(K sin 2θ/2y)
∫ q
qin
dq1 [a(q1)− s(q1)] e−∆Γ sin∆Φ, (338)
where qin is the initial “moment” q from which the system started to evolve, ∆Γ =
Γ(q, y)− Γ(q1, y), ∆Φ = Φ(q, y)− Φ(q1, y), and
∂qΓ = Kγ/y, ∂qΦ = KW/y. (339)
We rewrite the first two equations (329,330) in terms of σ = a + s and δ = a− s:
σ′ = −(K γ/y) (σ + δ) (340)
δ′ = (2K sin 2θ/y) l− (K γ/y) (σ + δ) (341)
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The first of these equations can be solved for σ:
σ(q, y) = σin(y) e
−Γ(q,y)+Γin(y) − K
y
∫ q
qin
dq1e
−∆Γγ(q1, y)δ(q1, y) (342)
The first term in this expression proportional to the initial value σin is exponentially
quickly “forgotten” and we obtain the following equation that contains only δ (and
another unknown function, integrated charge asymmetry Z(q) that is hidden in the
phase factor ∆Φ):
δ′(q, y) = −K γ(q, y)
y
δ +
K2 γ(q, y)
y2
∫ q
qin
dq1e
−∆Γγ(q1, y)δ(q1, y) (343)
−
(
K sin 2θ
y
)2 ∫ q
qin
dq1δ(q1, y)e
−∆Γ cos∆Φ (344)
Up to this point we have been dealing with an exact equation (with the omitted
initial value of σ, whose contribution is exponentially small). There is also some
uncertainty related to the choice of the form of ρeq in eq. (283) either with zero or
non-zero chemical potential, see eq. (284). We have chosen here µ = 0 and, as is
argued below, the choice µ 6= 0 does not lead to noticeably different results. This
ambiguity could be rigorously resolved if one uses exact collision integrals instead of
eq. (283).
Let us now take a similar equation for antineutrinos and consider the sum and
difference of these two equations for charge symmetric and antisymmetric combina-
tions of the elements of density matrix, Σ = δ+ δ¯ and ∆ = δ− δ¯. The equations have
the following form:
∆′ +
Kγ
y
∆ =
K2γ
y2
∫ q
qin
dq1 e
−∆Γγ1∆1
−
(
K sin 2θ
y
)2 ∫ q
qin
dq1 e
−∆Γ
(
Σ1
c− c¯
2
+ ∆1
c+ c¯
2
)
(345)
Σ′ +
Kγ
y
Σ =
K2γ
y2
∫ q
qin
dq1 e
−∆Γγ1Σ1
−
(
K sin 2θ
y
)2 ∫ q
qin
dq1 e
−∆Γ
(
Σ1
c+ c¯
2
+ ∆1
c− c¯
2
)
(346)
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where sub-1 means that the function is taken at q1, e.g. γ1 = γ(q1, y), etc; c = cos∆Φ,
and c¯ = cos∆Φ¯. Using expressions (333, 339) we find:
c− c¯
2
= sin
[
K (q − q1)
(
−1
y
+
y
q q1
)]
sin
[
K
∫ q
q1
dq2V (q2)Z(q2)
]
(347)
c+ c¯
2
= cos
[
K (q − q1)
(
−1
y
+
y
q q1
)]
cos
[
K
∫ q
q1
dq2V (q2)Z(q2)
]
(348)
Here V (q) is given by the expression (333) and does not depend on y.
At this stage we will make some approximations to solve the system (345,346).
First, let us consider the terms proportional to γ. They are definitely not important
at large q (or low temperature). Let us estimate how essential they become at low
q (q ∼ 1). Integrating by parts the first term in the r.h.s. of eq. (345), using
expression (339), and neglecting the exponentially small contribution of the initial
value, we find:
Kγ
y
∆− K
2γ
y2
∫ q
qin
dq1 e
−∆Γγ1∆1 =
Kγ
y
∫ q
qin
dq1e
−∆Γ d∆1
dq1
(349)
The remaining integral can be easily evaluated in the limit of large Kγ/y = Kǫy/q2.
Indeed, ∆Γ = Kǫy(q−q1)/q q1 and for q ≤ 1 the coefficient in front of the exponential
(q−q1) is larger than 400 for νe and 300 for νµ and ντ . So the integral strongly sits on
the upper limit and, together with the coefficient in front, it gives just ∆′(q). Thus,
when the γ-terms are large, they simply double the coefficient of ∆′ in eq. (345):
∆′ → 2∆′. A possible loophole in this argument is a very strong variation of the
integrand, much stronger than that given by exp(∆Γ). However one can see from the
solution found below that this is not the case.
Thus the role of γ terms in eq. (345) is minor, they could only change the coef-
ficient in front of ∆′ from 1 to 2, and become negligible for large q where the bulk
of asymmetry is generated. So let us neglect these terms in the equation. This
simplification does not have a strong impact on the solution.
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Let us make one more approximate assumption, namely let us neglect the second
term, proportional to ∆1, in the last integral of the r.h.s. of eq. (345). Initially
Σ = 2 and ∆ = 10−9 − 10−10 and the neglect of ∆ in comparison with Σ is a
good approximation, at least at the initial stage. We will check the validity of this
assumption after we find the solution. And last, we assume that Σ changes very
slowly Σ ≈ Σin = 2. The latter is justified by the smallness of the missing angle
sin 2θ ∼ 10−4. In the limit of zero mixing, the solution of eq. (346) is Σ = const. We
will relax both these assumptions below.
As the last step we need to find a relation between ∆ = a− s− a¯+ s¯ and charge
asymmetry Z. To this end one may use the conservation of the total leptonic charge:
∫ ∞
0
dy y2 feq(y) (a+ s− a¯− s¯) = const (350)
Using this conservation law we find:
1010
d
dq
[∫ ∞
0
dy y2 feq(y)∆(q, y)
]
= 16π2
dZ
dq
(351)
Keeping all these assumptions in mind we can integrate both sides of eq. (345)
with dyy2feq(y) and obtain a closed ordinary differential equation for the asymmetry
Z(q), valid in the limit of large K. Integration over y results in:
Z ′(q) =
1010K2(sin 2θ)2
8π2
∫ ∞
0
dyfeq(y)∫ q
qin
dq1 exp
[
−ǫyζ
qq1
]
sin
[
ζ
(
1
y
− y
qq1
)]
sin
[
bK
∫ q
q1
dq2
Z(q2)
q
4/3
2
]
(352)
where b is defined in eq. (333) and ζ = K(q − q1). Integration over y here can be
done explicitly and the result is expressed through a real part of the sum of certain
Bessel functions of complex arguments. To do that one has to expand
feq =
∑
n
(−1)n+1 exp(−ny) (353)
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and integrate each term analytically [149]. One can see from the result (it is more or
less evident anyhow) that the integral over q1 is saturated in the region ζ ∼ 1. So we
can take qq1 ≈ q2 and
K
∫ q
q1
dq2Z(q2)q
−4/3
2 ≈ ζZ(q)/q4/3 (354)
The correction to this expression is of the order of Z ′(q)/K. One can ascertain using
the solution obtained below, that the correction terms are indeed small.
Keeping this in mind we can integrate over ζ in the r.h.s. of eq. (352). Since
ǫ ∼ 10−2 is a small number it may be neglected in comparison with 1 in intermediate
expressions (for the details see ref. [658]) and we obtain:
Z ′(q) =
1010K(sin 2θ)2
8π2
q2χ(q)
∑
n
(−1)n+1
∫ ∞
0
dt t2 cos(nqt)
(1 + t2)2 + t2 χ2(q)
(355)
where χ(q) = bZ(q)q−1/3. Both the integral over t and the summation over n can be
done explicitly leading to the result:
κZ ′ =
1010K(sin 2θ)2
16π
q2√
χ2 + 4
[t2feq(qt2)− t1feq(qt1)] (356)
where we introduced the coefficient κ, such that κ = 1 for large q and κ = 2 for
q ∼ 1. It reflects the role of decoherence terms, proportional to γ, see discussion after
eq. (349). The quantities t1,2 are the poles of the denominator in eq. (355) in the
complex upper half-plane of t (resonances):
t1,2 =
√
χ2 + 4± χ
2
(357)
It is an ordinary differential equation which can be easily integrated numerically. This
equation quite accurately describes the evolution of the lepton asymmetry in the limit
when back reaction may be neglected: we assumed above that Σ = 2 and ∆≪ Σ.
Before doing numerical integration let us consider two limiting cases of q close to
the initial value when asymmetry is very small and the case of large q. When q is
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not too large, q ∼ 1, the r.h.s. of eq. (356) can be expanded in powers of χ and we
obtain a very simple differential equation that can be integrated analytically:
Z ′ =
1010K(sin 2θ)2
64π
q2feq(q)χ(q) [−1 + q (1− feq(q))] (358)
(we took here κ = 2). One can see that for q < qmin = 1.278 the asymmetry
exponentially decreases and reaches the minimum value
Zmin
Zin
= exp
[
−10
10K(sin 2θ)2b
64π
∫ qmin
0
dq q5/3feq(q)
(
1− q
1 + exp(−q)
)]
. (359)
The integral in the expression above is equal to 0.0754 and e.g. for (νe − νs)-
oscillations, the initial asymmetry drops by 3 orders of magnitude in the minimum.
The drop would be significantly stronger even with a mild increase of the mixing angle
or mass difference. The temperature, when the minimum is reached (corresponding
to qmin = 1.278) is
T emin = 17.3
(
δm2
)1/6
MeV, T µ,τmin = 23.25
(
δm2
)1/6
MeV (360)
These results agree rather well with ref. [653] for νe, while agreement for νµ and ντ
case (see e.g. the papers [647, 614, 615, 655]) is not so good.
For q > qmin the asymmetry starts to rise exponentially and this trend lasts until
χ becomes larger than unity and the asymmetry reaches the magnitude Z ∼ 103 or
L ∼ 10−6. After that the asymmetry starts to rise as a power of q. For large q and χ
the term containing t2 dominates the r.h.s. of eq (356) and now it takes the form:
Z2Z ′ =
1010K(sin 2θ)2
16π b2
q8/3feq(1/V Z) (361)
where V is given by eq. (333). Assuming that V Z is a slowly varying function of q
we can integrate this equation and obtain:
Z(q) ≈ 1.6 · 103q11/9 or L(q) ≈ 2.5 · 10−6q11/9 (362)
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The concrete values of numerical coefficients above are taken for (νe− νs)-oscillations
with δm2 = −1eV2 and sin 2θ = 10−4. This result agrees well with the numerical
solution of eq. (356) and the functional dependence, L ∼ q11/9 ∼ T−11/3, agrees with
that found in ref. [656] and somewhat disagrees with the results of refs. [298, 645,
647, 653, 655] where the law L ∼ q4/3 ∼ T−4 was advocated. If the temperature
changes by two orders of magnitude the difference between these two results becomes
significant. The results of ref. [681] demonstrate a milder rise, L ∼ T−3.6, which are
quite close to T−11/3.
The numerical solution of eq. (356) is straightforward. It agrees well with the sim-
ple analysis presented above. In the power law regime, where the bulk of asymmetry
is generated, it is accurately approximated by the found above law (362):
Le = 2.5 · 10−6Ce q11/9 (363)
For νe − νs mixing with (sin 2θ)2 = 10−8 and δm2 = −1 the correction coefficient Ce
is 0.96, 0.98, 1, 1.01, and 0.997 for q = 6630, 1000, 100, 10, and 5 respectively. The
results of numerical solution well agree with those of ref. [653] in the temperature
range from 10 down to 1 MeV for νe − νs case.
For the (νµ − νs)-mixing with δm2 = −10 and (sin 2θ)2 = 10−9 the solution can
be approximated as
Lµ ≈ 1.2 · 10−6Cµ q11/9 (364)
with the correction coefficient Cµ = 0.84, 0.9, 0.98, 1.02, 1.05, 1 for q = 4 · 104, 104,
103, 102, 10, 5 respectively. These results reasonably well agree with the calculations
of ref. [647] in the temperature range from 25 down to 2 MeV. At lower temperatures
this power law generation of asymmetry must stop and it abruptly does, according to
the results of the quoted papers. But the solutions of eq. (356) continue rising because
back reaction effects have been neglected there. We will consider these effects in the
next subsection.
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12.5.3 Back reaction.
The solution obtained above should be close to the exact one if ∆(q, y) ≪ Σ(q, y)
and Σ ≈ 2 = const, see eq. (345). Since now we know the function Z(q) we can
find ∆(q, y) and find out when these assumptions are correct. We will consider the
region of sufficiently large q when the second pole (resonance) t1 in eq. (356) is not
important. Its contribution is suppressed as exp(−q2V Z) and it may be neglected
already at q > 5 (we assume for definiteness that the initial value of the asymmetry
is positive, otherwise the roles of the two poles would interchange). In terms of the
oscillating coefficients, cos∆Φ or cos ∆¯Φ, entering eq. (345), it means that only one
of them is essential. It has a saddle point where the oscillations are not too fast, while
the other quickly oscillates in the significant region of momenta y. With our choice
of the sign of the initial asymmetry only cos ∆¯Φ has an essential saddle point and in
this approximation the equation (345) can be written as:
∆′(q, y) = −K
2(sin 2θ)2
y2
∫ q
0
dq1 cos ∆¯Φ (365)
For large q the phase difference is equal to
∆Φ = K
(
−q − q1
y
+
∫ q
q1
dq2V (q2)Z(q2)
)
(366)
This integral can be taken in the saddle point approximation. To this end let us
expand:
Φ(q, y) = Φ(qR, y) +
(q − qR)2
2
Φ′′(qR, y) (367)
where the saddle (resonance) point qR is determined by the condition
Φ′(qR, y) = K
(
V Z − 1
y
)
= 0 (368)
For q < qR the integral in the r.h.s. of eq. (365) is negligibly small, while for q > qR
it is ∫ q
0
dq1 cos ∆¯Φ ≈ θ(q − qR)Re
{√
2π
|Φ′′(qR, y)| e
[Φ(q,y)−Φ(qR,y)−iπ/4]
}
(369)
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where Φ′′ = (V Z)′.
Now repeating similar integration in eq. (365) we can easily find ∆(q, y):
∆(q, y) = θ(q − qR)πK(sin 2θ)
2
y2|(V Z)′|R (370)
Note the factor 1/2 that comes from the theta-function in expression (369). It permits
integration only over positive values of (q − qR).
From the saddle point condition follows that
(V Z)′ = V Z
(
V ′
V
+
Z ′
Z
)
R
=
1
y
(
V ′
V
+
Z ′
Z
)
R
= − 1
9yqR
(371)
In the last equality the solution Z ≈ 1.5 · 103 q11/9 and V = bq−4/3 were used. From
the condition V Z = 1/y we find
qR ≈ (5y)9 (372)
where we took δm2 = −1 and be = 3.31 · 10−3.
However, the magnitude of ∆(q, y) is too large. For example at q = 6630 (corre-
sponding to T = 1 MeV for (νe − νs)-oscillations) we find ∆ = 9πK(sin 2θ)2qR/y ≈
200 ≫ 1. It violates the Fermi exclusion principle, which is automatically enforced
by kinetic equations if it is fulfilled initially. This follows from the equation:
∂q
(
a2 + s2 + 2h2 + 2l2
)
= −4γ(K/y)
(
a2 + h2 + l2
)
(373)
so that the quantity in the r.h.s. may only decrease. The violation of this condition
originates from the assumption that ∆ ≪ Σ which is not true for the solution we
have obtained. So one would expect that the back reaction should be important when
∆ ∼ 1 and that the asymmetry should be suppressed by two orders of magnitude,
but as we will see below this is not the case. The evolution of Z(q) changes, due
to the back reaction, and the behavior of the resonance yR(q) also becomes different
from yR = q
1/9/5 found above.
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If only one of two resonances is essential then (Σ + ∆) is conserved, as is seen
from eqs. (345,346) with cos∆Φ→ 0. It corresponds to the conservation of the total
leptonic charge if oscillations are efficient only in neutrino (or antineutrino) channel.
In this case we arrive at the equation:
∆′(q, y) = −K
2(sin 2θ)2
y2
∫ q
0
dq1 cos ∆¯Φ [1−∆(q1, y)] (374)
This can be integrated in the same way as above in the saddle point approximation,
and we get:
∆(q, y) = θ(q − qR)λ [1−∆(qR, y)] (375)
where the last term describes the back-reaction and
λ =
πK(sin 2θ)2
y2|(V Z) ′|R (376)
The derivative of V Z is taken over q at q = qR(y) found from the resonance condition
V (qR)Z(qR) = 1/y.
Since θ(0) = 1/2, we find
∆(q, y) =
2λ
2 + λ
θ(q − qR) (377)
With this expression for ∆(q, y) we can find the integrated asymmetry
Z(q) =
1010
16π2
∫ yR
0
dyy2feq(y)
2λ
2 + λ
(378)
where yR(q) = 1/[V (q)Z(q)]. This equation can be reduced to an ordinary differential
equation in the following way. Let us introduce the new variable
τ =
1
V Z
(379)
and consider the new unknown function q = q(τ). Correspondingly Z = q4/3(τ)/(bτ).
The derivative over q should be rewritten as:
d(V Z)
dq
= − 1
τ 2
(
dq
dτ
)−1
(380)
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Under the sign of the integral over y one should take τ = y, while the upper inte-
gration limit is ymax = τ . Now we can take derivatives over τ of both sides of the
equation (378) and obtain:
d
dτ
[
q4/3(τ)
bτ
]
=
1010
16π2
2λ
2 + λ
τ 2feq(τ). (381)
where now λ = πK(sin 2θ)2 dq/dτ . This is the final equation for determination of the
integrated asymmetry with the account of the back reaction. As initial condition we
take the magnitude of asymmetry obtained from the solution of eq. (356) at q = 5.
At this q the back reaction is still small but already the regime of one-pole dominance
begins. Under the latter assumption the above equation (381) is derived.
The numerical solution of eq. (381) is straightforward. In particular, if one neglects
λ with respect to 2 in the denominator of the r.h.s. of this equation, then its numerical
solution gives exactly the same result for the asymmetry as was found above from
eq. (356). An account of back reaction is not essential at high temperatures but
it is quite important in the temperature region of Big Bang Nucleosynthesis. In
particular, at T = 1 MeV the asymmetry is L = 0.0435 and at T = 0.5 MeV
it is L = 0.25. These values are approximately 3 times smaller than those found
without back reaction. Asymptotic constant value of L is reached at T < 0.3 MeV
and is equal to 0.35. These numerical values are found for electronic neutrinos with
δm2 = −1 eV2 and (sin 2θ)2 = 10−8. The asymptotic value well agrees with that
presented in the paper [653], the same is true for the magnitude of the asymmetry
in the nucleosynthesis region as well. Another important effect for BBN is the shape
of the spectrum of electronic neutrinos that may noticeably deviate from the simple
equilibrium one feq = 1/[exp(y − ξ) + 1] even with a non-zero chemical potential ξ.
For νµ or ντ with δm
2 = −10 eV2 and (sin 2θ)2 = 10−9 the asymmetry Lµ asymp-
totically tends to 0.237 in good agreement with ref. [647]. For non-asymptotic values
of the temperature, the corrected by back reaction asymmetry is Lµ = 6.94 · 10−3 for
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T = 3 MeV (1.24 smaller than non-corrected one), Lµ = 0.025 for T = 2 MeV (1.48
smaller), and Lµ = 0.164 for T = 1 MeV (2.6 times smaller).
There is an easy way to find the asymptotic constant value of the asymmetry, Z0
or L0. To this end it is convenient to use eq. (378) with a constant Z:
λ =
3πK(sin 2θ)2b3/4Z
3/4
0
4y1/4
= 71(δm2/eV2)1/4(sin 2θ/10−4)2L3/40 ay
−1/4 (382)
This result is the same both for νe and νµ,τ .
Since the upper limit of the integral over y is ymax = q
4/3/(bZ0) ≫ 1 for large q,
we obtain the following equation for L0:
L0 = 0.208
∫ ∞
0
dyy2feq(y)
λ
2 + λ
(383)
Numerical solution of this equation gives L = 0.35 for δm2 = −1 eV2 and (sin 2θ)2 =
10−8 and L = 0.27 for δm2 = −10 eV2 and (sin 2θ)2 = 10−9 in a good agreement
with the solution of differential equation (381). The absolute maximum value of the
asymmetry is 0.375 corresponding to λ ≫ 1. In the case of λ ≪ 1 the asymptotic
value of the asymmetry is L0 = 1.2 · 104(δm2/eV2)(sin 2θ/10−4)8.
The evolution of νe-asymmetry according to calculations of ref. [653] for sin
2 2θ =
10−8 and several values of mass difference is presented in fig. 23. Notice that the
authors presented the quantity which enters the refraction index of νe. i.e. essentially
twice the asymmetry. Their numerical results are in good agreement with analytical
calculations of ref. [658] described above.
It is more or less evident that asymmetry cannot rise for very small mixing angles
(in the limit of vanishing mixing the asymmetry would be just zero). Somewhat
more surprising is the absence of asymmetry generation for large mixing. It can be
understood in the following simple way - for large sin 2θ the resonance is so strong
that sterile states, both νs and ν¯s, become quickly and completely populated and
there is no room for asymmetry. A quantitative estimate can be done as follows. At
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Figure 23: Evolution of L(e) = 2Lνe + η for νe → νs oscillations with sin2 2θ0 =
10−8 and, from left to right, δm2/eV 2 = −0.25,−0.5,−1.0,−2.0,−4.0 obtained from
numerical solution of the kinetic equations. The initial Lνe = 0 is taken and η =
5 × 10−10 is assumed. The low temperature evolution is weakly dependent on these
values.
a certain moment q the resonance condition is fulfilled for neutrinos (antineutrinos)
with momentum:
y (or y¯) =
(
q2
y
)
± d q2/3
(
N − N¯ + ηo
)
, (384)
where d = 1.65 · 10−3(cos 2θ δm2)−1/3, ηo is the charge asymmetry of other particles,
except for neutrinos and the number densities of neutrinos (antineutrinos) are given
by
N(y) =
1010
4π2
∫ ∞
y
dy′y′2
exp(y′ − ξ0) + 1 (385)
Correspondingly, the integral for N¯ has the lower limit y¯ and the sign of initial
neutrino chemical potential ξ0 is changed, ξ0 → −ξ0. It is assumed that ξ0 ≪ 1,
typically it is about (a few)·10−10. Such expressions for number densities are based
on the following picture: all active neutrinos (antineutrinos) transform into their
sterile partners at the resonance, so that for momentum y below the resonance one
the spectrum is empty. This could be true only for large mixing angles and in the
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case that repopulation of active neutrinos by the inverse annihilation is slow. Though
this picture is very much oversimplified, it contains some truth that can be helpful
for understanding the phenomenon.
It follows from eq. (384) that
y y¯ = q2, (386)
while the difference (y − y¯) is given by
2(y − y¯) = d q2/3
[
−10
10
4π2
q2
eq + 1
(y − y¯) + ηo + 10
10ξ0
2π2
∫ ∞
q
dy y2ey
(ey + 1)2
]
(387)
These estimates are true if the difference between the resonance momenta, (y − y¯) is
small. Now it is straightforward to find the difference of the resonance momenta and
to calculate the running lepton asymmetry:
η = ηin + 2ηod
e−qq8/3
1 + e−q +Qe−qq8/3
(388)
where Q = 1010/8π2. One can see that in the case of strong mixing the asymmetry
cannot be large. This result is obtained in the limit (y − y¯) ≪ 1. It allows to make
simple analytic estimates presented above. In particular that one cannot formally
go to the limit cos2θ = 0 or d → ∞ in the presented expressions. If the condition
of small (y − y¯) is not fulfilled the result about small asymmetry survives but its
derivation is much more complicated technically.
To conclude, we see that there is a good agreement between the numerical cal-
culations of the asymmetry generation and the semi-analytical solution of kinetic
equations. The latter is accurate in the limit of large value of parameter Kl and for
sufficiently small mixing, (sin 2θ)2 < 0.01− 0.001; it is difficult to fix more precisely
the limiting value of the vacuum mixing angle. For bigger mixing the rate of the
population of sterile states becomes large and νs and ν¯s states quickly approach equi-
librium and become equally populated, so the asymmetry is not generated. For small
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values of the product K sin 2θ the process of asymmetry generation is inefficient and
the net result is rather low. Numerical calculations of the effect for very low values
of the mass difference δm2 = 10−7 − 10−11 eV2 show that the asymmetry could rise
only up to 4 orders of magnitude [530, 671, 672] producing the net result at the level
of 10−5. According to the calculations of the work [658] the asymmetry strongly rises
if δm2 > 10−3 eV2 and possibly for smaller values depending upon the mixing angle.
In the case of mixing between several (more than 2) neutrinos, a more complicated
picture could emerge. For a specific case of mντ ≫ (mνe, mνµ , mνs) the oscillations
between ντ and νs could create a large asymmetry Lντ (about 0.5) and some of this
asymmetry could be converted into Lνe by ντ ↔ νe-oscillations [650]. The predictions
of models with different values of mixing angles with light sterile neutrinos are strongly
parameter-dependent and the results are quantitatively different.
12.5.4 Chaoticity.
As we have already mentioned, a very important and interesting development of the
theory of neutrino oscillations in the early universe was stimulated by the paper [298]
where it was argued that a very large (up to 9 orders of magnitude) rise of primordial
lepton asymmetry could take place because of transformation of active neutrinos into
sterile ones due to an initial exponential instability [626], which later transforms into
a power law one [298, 658] by the back-reaction from the plasma. Still, the dominate
part of the asymmetry was generated during this later stage. This statement was
originally obtained in the frameworks of thermally averaged kinetic equations, but
the approach was systematically improved in several subsequent publications [646]-
[654],[658].
The investigation of ref. [298] was reconsidered in the paper [659]. The author
also worked with thermally averaged equations but used a different approximation
in the resonance regime. His result is that the absolute magnitude of the asymme-
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try is indeed very large in agreement with [298] (and later papers) but its sign is
essentially unpredictable. The sign of the asymmetry is very sensitive to oscillation
parameters and to the input of numerical calculations. As a result of this feature
the sign of lepton asymmetry might be different in different causally non-connected
domains [665]. This could have interesting implications and, in particular, would lead
to inhomogeneous nucleosynthesis. The existence of chaoticity was confirmed in sev-
eral subsequent papers [660]-[663] but again in the framework of simplified thermally
averaged equations. On the other hand, the analysis of possible chaoticity performed
in ref. [652] on the basis of the numerical solution of kinetic equations with a full mo-
mentum dependence shows a different picture. The results of this work are presented
in fig. 24. Most of the parameter space is not chaotic, while in the region where
chaoticity is observed numerical calculations are not reliable. This figure should be
compared with the calculations based on thermally averaged equations [660] which
show that a very large part of parameter space is chaotic, in contradiction to ref. [652]
(see fig. 25).
The analytical solution of ref. [658] does not show any chaoticity. To be more
precise, numerical solution of equation (356) is chaotic for large values of K sin 2θ.
However this chaoticity is related to numerical instability because with the increasing
coefficient in front of the r.h.s. of the equation, the minimal value of the asymmetry
becomes very small and can be smaller than the accuracy of computation. In this
case the calculated value of the asymmetry may chaotically change sign. However this
regime is well described analytically and it can be seen that the sign of asymmetry
does not change.
The chaotic behavior observed in the papers [659]-[663] has always been present
in a simplified approach the kinetic equations were solved for a fixed “average” value
of neutrino momentum, y = 3.15, so that the integro-differential kinetic equations are
approximated by much simpler ordinary differential ones. However, many essential
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Figure 24: Region of parameter space where the final sign does and does not oscillate
for ντ ↔ νs oscillations, according to ref. [652]
features of the process become obscured in this approach, in particular the “running
of the resonance” over neutrino spectrum, and it is difficult to judge how reliable
the results are. Moreover, the average value of 1/y that enters the refraction index
is 〈1/y〉 ≈ 1, and not 1/〈y〉 ≈ 0.3, though this numerical difference might not be
important for the conclusion.
Possibly fixed-momentum approach is not adequate to the problem, as can be
seen from the following very simple example. Let us consider oscillations between νa
and νs in vacuum. Then the leptonic charge in active neutrino sector would oscillate
with a very large frequency, ∼ sin(δm2t/E), for a neutrino with a fixed energy E.
However if one averages this result with thermal neutrino spectrum, the oscillations
of leptonic charge would be exponentially suppressed. Still this counter-example is
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white. The initial asymmetry was chosen to be Lin = 10−10.
also oversimplified and cannot be considered a rigorous argument against chaoticity.
It may happen, for example, that for smaller K, when saddle point does not give a
good approximation, the differential asymmetry ∆(q, y) may be an oscillating function
but the integrated (total) asymmetry is smooth. Another logical option is that for
a smaller K the integrated asymmetry is also chaotic but not large. However, one
cannot exclude a large asymmetry with a small K. It is possible that the fixed
momentum approach has an advantage of simplicity and by using this approach one
could discover important properties that remain obscured in more accurate methods.
Very recently there appeared the paper [664] where a numerical solution of complete
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momentum dependent kinetic equations was performed. The authors state that they
have found chaotic behavior of the solution. This statement contradicts analytical
results of ref. [658]. It is difficult to make a final judgment at this stage.
12.6 Active-active neutrino oscillations.
In the previous sections we considered oscillations between active and sterile neu-
trinos. Oscillations between active ones usually do not lead to modifications of the
standard picture because the oscillating partners are well in thermal equilibrium and
their density matrices do not evolve, remaining of the same equilibrium form as in the
case of no oscillations. However, initial neutrino states might be out of equilibrium
and in that case oscillations between active partners could produce interesting effects.
We will consider here a scenario where one of the active neutrino flavors has a large
initial charge asymmetry, which could be created by processes with leptonic charge
non-conservation in the very early universe. Examples of models leading to such state
are discussed in secs. 7,10. So the initial state at the moment when oscillations be-
come active could be e.g. a state with a large asymmetry in the sector, say, νµ or
ντ and zero asymmetry in νe. If there is mixing between νe and νµ (or ντ ) then part
of muon asymmetry could be transformed through these oscillations into electronic
asymmetry. The latter could have a noticeable impact on BBN.
Oscillations between active and sterile neutrinos in the presence of a large lepton
asymmetry would be strongly suppressed because the contribution of large asymmetry
into neutrino effective potential (277) makes the mixing angle in vacuum negligibly
small. This is not true for oscillations between active neutrinos. As was noticed
in ref. [606] and discussed in detail in series of papers [639]-[644] the effective po-
tential of oscillating active neutrinos is a non-diagonal matrix in flavor space. The
non-diagonal terms are induced by self-interaction of oscillating neutrinos. The pres-
ence of non-diagonal terms strongly alters the oscillation pattern. In particular, in
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this case the oscillations are no longer inhibited by a large charge asymmetry of the
plasma and neutrinos with all momenta oscillate as a single ensemble. Some more
surprising results were presented - in particular, it was argued that under certain con-
ditions the neutrino gas that initially consisted only of νe would go into pure muonic
neutrinos and not, as one would expect, into equilibrium state, equally consisting of
νe and νµ. Another surprising statement is that coherence may not be lost thanks
to non-linearity of the system. Possible CP-odd effects in neutrino oscillations, as
well as neutrino evolution in the presence of initial non-zero chemical potentials also
have been discussed in the papers cited above. A clear description of some of these
phenomena was presented recently in the paper [678].
As we have already mentioned oscillations between active neutrinos would be
unobservable if neutrinos are in complete thermal equilibrium. However neutrino
spectrum deviates from equilibrium due to e+e−-annihilation following neutrino de-
coupling [134, 135] (see sec. 4.2). Oscillations could change the distorted spectrum
and might be in principle observable in BBN [620]. This effect was considered in
ref. [642] and recently in ref. [679]. According to the calculations of the latter the
primordial abundance of 4He changes only by 1.5 · 10−4.
The kinetic equations used in the previous section can be easily modified to apply
to this case. Let us consider for definiteness oscillations between νe and νµ. One has
to take into account the self-interaction processes νeνµ ↔ νeνµ and νeν¯e ↔ νµν¯µ. The
refraction index is determined by the forward scattering amplitude and since νe and
νµ are considered to be different states of the same particle one has to include both
processes when there is a νe with momentum p1 in initial state and a νe or νµ with the
same momentum in the final state. The processes of forward transformation νe ↔ νµ
give non-diagonal contributions to refraction index. Such transformations always
exist, even among non-oscillating particles, but only in the case of non-vanishing
mixing the non-diagonal terms in the effective potential become observable.
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Now instead of expression (261) we have to use
H
(e,µ)
int = δE
(
hee heµ
hµe hµµ
)
≡ δE
2
(h0 + σ h) (389)
where δE = δm2/2E and σ are Pauli matrices.
It is convenient to present the density matrix as:
ρ =
1
2
(P0 + σP) =
1
2
(
P0 + Pz Px − iPy
Px + iPy P0 − Pz
)
. (390)
The elements of the Hamiltonian matrix (389) are expressed through the integrals
over momenta of the distribution functions of other leptons in the plasma and, in par-
ticular, of the elements of the density matrix of oscillating neutrinos themselves. The
latter contribute to non-diagonal matrix elements of the Hamiltonian. The structure
of these terms is essentially the same as the one discussed above for mixing between
active and scalar neutrinos, see eq. (277). The contribution of self-interaction of neu-
trinos and antineutrinos also contains two terms. One originates from non-locality of
weak interactions and is symmetric with respect to charge conjugation:
h+ =
Vsym
2π2
∫
dyy3
(
P+ P¯
)
. (391)
The second is proportional to the charge asymmetry in the plasma and equals
h− =
Vasym
2π2
∫
dyy2
(
P− P¯
)
(392)
One can find details e.g. in ref. [612]. An essential feature, specific for oscillations
between active neutrinos, is the presence of non-diagonal terms in the Hamiltonian (or
in refraction index). In the case of large lepton asymmetry in the sector of oscillating
neutrinos, the asymmetric terms in the Hamiltonian strongly dominate and, as a
result, the suppression of mixing angle in the medium, found for (νa−νs)-oscillations,
disappears.
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If the coherence breaking terms have the simplified form (283) the kinetic equa-
tions for density matrix become:
P ′0 = −γe
(
P0 + Pz
2
− fe
)
− γµ
(
P0 − Pz
2
− fµ
)
(393)
P ′x = −Py(c2 + hz) + Pzhy − Pxγeµ (394)
P ′y = Px(c2 + hz)− Pz(s2 + hx)− Pyγeµ (395)
P ′z = s2Py + (Pyhx − Pxhy)− γe
(
P0 + Pz
2
− fe
)
+ γµ
(
P0 − Pz
2
− fµ
)
(396)
where P ′j = (Hx/δE)∂xPj and the “time” variable x is defined according to eq. (47),
c2 = cos 2θ, s2 = sin 2θ, θ is the vacuum mixing angle, fe,µ are equilibrium distribution
functions with possibly different chemical potentials for νe and νµ, γa is the damping
coefficient for νe or νµ normalized to δE (see eq. (291)), and γeµ = (γe + γµ)/2.
If the temperature is sufficiently high and thus γ is non-negligible, these equations
can be accurately solved in stationary point approximation:
Px = Pz
(s2 + hx)(c2 + hz) + γeµhy
(c2 + hz)2 + γ2eµ
≈ Pz hx
hz
+ ǫx (397)
Py = Pz
(c2 + hz)hy − γeµ(s2 + hx)
(c2 + hz)2 + γ2eµ
≈ Pz hy
hz
+ ǫy (398)
where ǫj are small corrections satisfying
∫
dy y2(ǫ− ǫ¯) = 0.
Substituting these expressions into equations (394-396) and integrating over mo-
mentum we find:
hx = hz
s2c2
c22 + 〈γeµ〉2
, hy = −hz s2〈γeµ〉
c22 + 〈γeµ〉2
(399)
where 〈...〉 means thermal averaging. Substituting these expressions into eq. (396) we
obtain
P ′z = −Pz
s22γeµ
c22 + 〈γ〉2eµ
− γe
(
P0 + Pz
2
− fe
)
+ γµ
(
P0 − Pz
2
− fµ
)
(400)
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An analogous equation exists for antiparticles. We can further simplify these equa-
tions if we assume γe = γµ. In this approximation P0 disappears and we arrive at a
complete set of equations containing only Pz and P¯z.
The equilibrium distribution functions fe,µ depend upon the chemical potentials
ξνe or ξνµ. They can be expressed through the lepton asymmetries (nνa − nν¯a). If
the asymmetries are large (compared to the “natural” value, ∼ 10−9nγ), then the
z-component of the Hamiltonian is proportional to the difference:
(Lνe − Lνµ) ∼ hz ∼
∫
d3y(Pz − P¯z) (401)
If the coherence breaking term in eq. (400) is sufficiently large, Pz should be close
to its equilibrium value, with running chemical potentials, Pz ≈ P (eq)z ≡ (fe − fµ).
However, one cannot neglect the last term in eq. (400) because the small difference
Pz−P (eq)z is multiplied by a large factor γ. The coherence breaking terms disappear if
one subtracts from eq. (400) the corresponding equation for antiparticles and integrate
the difference over momentum. This follows from separate conservation of electronic
and muonic charges by the coherence breaking terms. This conservation permits to
impose an evident relation between γ and γ¯. Taking this difference and integrating
over momentum we obtain in the Boltzmann approximation:
h′z = −
1
2
hz
∫
d3y e−y
s22γe
〈γe〉2 + c22
(402)
This equation is rather accurate at sufficiently high temperatures, when coherence
breaking terms are non-negligible and c22 is not too small. Otherwise stationary point
approximation would be invalid.
The solution of this equation is straightforward. It shows that oscillations are not
suppressed by matter effects in the presence of large lepton asymmetry.
A detailed numerical investigation of oscillations between three active neutrinos
in the early universe is carried out in the paper [306]. An analysis of the impact of
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Figure 26: Evolution of neutrino chemical potentials for LMA case, θ13 = 0, and
initial values ξe = ξτ = 0 and ξµ = −0.1. Solid and dotted curves are obtained with
and without neutrino self-interactions respectively.
oscillating neutrinos on BBN was performed for the values of oscillation parameters
favored by the solar and atmospheric neutrino anomalies. For the large mixing angle
(LMA) solution flavor equilibrium is established in the early universe and all chemical
potentials ξe,µ,τ acquire equal values. The results of the calculations for this case are
presented in fig. 26. Since for these values of the parameters, asymmetries in muonic
and tauonic sectors are efficiently transformed into electronic asymmetry, the BBN
bounds on chemical potentials are quite strong, |ξa| < 0.07 for any flavor a = e, µ, τ .
For the LOW mixing angle solution, the efficiency of the transformation of muon
or tauon asymmetries into electronic one is not so efficient. The transformation
started at T < 1 MeV below interesting range for BBN. The results of calculations
are presented in fig. 27.
The results presented in these figures are valid for vanishing mixing angle θ13 (in
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Figure 27: Evolution of the neutrino degeneracy parameters for LOW case and the
initial values ξe = ξτ = 0 and ξµ = −0.1. Notations are the same as in fig. 26.
the standard parameterization of the 3 × 3-mixing matrix. An analysis of different
non-zero values of θ13 can be found in the paper [306].
12.7 Spatial fluctuations of lepton asymmetry.
A very interesting phenomenon was found in ref. [301]. Neutrino oscillations in the
presence of initially small baryonic inhomogeneities could give rise to domains with
different signs of lepton asymmetry. This effect is different from the chaotic am-
plification of asymmetry discussed above. As is shown in section 12.5.3 the initial
asymmetry first drops to an exponentially small value and after that starts to rise,
also exponentially, with a larger integrated exponent. Since the value of the asym-
metry at its lowest could be extremely small, it is sensitive to small perturbations,
which could determine the final sign of the asymmetry. This does not go in a trivial
way as e.g. spatial fluctuations of the sign in the minimum but in a somewhat trickier
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manner as will be explained below. As is argued in the original paper [301] (see also
ref. [666]), though small spatial fluctuations of the cosmological baryon asymmetry
do not create a change of sign at the minimum, they would induce the formation of a
domain with super-horizon sizes (at the moment of their creation) with large lepton
asymmetries of different signs. The fluctuations of the charge asymmetry themselves
are not directly essential - one can see from the results of secs. 12.5.3 that the final
sign of the asymmetry is the same as the initial one, if chaoticity (sec. 12.5.4) is
not present. However, initial isocurvature perturbations in the background asymme-
try, which enters the refraction index of neutrinos (278,279), would induce neutrino
diffusion and the diffusion term might have different signs in different space points.
According to the arguments of ref. [301], it may dominate the contribution of the
background asymmetry in the minimum and generate a sign difference in the final
large value of the lepton asymmetry. We will show below how it works.
This effect would have an important impact on BBN and on the subsequent neu-
trino oscillations. This phenomenon was further studied in ref. [666] in frameworks
of a one-dimensional model with momentum-averaged kinetic equations. The au-
thors argued that due to this effect the entire parameter range where the exponential
growth of lepton asymmetry takes place is excluded by BBN. In particular, the pro-
duction of sterile neutrinos through MSW resonance at the domain boundaries (with
varying density of leptonic charge) is so strong that it would invalidate the results of
refs. [648]-[650].
Let us consider the equation, modeling evolution of the lepton asymmetry in the
presence of small spatial inhomogeneities, used in ref. [301]. Following the notations
of this paper, let us denote the asymmetry of active neutrinos of flavor a as Lνa . The
combination that enters the refraction index of νa is 2Lνa+ L˜, where L˜ consists of the
contributions of other neutrino species, baryons, and electrons. Due to electric charge
neutrality, the last two are not independent. Preexisting fluctuations in neutrino
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asymmetry would be erased due to a large neutrino mean free path in cosmic plasma
after neutrino decoupling. So background asymmetry can be written as L˜ = L¯ +
δB(~x), where the first term is homogeneous and the last could be inhomogeneous
and related to the fluctuations in the baryon number. The evolution of the neutrino
asymmetry is described by the equation:
L˙να(~x, t) = a(t)
[
2Lνα(~x, t) + L¯+ δB(~x)
]
+D(t)∇2Lνα(~x, t) (403)
where D(t) is the diffusion coefficient, and the function a(t) is initially negative and
generates an exponential decrease of the asymmetry, but at some critical time tc it
changes sign and thus creates a huge rise of the asymmetry. It is essential that, while
a(t) is negative, the asymmetry drops down to a very small value. In a more accurate
formulation a would also depend on the asymmetry itself, but in what follows we are
interested in rather small values of the asymmetry, where non-linear effects are not
important.
The solution to this equation can be found by the Fourier transform and we obtain:
Lνα(x, t) = L¯
∫ t
tin
dt′ a(t′) e2
∫ t
t′
dt′′ a(t′′) + (404)
+ e
2
∫ t
tin
dt′ a(t′)
∫
d3k ei
~k~x Lˆνa(~k, tin) e
−k2
∫ t
tin
dt′D(t′)
+
+
∫ t
tin
dt′ a(t′) e2
∫ t
t′
dt′′ a(t′′)
∫
d3k ei
~k~x δBˆ(~k, tin) e
−k2
∫ t
t′
dt′′D(t′′)
Here “hut” indicates the Fourier transform of the corresponding function. The first
term in this expression can be explicitly integrated because the integration measure
dt′a(t′) is exactly the differential of the exponential. The integration of this term
gives:
(1/2)L¯
[
exp
(
2
∫ t
tin
dt2a(t2)
)
− 1
]
(405)
So we obtained a rising term (after some initial decrease) plus a constant initial value
of L¯.
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The second term can be also integrated because the initial value Lˆ(~k, tin) is sup-
posed to be homogeneous and so its Fourier transform is just delta-function, δ3(k).
The integral gives
L(in)νa exp
(
2
∫ t
tin
dt2a(t2)
)
(406)
where L(in)νa means the initial value, i.e. taken at t = tin. So if we forget about the
constant term L¯/2, we would have (L(in)νa +L¯/2) multiplied by the rising exponent. One
would get exactly this expression if one solves the equation for L˙νa in the homogeneous
case.
Let us now consider the last term which, according to the arguments of ref. [301],
could change the sign of the rising asymmetry, i.e. this last term could become the
dominant one. To evaluate the integral let us substitute:
δBˆ(~k, tin) =
∫
d3x1e
i~k~x1 δB(~x1) (407)
where δB(~x1) is the initial value of the inhomogeneous term. Now we can integrate
over d3k. We have the integral of the type
∫
d3k exp[−S2k2 + i~k(~x− ~x1)] (408)
the scalar product of vectors ~k and ~r = ~x− ~x1 is equal to ~k(~x− ~x1) = kr cos θ, and
S2(t) =
∫ t
tin
dt2D(t2) (409)
Integration over angles in d3k = 2πk2dkd(cos θ) is trivial, it gives sin kr/kr. The
remaining integration can be done as follows:
∫
dkk sin kr exp[−S2k2] = (d/dr)
∫
dk cos kr exp[−S2k2] (410)
and the remaining integration can be performed if we expand the range of integration
from minus to plus infinity. Introducing a new variable ~x1 = ~x − S(t1)~ρ we finally
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obtain
∫
dt1a(t1) e
2
∫ t
t1
dt2a(t2)
∫
d3ρ δB(~x− S(t1)~ρ) e−ρ2 (411)
This is the contribution the lepton asymmetry Lνa generated by the (small) baryonic
inhomogeneities. Its asymptotic rise at large t is similar to the rise of other terms,
but its exponential decrease at intermediate stage could be considerably milder. As a
result, this term could become dominant with the sign determined by the sign of the
fluctuations in the baryon asymmetry. We can see this in a simple example assuming
that the function a(t) has the form a(t) = a1(t− tc) and that the fluctuations of the
asymmetry are described by one harmonic mode: δB(~x) = ǫB cos~k0~x. This form of
δB could be inserted either into eq. (411) or into initial eq. (405) and we find for the
oscillating part of the asymmetry (up to a constant coefficient):
δL(~x) = a1ǫB cos~k0~x e
a1(t−tc)2−S2(t) k20
[∫ t−tc
tc−tin
dt1t1e
−a1t21+S2(t1) k20+
∫ tc−tin
0
dt1t1e
−a1t21
(
eS
2(t1) k20 − e−S2(t1) k20
)]
(412)
Both terms rise as exp[a1(t − tc)2], i.e. in the same way as the other homogeneous
terms (we assume that S(t) is finite at large t and not too large). The first term is
exponentially suppressed as exp[−a1(tc − tin)2] also at the same level as the homo-
geneous terms. The second term, which vanishes in the homogeneous case ( k0 = 0
or S = 0) is not exponentially suppressed. In the limit of a large a1 the integral
can be evaluated as ∼ S2(0) k20/a1. It is small but not exponentially small. Thus,
one can easily imagine a situation when the last term dominates and the resonance
enhancement of lepton asymmetry in the background of small fluctuations of baryon
asymmetry could create domains with large and different lepton asymmetry. The
effect is very interesting and deserves more consideration.
Chaotic diffusion of neutrinos from these domains would generate electric currents
by scattering of neutrino flux on electrons or positrons in primeval plasma. These
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currents, in turn, would create cosmic magnetic fields which could serve as seeds of
coherent galactic magnetic fields [667].
12.8 Neutrino oscillations and big bang nucleosynthesis.
There are several effects through which neutrino oscillations may have influenced
primordial abundances of light elements (we will speak here mostly about mixing
between active and sterile neutrinos):
1. If sterile neutrinos are created by oscillations before active neutrino decoupling,
then the effective number of neutrino species at nucleosynthesis would be larger
than 3. This effect, as is well known, results in an increase of mass fraction
of helium-4 and deuterium. If the oscillations were efficient after decoupling of
active neutrinos, then the total number density, active + sterile, would remain
unchanged and the effect on BBN of νµ−νs or ντ−νs mixing would be absent. On
the other hand, for the mixing between νe and νs, if excitation of sterile neutrinos
took place after νe decoupling, the production of νs would be accompanied by
the corresponding decrease in the number/energy density of νe. This in turn
would result in a higher temperature of n/p-freezing and also in a larger mass
fraction of 4He, though the total energy density of all neutrinos would remain
the same as in the standard model.
2. Oscillations may distort the spectrum of neutrinos and, in particular, of elec-
tronic neutrinos. The sign of the effect differs, depending on the form of spectral
distortion. A deficit of electronic neutrinos at high energy results in a smaller
mass fraction of helium-4, while a deficit of νe at low energy works in the op-
posite direction. A decrease of total number/energy density of νe (as discussed
in the previous point) would result in an earlier freezing of neutrino-to-proton
ratio and in a larger fraction of helium-4.
268
3. Oscillations may create an asymmetry between νe and anti-νe. If the spectra
of νe and ν¯e have the equilibrium form with a non-zero chemical potential then
the n/p ratio would change as n/p ∼ exp(−µνe/T ). Present day data permit
the asymmetry in the sector of electronic neutrinos to be at the level of a
few per cent (see sec. 10.3), i.e. much larger than the standard 10−10. In
reality the generation of charge asymmetry by oscillations may strongly distort
the spectrum of active neutrinos, in particular, of νe, and a more complicated
analysis is necessary. Even if asymmetry was strongly amplified or if it was a
primordial one but still remained below 0.01, its direct influence on BBN would
be negligible. It may, however, have an impact on nucleosynthesis in an indirect
way. Namely, the asymmetry that is larger by several orders of magnitude than
the standard one, could suppress neutrino oscillations through refraction index
so that new neutrino species corresponding to sterile neutrinos would not be
efficiently excited and/or the spectrum of νe would not be distorted.
Thus, one can see that the effects of oscillations may result either in a reduction or
an increase of primordial abundances of 4He and D. This effect is usually described
by the effective number of neutrino species, though the latter is different for 4He and
D. The impact on 7Li is more complicated.
Historically, the study of the impact of oscillating neutrinos was honed with time,
as additional effects were taken into account and more precise calculations were per-
formed. In ref. [54] only excitation of extra neutrino species by oscillations was con-
sidered. It was assumed that neutrinos have both Dirac and Majorana masses and
and therefore sterile states could be produced through oscillations. The condition
that only one extra neutrino species is permitted by BBN prompted the conclusion
that the mixing angle should be smaller than 0.01 and/or mass difference cannot be
larger than 10−6 eV2. However, the refraction of neutrinos in the primeval plasma
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was neglected, and thus the results of paper [54] were valid only for a sufficiently large
mass difference, δm2 > (keV)2. The refraction index of neutrinos [621] was correctly
taken into account in the paper [622], where the probability of excitation of sterile
states by oscillations was calculated. The paper mostly considered the non-resonant
case. Consideration of resonance was postponed for the subsequent paper [626]. Still
it was mentioned in [622] that resonance oscillations might have a strong impact on
the lepton asymmetry in the active neutrino sector and could even change the sign of
the neutrino asymmetry.
The probability of non-resonant production of sterile neutrinos was first estimated
in ref. [622] where the following expression was presented:
Γs = 〈sin2 2θm sin2 (tωosc) Γa〉 (413)
Here Γa is the production rate of ordinary (active) neutrinos in the primeval plasma
and the averaging is made over the thermal cosmic background. The mixing angle
θm and the frequency of oscillations in the medium δE are given respectively by
eqs. (304) and (299). This frequency is normally very high so one can substitute
sin2(δE t) = 1/2. The rate of active neutrino production can be parameterized as
Γa/H = (T/Ta)
3 (414)
where H is the Hubble parameter and Ta is the freezing temperature of the active
neutrinos of flavor a = e, µ, τ . For T < Ta the production of νa is effectively switched
off. Using this and other expressions above we conclude that the equilibrium of sterile
neutrinos is not established [622] for:
sin4 2θ|δm2| ≤ 6 · 10−3eV2 (Ta/3MeV)6 (415)
If BBN permits ∆Nν < 1 additional effective neutrino species the r.h.s. of this bound
would be smaller by the factor (∆N)2. The values of the freezing temperature taken
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in ref. [622] were Tνe = 3 MeV and Tνµ,ντ = 5 MeV. They correspond to the freezing
of (inverse) annihilation l l¯ → ν ν¯, where l is a light lepton (electron or any active
neutrino). As we saw in sec. 12.4 this is not so and the limit is underestimated.
The other groups [623]-[627], [627]- [629], [632] used formally the same result (413)
but argued that the total rate of reactions with active neutrinos should be substituted
for Γa. The latter is approximately an order of magnitude larger than the annihilation
rate and the corresponding limit would be much stronger. The argument in favor of
this choice was that sterile neutrinos were produced in any reaction with a related
active ν and not only by inverse annihilation. On the other hand, it is evident that
pure oscillations conserve the total number nνa+nνs, as well as elastic scattering does.
If no new active neutrinos are produced by some inelastic processes, this conservation
law remains intact and the effective number of neutrino species at BBN is not changed
by the oscillations. However, if the bulk of sterile neutrinos is produced at sufficiently
high temperatures, when annihilation is in equilibrium, then active neutrino states
are quickly re-populated by inverse annihilation and the rate of their production is
proportional to the total neutrino reaction rate as is argued in the papers quoted
above. According e.g. to ref. [116] the limits are δm2 sin4 2θ < 5 ·10−6∆N2ν for νe and
δm2 sin4 2θ < 3 · 10−6∆N2ν for νµ,τ .
A somewhat more accurate treatment of kinetic equations (286-289) reveals that
in all the estimates made in the previous literature the factor 1/2 has been omitted
in the rate of production of νs (see eq. (305)). A correction by this factor makes the
bounds 4 times weaker. The solution of kinetic equations made in sec 12.4 under
assumption of kinetic equilibrium of active neutrinos leads to the bound which is
weaker than the quoted ones by another factor 1.5 (so that the total factor is 6). The
last discrepancy is not too large and may be explained by different approximations
made in the solutions.
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A surprisingly strong and different in power of sin2 θ limit was claimed in ref. [280]:
δm2 sin2 2θ < 1.6 ·10−6. The authors argued that the probability of creation of sterile
neutrinos is proportional to (ΓW/H)
2 in contrast to the usually obtained first power of
this factor. This discrepancy is probably related to misinterpretation of the conversion
probability versus total probability of production found in ref. [280].
There is a continuing activity in the field and more bounds for different special
cases are obtained. The limits on oscillation parameters that were found in the pa-
pers. [116, 629, 632] were reconsidered (and relaxed) in ref. [633] for the case of high
primordial deuterium. Nucleosynthesis constraints on the oscillation parameters in
a concrete model of four-neutrino mixing (three active and one sterile) were con-
sidered in refs. [634]-[637]. The values of the parameters were taken in the range
indicated by the direct experimental and solar neutrino data, e.i. δm221 ∼ 10−5eV2,
δm243 ∼ 10−2eV2, and δm231 ∼ 1eV2. Complexities due to possible resonance tran-
sitions and the related rise of lepton asymmetry were disregarded. Because of that
the results could be applicable only to non-resonance signs of mass differences. The
effective rate of active neutrino production included both inverse annihilation and
elastic scattering, however, as we argued above, the results should be reconsidered
for the weaker production rate by the factor 1/2.
It is worth noticing that the bounds are obtained under the assumption that
active neutrinos have standard weak interaction. In the case of additional stronger
interactions, the refraction index of neutrinos would be larger and the oscillations in
the medium would be more strongly suppressed. For example, in the case of additional
coupling of neutrinos to majorons the limits discussed above are relaxed by several
orders of magnitude [630] and sterile neutrinos would not be dangerous for BBN.
Similar arguments were presented recently in ref. [631].
If oscillations take place between νe and νs, another effect may be important [622]:
if the equilibrium is not reached, the number density of νe would be depleted because
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of transformation into νs after νe decoupled from the cosmic plasma. This is turn
would result in an earlier freezing of neutron-proton transformations and in a larger
n/p-ratio. This effect permits to exclude small values of the mass difference, down to
10−7 eV2, for large mixing angles, sin2 2θ > 0.4. However the spectrum distortion of
electronic neutrinos caused by oscillations was neglected in derivation of this bound;
this effect is discussed below.
Resonance oscillations of neutrinos were considered in the early papers [623]-[632]
in adiabatic approximation. In refs. [623, 627] it was argued that the oscillations
drive lepton asymmetry in active neutrino sector down to zero independently of the
existence of resonance transition. This result disagrees with with refs. [622, 626].
In the second of these papers it was found that lepton asymmetry is exponentially
unstable with respect to oscillations and is not driven to zero but, on the opposite, is
enhanced. Another interesting effect mentioned in ref. [622] is a possible parametric
resonance phenomenon in neutrino oscillations in medium. In the case of resonance
oscillations the parameter space excluded by BBN is significantly larger and surpris-
ingly the results of the papers [625],[626], and [632] are rather close to each other. For
sin2 2θ > (a few )·10−2 the mass difference above 2·10−7 eV2 is excluded; for a smaller
mixing the limit is roughly sin4 2θδm2 ≥ 5 ·10−10eV2. However, one should take these
results with great caution because the simplifications made in the calculations may
be non-adequate for the resonance case. A very essential approximation that strongly
simplified the calculations was the use of thermally averaged kinetic equations. In
this case, instead of infinitely many modes for different neutrino momenta, all matrix
elements of neutrino density matrix were taken at the average momentum 〈p ≈ 3T 〉.
Hence instead of integro-differential equation containing an integral over d3p from
neutrino distributions, which is especially important for the charge asymmetry term
in the refraction index, one got a much simpler set of ordinary differential equations.
However, spectral effects are of primary importance and the average approach could
273
be misleading. A detailed derivation of quantum kinetic equations and an analysis of
applicability of momentum-averaged approach can be found in ref. [638].
Unfortunately in the early papers the oscillations were considered in one mode
approximation, when all relevant quantities were averaged over neutrino spectrum,
as we have already mentioned above. This permits reducing the problem to the func-
tions of one variable - time - instead of both time and momentum. Of course in the
frameworks of this formalism one cannot even pose the question about the real spec-
trum of neutrinos. First works that did not make this simplifying assumption, where
the elements of density matrix depending of both variables p and t were considered,
were done in refs. [530]-[672]. Kinetic equations governing evolution of density matrix
of oscillating neutrinos were numerically solved for relatively small mass difference,
δm2 ≤ 10−7 eV2 and arbitrary vacuum mixing angle. Such small mass difference
allows the following simplifications: 1) the effect of coherence breaking are not im-
portant, so one could use eqs. (286-289) without damping terms; 2) a small value of
δm2 results in a small oscillation frequency and this stabilizes computations; for a
larger δm2 a significant numerical instability appears.
The authors noticed an important role of the distortion of the spectrum of elec-
tronic neutrinos by the oscillations as well as the effect of depletion of νe by trans-
formation into νs on BBN. According to their observation the spectrum distortion
cannot be adequately described by the shifting of the effective neutrino temperature.
The analytical fit to the bound on the oscillation parameters that follows from the
consideration of primordial 4He can be written as [671]:
δm2
(
sin2 2θ
)4 ≤ 1.5 · 10−9 eV2, for δm2 < 10−7 eV2. (416)
The evolution of lepton asymmetry due to oscillations was studied both for reso-
nant and non-resonant cases. In the non-resonant case the initially small asymmetry,
i.e. of the order of the baryonic one, remains unnoticeable for nucleosynthesis [668].
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In the resonant case the asymmetry might be considerably amplified by the resonance
transition. An analysis of 4He-production in the presence of neutrino oscillations with
a small mass difference, δm2 < 10−7 eV2 was performed recently in ref. [680]. It was
shown that the mass fraction of 4He may increase up to 14% in non-resonance case
and up to 32% in the resonance case.
The impact of the amplification of the asymmetry on BBN for a larger mass
difference has been studied in refs. [647]-[650], [653]. In the case of (νe − νs)-mixing
the impact of asymmetry generation on BBN is very strong and the result depends
upon the final sign of the asymmetry in νe − ν¯e sector. If the asymmetry is negative
so that nνe < nν¯e , the mass fraction of the produced
4He increases. This corresponds
to a positive contribution to the number of effective neutrino species. In the opposite
case the effect is negative. The magnitude of this contribution into N (eff)ν , according
to the calculations of ref. [653], as a function of mass difference is presented in fig. 28.
In the case of more complicated mixing between all active neutrinos and one sterile
ν (which is necessary to explain all neutrino anomalies) the process of asymmetry
generation in νe-sector might proceed in two stages [647, 648, 533]. First, a large ντ -
asymmetry was generated by the resonance transition ν¯τ − ν¯s. At the second stage,
the oscillations ν¯τ − ν¯e created some asymmetry in νe − ν¯e sector. As was argued
in ref. [647] for the model with mντ ≫ mνµ,νe,νs the net result is either N (eff)ν = 3.4
or N (eff)ν = 2.5 in a rather wide range of mass difference, δm
2 = 10 − 3000 eV2.
In ref. [648] a different mass pattern was considered: mντ ∼ mνµ ≫ mνe,νs with the
mixing angles favored by the experimental data. In this case, according to ref. [648],
N (eff)ν = 3.1 or 2.7. The mirror universe model with three extra mirror neutrinos
mixed with three “our” ones is considered in ref. [533]. A bigger freedom of the
model permits to explain the atmospheric neutrino anomaly by (νµ − ν ′µ)-mixing
(where ν ′µ is the mirror muon neutrino) without distorting successful prediction of
BBN. The number of extra neutrino species in the model can change from (-1) to
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Figure 28: Change in the effective number of neutrino species for BBN, ∆Nν versus
−δm2 for the case sin2 2θ = 10−8 and Lνe > 0, according to ref. [653]
(+1). The results of these works disagree with ref. [681] where it was argued that
the νµ − νs solution to the Super Kamiokande data [45, 46] could evade the BBN
bounds only for a very large mass difference, 200eV2 < δm2 < 104eV2. It was also
argued in this paper [681] that the effects of time variation of neutrino asymmetry
and non-instantaneous repopulation would strongly change the BBN limits found in
the papers [647, 648]. On the other hand, the calculations of refs. [647, 648] were
re-examined in the work [650], where it was found that the corrected results are in
rough agreement with the earlier papers [647, 648] and the corrections are not crucial.
Some more discussion of the problem can be found in refs. [682, 683]. All the groups
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at least agree that the Super Kamiokande data [45, 46] on atmospheric neutrino
anomaly in principle could be compatible with BBN in the resonance case when a
large lepton asymmetry in νe-sector are generated, while it is not so if asymmetry is
small [648, 681].
As we have already mentioned the new data from SNO and SuperKamiokande
experiments disfavor pure active-sterile neutrino mixing (see however [55]). An anal-
ysis of four neutrino mixing of 2 + 2 and 3 + 1 types has been performed recently
in ref. [186]. It has been shown there that in both schemes sterile neutrinos are
completely excited in the plasma and ∆Nν = 1. According to the same paper, this
result in the case of small lepton asymmetry contradicts the combined BBN + CMBR
data which permit only ∆Nν < 0.3. A possible way out is to suggest another sterile
neutrino with such a mixing that allows to generate a noticeable electron neutrino
asymmetry.
The effect on BBN of primordial lepton asymmetry, considerably larger than 10−10
in νe sector, was analyzed in refs. [669, 670] for small mass differences, |δm2| < 10−7
eV2. While in the absence of oscillations, BBN is sensitive only to asymmetry at the
level above 10−2, much smaller values of asymmetry become important if oscillations
take place. The effect is indirect - the asymmetry changes the light element production
through its influence on neutrino oscillations and they, in turn, change number density
and spectrum of active neutrinos. The asymmetry in the range 10−7 < |L| < 5 · 10−6
has a complicated impact on the oscillations. It could either enhance or suppress
oscillations depending on the concrete values of the parameters. Thus the restrictions
on the values of δm2, sin 2θ, and L could be either weaker or stronger. Smaller |L|
have very little influence on BBN, while |L| larger than 5·10−6 strongly suppresses the
oscillations. These results can be only obtained if complete (not thermally averaged)
equations are used. As is argued in these works, in the case of δm2 > 0, when the
“averaged” resonance transition is absent, there could be a resonance, say, in neutrino
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transition but only for a certain momentum value. This transition can change the
lepton number and after some time the resonance condition for neutrinos ceases to
be fulfilled, but becomes valid for antineutrinos. So the process proceeds through
“alternating” resonances. Of course this phenomenon would be lost after thermal
averaging.
A hot dispute arose between two groups [684, 685] and [669, 670] in connection
with the role of lepton asymmetry in oscillations and BBN. Though one cannot say
that there is direct contradiction between them because the oscillations are considered
in non-overlapping range of parameters, δm2 < 10−7 eV2 in ref. [669] and δm2 ∼
10−2 − 103 eV2 in ref. [684], some qualitative difference between the conclusions of
the two groups can be found. An advantage of the calculations [669] is an exact
numerical solution of kinetic equations for each momentum mode (see discussion
above), in contrast to an approximate approach of the group [684], who works in the
parameter region where numerical calculations are much more complicated. More
work in this direction is definitely in order.
Possibly the case of a large mixing angle, sin 2θ > 10−3 and a large mass dif-
ferences δm2 ∼ eV2 can be treated rather reliably even in approximate resonance
approach [686, 687] (compare with sec. 12.5). The authors considered the parameter
range favored by the existing experimental indications on neutrino oscillations. They
found a large suppression in the low energy part of the spectrum of both neutrinos
and antineutrinos relative to the thermal distribution and showed that this spectral
distortion has an impact on primordial 4He at the level of several per cent - which is
within a range sensitive to observational constraints.
A recent review of some of the problems discussed in this subsection can be found
in ref. [688].
278
12.9 Summary
Although great progress has been made in understanding the physics of neutrino
oscillations in the early universe, still a few unsettled problems remain. The case
of small mass difference, |δm2| ≤ 10−7 eV2 is relatively simple. The oscillations in
this case became effective late enough to allow neglecting the loss of coherence and
the repopulation of active neutrinos. Numerical solutions [530]-[672] look stable and
sufficiently accurate.
The approximate treatment of the non-resonant case and the corresponding bounds
on the oscillation parameters from BBN in principle does not create any serious prob-
lem, though all the papers have missed the factor 1/2 in the estimate of production
rate of sterile neutrinos (305,413). The disagreement between the works [622] and sub-
sequent ones [116, 629, 632] on whether the rate of reproduction of active/sterile neu-
trinos should include only inverse annihilation or elastic scattering as well (see discus-
sion in secs. 12.4,12.8) is resolved in favor of the later papers but the BBN bounds on
the oscillation parameters are between the results of ref. [622] and refs. [116, 629, 632],
because according to the calculations of sec. 12.4 the correct bound is weaker by fac-
tor 6, from which factor 4 is explained by the missed factor 1/2 mentioned above and
the origin of the other 1.5 is unclear.
The huge rise of lepton asymmetry [298] up to 0.375 in the resonance case is con-
firmed by several different methods [298],[645]-[654], [658] and can be very interesting
for BBN [653]. An important unresolved issue related to the rising asymmetry is its
possible chaotic, oscillating behavior. It was observed in the papers [659]-[664], [681]-
[687] and is not supported by other cited in sec. 12.5.4. The difficulty of the numerical
approach is that the integral of the charge asymmetric diagonal part of the density
matrix over momentum (345) contains quickly oscillating functions and enters kinetic
equations with a large coefficient. Hence it is difficult to separate the real oscillating
279
behavior from numerical artifacts. The effect of chaoticity was definitely observed
in the framework of the simplified thermally averaged equations but was not seen or
proven within the exact momentum dependent ones, except for the recent work [664].
On the other hand, chaoticity might appear in the range of parameters where neither
analytical methods nor numerical ones are applicable.
Oscillations among active neutrinos do not lead to noticeable effects in BBN if
initial lepton asymmetries are small. If it is not so, the asymmetries would be equili-
brated in the case of the LMA solution and the BBN bound on neutrino degeneracy
would be more restrictive than that without oscillations. For the LOW solution the
impact of neutrino oscillations on BBN is much weaker (sec. 12.6).
13 Neutrino balls.
A very interesting phenomenon may take place in left-right symmetric electro-weak
theory. Since usually the left-right symmetry is assumed to be spontaneously broken,
and so right-handed bosons and right-handed Majorana neutrinos are very heavy
over our “left” vacuum, while they are light over “right” vacuum, and, vice versa,
our neutrinos that are light over our vacuum are heavy over “right” vacuum state.
However, if the symmetry breaking was spontaneous, but not explicit, these two
vacuum states would be degenerate. As a result of a phase transition in the early
universe mostly the left vacuum state was formed (at least in the visible part of the
universe. However, small bubbles of another, right, vacuum state might also remain.
Models leading to such an apparent violation of left-right symmetry can be built,
but we will not go into detail here. Discussion and reference can be found in the
papers [689, 690, 691]. The small bubbles of wrong (i.e. “right”) vacuum remaining
after hot cosmological epoch could be stable or, to be more exact, long-lived and could
have survived to the present day. They form quasi-stable non-topological solitons,
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or so called neutrino balls [689], supported against collapse by the pressure of right-
handed neutrinos that are light inside the ball and heavy outside. Thus the wall
between two vacuum states is impenetrable for neutrinos, while it is transparent for
electrons, positrons and photons that are common for the left-handed and right-
handed worlds.
The pressure exerted by the surface tension
pst = 2σ/R, (417)
where σ is the surface energy density and R is the radius of the ball, should be
balanced by the pressure of the neutrino gas inside the ball. The mass of the ball
consists of the mass of the wall separating the two vacua and the mass of neutrino
gas inside:
Mball = 4πR
2σ +
4
3
6σ
R
πR3 = 12πR2σ (418)
When the radius of a ball enters cosmological horizon micro-physical processes inside
the ball determine its evolution. Typically, cosmological expansion is turned into
contraction forced by the surface tension. The neutrino gas inside becomes degenerate
with the chemical potential (the same for neutrinos and antineutrinos) equal to [689,
690]:
µ ≈ 0.15MeV σ3/8TeVM−1/86 (419)
where σTeV = σ/TeV
3, M6 =Mball/10
6M⊙, and M⊙ = 1.99 · 1033 g is the solar mass.
The equilibrium radius of such a ball is
Req = 3 · 1012 cmM1/26 σ−1/2TeV (420)
If the ball mass is greater than 108M⊙σ−1TeV, the equilibrium radius is smaller than
the gravitational radius and such balls would form primordial black holes and exist
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forever. Neutrino balls with masses below 104M⊙σ3TeV would be very short-lived due
to the process νRν¯R → e−e+. For heavier balls and correspondingly for µ < me this
process is energetically impossible and other weaker mechanisms of burning would
be essential. The process νRν¯R → 2γ proceeds only in the second order in weak
interaction [692] and is negligible. The reaction νRν¯R → 3γ would burn the balls out
during the time [689]:
τ3γ = 10
14 (me/µ)
13 sec (421)
Another possible reaction that could destroy the ball is
νRν¯Re→ eγ. (422)
It gives the life-time [690]:
τγ = 4 · 1021
(
me
µ
)4 (
1 eV3
ne
)
sec (423)
where ne is the electron number density inside the ball. Normally this process is sub-
dominant with respect to 3γ-burning but matter accretion on neutrino balls could
create a much larger number density of electrons, up to [691] ne = 10
9σ
3/2
TeVM
−1/2
6 eV
3.
In fact the number density should be somewhat smaller because the matter accretion
must stop when the ball reaches critical (Eddington) luminosity. In this scenario
neutrino balls remain stable for a long period - practically until the present time -
and then emit their mass during 10-100 million years emitting about 0.1 solar mass
per year.
Some further studies of the properties of neutrino balls, with gravity effects taken
into account, can be found in the papers [693, 694, 695]. Properties of neutrino balls
in a supersymmetric model are considered in ref. [696].
Possible cosmological and astrophysical implications of these objects are rather
interesting. Firstly, they could form primordial black holes if their mass exceeds the
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value 108M⊙/σTeV. The latter could be seeds for galaxy formation. For smaller masses
they are unstable and may have luminosity close to that of quasars. This opens a
competing mechanism for the central engine of quasars [690, 691, 693] instead of the
canonical one by the accretion of matter on a superheavy black hole. Possibly both
mechanisms could be operating and heavy neutrino balls that formed black holes are
active galactic nuclei (and heavy quasars), while the lighter ones are (or better to say,
were) short-lived quasars that can be observed only in distant parts of the sky (at
relatively large red-shifts).
As argued in ref. [697], neutrino balls could present a viable model for gamma
bursters if a supernova were captured by a ball and exploded inside. However, more
probable is a capture of an ordinary or neutron star by a neutrino ball. This captured
matter could create a strong outburst of energy by the reactions similar to (422).
The term “neutrino balls” (or “neutrino stars”) was later used in the litera-
ture [700]-[708] in a very different content. Namely it was assumed that massive
neutrinos could form gravitationally bound stellar-like structures and the works fo-
cused on the properties and implications of such objects. Although it is possible that
non-relativistic self-gravitating neutrinos may form stable stellar mass (or million
stellar mass) objects, the mechanism of their formation is unclear. It is a difficult
problem to form a gravitationally binded system at stellar scale from dissipationless
particles. This problem is addressed in a recent paper [708], where authors argue that
“dissipationless formation of a heavy neutrino star in gravitational collapse is numer-
ically demonstrated”. The value of neutrino mass assumed in the models is about 10
keV, so an additional annihilation mechanism must be introduced to avoid contradic-
tion with Gerstein-Zeldovich bound. This can be achieved by an anomalous neutrino
interaction with a new light boson. Such new, stronger-than-weak, interaction could
also aid the formation of a gravitationally bound system of heavy neutrinos, helping
with energy dissipation. Massive neutrinos with 10 keV mass that escaped capture
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into neutrino stars, could form halo of dark matter around different astronomical
objects and, in particular, around the Sun. Possible observational manifestation of
this form of dark matter are discussed in ref. [706].
The massive object in the center of our Galaxy (Sgr A∗) may possibly be identified
with a neutrino ball. Normally it is assumed that the Galaxy hosts a supermassive
black hole with the mass about 3 · 106M⊙. This hypothesis implies the luminosity
close to 1041 erg/sec but the observed luminosity from radio to γ-ray frequencies is
below 1037 erg/sec. A possible way to solve this problem is to assume that the object
in the galactic center is a gravitationally bound system of massive neutrinos discussed
in the previous paragraph. This hypothesis was recently analyzed in ref. [709], where
it was found that to satisfy astrophysical constraints, the neutrino mass should be in
a rather narrow interval: 11 keV < mν < 24 keV.
14 Mirror neutrinos.
The idea that there may exist another world, which communicates with ours through
gravity and possibly, though not necessarily, through some other very weak inter-
action, has a long history. After it became known that CP-parity is broken [710],
Kobzarev, Okun, and Pomeranchuk [711] suggested that invariance with respect to
a modified CP reflection could be restored if the particle content of the theory is
doubled, i.e. there exist two parallel worlds, ours and the mirror one, related by a
new generalized CP-transformation. Of course, if these worlds communicate/interact
in any way they should have common gravitational interaction. An analysis of other
possible interactions, that could connect the two worlds, was performed in ref. [711].
It was shown that, in addition to gravity, mirror particles might possibly be connected
to us only through some new very weak, weaker than normal weak, interaction. In
the same paper [711] a possible existence and detection of macroscopic astronomical
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bodies consisting of mirror matter were discussed. Later, in 1980’s Okun [712] con-
sidered a possibility that an interaction between the two worlds might be not very
weak if it proceeded through an exchange of new neutral mesons.
Another type of particle doubling was assumed in ref. [713] in an attempt to
explain the decays seen by Cronin et al [710] without breaking CP by introducing
shadow K-mesons and other shadow particles. It was proposed in this paper that the
two worlds were not symmetric, the mirror symmetry was broken and the properties
of ours and mirror, or now better to say, shadow particles were different.
A possibility of some particle doubling was mentioned in the paper by Lee and
Yang [714], where parity violation was proposed. The authors suggested that parity
might remain an exact symmetry of the theory if, in addition to left-handed protons
of our world, there exist mirror symmetric protons, so in a broad sense there is left-
right symmetry in the Lagrangian. In this picture the observed right-left asymmetry
is prescribed to a local preponderance of, say, left-handed protons over right-handed
ones. According to ref. [714], the interactions between pR and pL is not necessarily
weak and they might interact with the same electromagnetic and even the same pion
fields, but it was later shown [711] that this could not be true.
The hypothesis of mirror (shadow) particles/universe was later elaborated in many
papers [715]. An interesting implication of the idea of a mirror world is the possibil-
ity of explaining the smallness of neutrino mass [716, 717] by an analog of see-saw
mechanism (see sec. 16).
As was suggested in two pioneering papers, there are two possible types of sce-
narios of parallel worlds: the first is the case of exact symmetry between the worlds,
so that the physics there is identical to ours and the other one is the case of different
physics, which could be due to a different pattern of symmetry breaking in the two
worlds. The first version is often called the exact parity symmetry or mirror case,
while the second one is referred to as a shadow universe.
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Cosmological implications of the existence of another practically sterile (except
for gravity and possibly very weak interactions) universe, especially in connection
with dark matter, were considered in many papers [718], but in what follows we will
concentrate only on those which are related to neutrino physics. In a model with
a broken mirror symmetry [534, 535] the scale of electroweak symmetry breaking
in the shadow world was taken to be 30 times larger than our electroweak scale.
Correspondingly shadow neutrinos would be about 1000 (i.e. 302) times heavier than
our neutrinos, and if the latter have the mass in eV range the former could have
keV mass and contribute to warm dark matter (see sec. 11). Due to asymmetric
inflationary reheating that could give different temperatures to our and the shadow
worlds, the number density of the heavy shadow neutrinos would be sufficiently small
to avoid a contradiction with the Gerstein-Zeldovich limit. Smaller temperature of
the shadow world would make it non-dangerous at BBN as well.
In the model of refs. [534, 535] interactions between the worlds, in addition to
gravity, proceeds through mixing between neutrinos, so the shadow neutrinos would
be perceived in our universe as sterile neutrinos slightly mixed with the active ones.
This idea was proposed earlier in refs. [719, 720] in the framework of the exact parity
model. In a simultaneous paper [721] it was argued that even if the original coupling
between the worlds was only due to gravity, quantum gravity effects on the Planck
scale would induce mixing between our and mirror neutrinos. Thus, the mixing
between neutrinos in the two worlds is inevitable or, at least, quite natural and
they would be produced in the early universe through coherent oscillations that are
discussed in sec. 12, and where the BBN bound on the oscillation parameters are
presented.
The implications of mirror neutrinos for the early universe cosmology in the exact
parity models are considered in detail in ref. [533], see also [722]. In the simplest
versions of these models one would expect that the cosmological energy density of
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mirror particles and ours should be equal. In particular, they should be equal at BBN.
The contribution of mirror particles in this case corresponds to the effective number
of neutrino species slightly over 9, and is definitely excluded (see sec. 6). However, in
the case of resonance oscillations between ours and mirror neutrinos a large lepton,
especially electron, asymmetry can be generated in our world (see secs. 12.5, 12.8).
This asymmetry would have a strong impact on BBN, either enlarging or diminishing
the effective number of neutrino species. The analysis of oscillations including 3 active
and 3 sterile flavors was performed in ref. [533] (for the earlier work see ref. [723]),
where it was shown that the exact parity model was consistent with BBN for a large
region of the oscillation parameter space. On the other hand, even in the case of
exact mirror symmetry in the Lagrangian, the cosmological evolution of the different
worlds could be different (a kind of spontaneous symmetry breaking) and the energy
density of mirror particles might be much smaller than ours.
15 Neutrino and large extra dimensions.
It was suggested several years ago [240] that the characteristic scale of gravity might
be a few TeV instead of the usual Planck scale 1019 GeV. This could be realized if
there are extra dimensions in addition to the usual 3 + 1. The Standard Model (SM)
fields live in the (3 + 1)-dimensional brane, while gravity and possibly some other
fields could propagate in the bulk including the brane plus additional dimensions.
The latter are compact and the compactification scale could be as large as a fraction
of mm. The standard left-handed neutrinos localized in the bulk could mix with SM-
singlet fermions propagating in the bulk [724]-[729] and would be interpreted in our
world as sterile neutrinos. In the model of refs. [726, 730] the mass of active neutrinos
and the non-diagonal matrix elements of the mass matrix are determined by one free
parameter, mi, while the diagonal entries for the bulk neutrinos are equal to n/R,
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where R is the size of the extra dimensional manifold. According to ref. [730] the
mass matrix of mixed bulk and brane neutrinos has the form:
Mi =


mi
√
2mi
√
2mi · · ·
0 1/R 0 · · ·
0 0 2/R · · ·
...
...
...
. . .

 (424)
The model describes one active neutrino with mass mνa and the infinite tower of
sterile ones with the masses n/R and mixing angles essentially given by sin θ ∼ mνaR
(if the latter is small, mνR≪ 1). For details see e.g. ref. [730].
The infinite tower of sterile neutrinos might be dangerous for BBN. This problem
was sketched in ref. [730], where it was argued that the effect of these νs is not
catastrophically large and even might be compatible with BBN. The essential point
on which this conclusion is based is that the mixing angle diminishes with the rising
number of excitation, n, so the effect of all the tower on BBN is at most as that of
one neutrino species. An accurate treatment demands solving the infinite system of
the coupled kinetic equations for the density matrix, and that has not yet been done.
A more extensive analysis was carried out in ref. [731], where not only BBN but
also data on CMBR, structure formation and diffuse photon background were taken
into consideration. The effective number of neutrino species at BBN corresponding
to j-th Kaluza-Klein (KK) excitation of the bulk neutrinos, analytically estimated in
this work, is
∆Nνj ∼ 10−3
(
mν
1 eV
)2 ( gf∗
gp∗k
)
(425)
where mν is the active neutrino mass, and the last factor approximates the dilution
effect caused by the ratio of relativistic species at the active neutrino decoupling
and at the maximum production of the Kaluza-Klein mode j. The temperature of
the latter is approximately: Tmax = 133 MeV (mj/1 keV)
1/3 (see eq. (323)). The
288
result (425) noticeably differs from that of ref. [730] and more work is desirable to
resolve the controversy.
Taken together, the cosmological constraints discussed in ref. [731] deal a serious
blow to the simple model of bulk neutrinos mixed with the usual active ones. How-
ever, as the authors noted there could be simple modifications of the models that
might allow circumventing the constraints. First, the mixing angle and life-time of
KK neutrinos are model dependent and it is possible to modify the particle physics
framework to avoid contradictions with cosmology. Second, the result depends upon
the geometry of the bulk. In particular, the compactification would not necessarily
be toroidal one or there might be additional branes in the bulk that could change the
decay properties of heavier neutrinos. Thus cosmology can definitely restrict certain
models of sterile neutrinos coming from large extra dimensions, but at the present
time it cannot rule out the general idea.
The BBN constraints on the models with large extra dimensions [730, 731] have
been derived for the case of ≥ 2 extra dimensions. In ref. [732] the models with one
extra dimension and with the string scale ∼ 109 GeV have been studied. It was shown
there that such models are compatible with BBN and the mixing of bulk to active
neutrinos is in the range interesting for solar neutrino oscillations.
16 Neutrinos and lepto/baryogenesis.
If cosmological baryon asymmetry originated from previously created lepton asymme-
try [733], one can obtain quite restrictive bounds on neutrino mass in many realistic
models of particle physics. In short, the idea is as follows. It is believed that sphaleron
processes [734], operating above the electroweak phase transition, would destroy all
preexisting cosmological charge density of (B + L). In principle, the same processes
could generate (B + L) at lower temperatures when the phase transition was in pro-
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cess. This would require deviations from thermal equilibrium, which could be effective
only if the phase transition was first order.
Heavy Higgs makes this option practically excluded. For the reviews see refs. [296],
[735]-[738]. If electroweak processes are able only to destroy preexisting asymmetry
and not to create one, we would need either low temperature baryogenesis or some
mechanisms to create a non-zero (B − L) prior to EW phase transition. This dif-
ference, (B − L), is conserved and electroweak processes can transform it into some
nonvanishing and generically non-equal lepton and baryon asymmetries (see below,
eq. (434)). This way, the observed baryon asymmetry of the universe might be gen-
erated. This scenario is reviewed in refs. [739, 740, 741].
A possible mechanism of creation of lepton asymmetry is a decay of a heavy
Majorana neutrino [742], νM . The existence of such a particle permits a natural
explanation of the small masses of observed left-handed neutrinos by a mixing with
the heavy Majorana companion (the so called see-saw mechanism [743]). Lepton
asymmetry, created by out-of-equilibrium decays of heavy νM , was generated at a
period when the rate of lepton charge production:
ΓL = ΓMnνM/T
3 ≈ αMmM exp(−mM/T )(mM/T )3/2 (426)
was of the order of the Hubble expansion rate, H ∼ T 2/mP l. Here we assume
that the decay rate of νM is equal to ΓM = αM mM . Since the magnitude of the
lepton asymmetry should not be smaller than the observed baryon asymmetry we
should request that the number density of νM must be larger than 10
−9 of the en-
tropy density at the moment of equilibrium breaking, when T = Tf . It means that
exp(−mM/Tf)(mM/Tf )3/2 > 10−9 or mM > 10−9αM(mM/Tf )2mP l ∼ (108 − 1010)
GeV. We have assumed here that the freezing temperature Tf ∼ (0.1− 0.01)mM and
αM ∼ 10−2 − 10−4. This lower limit on mM can be translated into an upper limit
on the mass of light neutrinos because the latter, according to the see-saw mecha-
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nism is inversely proportional to mM . In this way a very restrictive upper bound
mν ∼ m2l /mM < 3 · 10−3 eV can be obtained (here ml is the charged lepton mass).
One should keep in mind, however, that the mass of the heavy Majorana neutrino
is strongly model dependent. As argued in ref. [744] the isosinglet Majorana mass
may be in the interval from 1 TeV up to grand unification scale depending upon the
mechanism of CP violation and the flavor structure of neutrino mass matrix.
Another line of arguments is based on the request that lepton asymmetry, or
(B−L), generated at the earlier stage is not destroyed by the simultaneous action of
L-nonconserving processes and sphaleron interactions. If both types of processes are
efficient and thermal equilibrium is established, then both B and L must vanish. The
sphaleron interactions are known to be in equilibrium in the temperature interval
(TEW ≈ 100 GeV) < T < (TSPH ≈ 1012 GeV). (427)
In addition to the heavy neutrino decays, leptonic charge non-conservation with ∆L =
2 could originate e.g. from the effective coupling of lepton of flavor i, (li) and Higgs
(H) fields (see e.g. [740]):
L∆L=2 = gijH2lTi Clj + h.c. (428)
This interaction could be generated by the exchange of heavy Majorana neutrino. The
Yukawa coupling constants gij enter the mass matrix of light neutrinos which appears
in the phase where the Higgs field acquires a non-vanishing vacuum expectation value,
〈H〉 6= 0. Hence the rate of reactions with ∆L 6= 0 is proportional to the light neutrino
mass squared. From the condition that B and L are not destroyed in the temperature
interval (427) we obtain the limit [740]:
∑
i
m2νi <
[
0.2 eV
(
TSPH
TB
)1/2]2
(429)
where TB is the baryogenesis temperature, which is usually taken equal to TB =
TEW = 100 GeV. In the first paper [733] a slightly weaker limit, mν < 50 keV,
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was derived. The more stringent bound (429) was obtained in ref. [745] where the
anomalous non-conservation of fermion number was taken into account at the temper-
atures above the electro-weak phase transition. In a series of papers [746]-[752] much
stronger bounds on neutrino masses than (429) have been derived from the condition
of successful baryogenesis in the framework of concrete particle physics models. In
particular, if one takes TB = 10
10 GeV which is a typical leptogenesis temperature,
the upper limit on the light neutrino mass would be very strong, mν < 2 eV. A
more general, model independent limit, similar, to (429) can be found from the con-
dition [753] (for a review see [754]) that the lepton number non-conserving processes
W± +W± → e± + e± at T ∼ mW do not wash out lepton charge generated earlier
by νM decays. In other words the reaction rate should be smaller than the Hubble
expansion rate:
Γ(W W → li lj) =
α2W (mν)
2
ijT
3
m4W
< 5.44
√
g∗
10.75
T 2
mP l
(430)
where li is a charged lepton (e, µ or τ) and mν is an entry (not necessary diagonal
one) of the Majorana mass matrix of light neutrinos. The reaction rate is estimated
at T ∼ mW where it has the maximum value. From the condition (430) we find
(mν) < 20 keV (431)
If the above mentioned conditions are fulfilled, then after the electroweak phase
both baryon and lepton asymmetries would be created. Naively one would expect
that, since (B + L) is not conserved by sphalerons, then in thermal equilibrium
B + L = 0 or, in other words, B = −L = (B − L)in/2. The difference (B − L)
is conserved by sphalerons and, as we mentioned above, should be generated at an
earlier stage by some other (B − L)-non-conserving interactions. However, generally
the statement (B + L) = 0 is not true. Some combinations of non-conserved charges
in thermal equilibrium must vanish but this depends upon the particle content of the
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theory and this vanishing combination is not necessarily (B + L). It can be easily
seen from the following example. Let us assume that there is only one generation of
left-handed quarks, u and d (which have three colors) and leptons, (ν, l). There are
weak interaction reactions: u+ d¯↔ ν+ l¯ and all crossed ones, where l is a negatively
charged lepton. There are also two processes induced by sphalerons which break
lepton and baryon numbers: uudl ↔ vacuum and uddν ↔ vacuum. In a realistic
case, the reactions include more particles, but the main features are the same. In
equilibrium the following relations between chemical potentials hold:
2u+ d+ l = 0, u+ 2d+ ν = 0 (432)
where for chemical potentials we use the particle symbols, i.e. u ≡ µu, etc.
In the case of small chemical potentials the corresponding charge density is a
linear function of the potentials, and thus the baryonic, leptonic, and electric charge
densities can be written as:
B ∼ u+ d, L ∼ l + ν, and Q ∼ 2u− d− l (433)
Here we made use of the fact that the baryonic charge of an individual quark is 1/3
but there are three quark colors having equal chemical potential. Using eqs. (432,433)
we easily find (B + L) = −(B − L)/2. A realistic case includes right-handed quarks
and charged leptons, intermediate bosons, and higgses. It was considered in ref. [745]
where the following relations between B and L were obtained:
B + L = − 6N + 5m
22N + 13m
(B − L), B = 8N + 4m
22N + 13m
(B − L), (434)
whereN is the number of quark-lepton families andm is the number of Higgs doublets.
This result is obtained at high temperatures, above the electroweak phase tran-
sition and under the assumption that all particle species are in thermal equilibrium.
The latter assumption was critically reanalyzed in refs. [755, 756]. It was found that
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right-handed electrons could be out of equilibrium because of their small Yukawa
coupling to Higgs bosons. On the other hand, anomalous sphaleron interactions are
effective only for left-handed particles. Because of that, lepton asymmetry would be
preserved in the sector of right-handed electrons and not erased as was suggested
in the earlier papers quoted above. This result leads to a significant weakening of
the previously found bounds. According to the detailed calculations of ref. [756] the
upper limit on the neutrino mass is about 20 keV, an order of magnitude weaker than
the earlier estimates by the same authors [755] and we essentially return to (429) with
TB = 100 GeV.
There has been a recent burst of activity in the field, stimulated by the ob-
served neutrino anomalies and a related indication to nonzero neutrino masses. In
ref. [757] the scenario of baryo/leptogenesis based on the flipped SU(5) model was
considered. In ref. [758] two models with the symmetry groups SU(5) × U(1)F and
SU(3)c×SU(3)L×SU(3)R×U(1)F , where U(1)F is the flavor group, were discussed
in detail with an accurate solution of kinetic equations governing the evolution of
the asymmetry. Relations between leptogenesis, neutrino masses, and (supersym-
metric hybrid) inflation were discussed in refs. [759, 760]. Reheating after inflation
and related gravitino problem was analyzed in ref. [761]. It was shown that in min-
imal supersymmetric extension of the standard model, almost all existing scenarios
of leptogenesis and neutrino masses, except for the one involving right-handed sterile
neutrinos, are ruled out for a large range of gravitino mass. The models with Abelian
and discrete family symmetries and their impact on leptogenesis and neutrino masses
were studied in ref. [762]. A scenario of baryo/leptogenesis with degenerate neutrinos
was further considered in ref. [763]. A modification of see-saw mass equation in left-
right symmetric theories with two Higgs triplets was considered in the papers [764].
Baryon asymmetry would be successfully described if neutrino masses are not smaller
than 10−6 − 10−8 eV.
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Further development in this area was related to a modification of the leptogenesis
scenario, which did not necessarily proceed through non-equilibrium decays of heavy
Majorana neutrinos. Such a new version was proposed in refs. [765, 766]. It was
assumed that, instead of right-handed neutrinos, there exist additional heavy Higgs
scalars, and lepton number was generated through decays of these new heavy Higgs
particles, whose interactions explicitly break lepton number. The model permits the
accommodation of light sterile neutrinos strongly mixed with the usual active ones.
The masses of neutrinos were taken in eV down to 10−3 eV range and all neutrino
anomalies were explained. It is unclear however, if the BBN constraints can be
satisfied and how the new SNO data would change the parameters of the model.
In ref. [767] a left-right symmetric model was considered, where both discussed
above possibilities of leptogenesis could be realized. As is shown in the paper, suc-
cessful leptogenesis requires the mass of the right-handed neutrinos to be quite high,
mN ≥ 1016 GeV, if mN exceeds the mass of right-handed intermediate bosons. How-
ever in supergravity models this option is excluded because of the cosmological grav-
itino problem. The case of mN < mWR is more realistic and could lead to successful
leptogenesis.
Successful baryogenesis could proceed even without generating a non-vanishing
(B − L), as was necessary for the scenarios discussed above. A model of this kind is
presented in ref. [768]. According to the model, either a good old GUT baryogenesis
operated at the GUT scale and created a non-zero (B + L) or some other processes
generated lepton asymmetry in the left-handed lepton sector which might be compen-
sated by the asymmetry in right-handed neutrino sector. The latter could proceed
e.g. in heavy particle decays even without lepton number violation and no heavy
Majorana lepton would be necessary. By assumption the decays of heavy bosons
create both left- and right-handed quarks and leptons, in particular, Φ → l¯L + νR.
Hence the (B + L)-asymmetry or just L-asymmetry produced in these decays is
295
shared between left and right handed quarks and leptons. At smaller temperatures
sphaleron processes become effective. However right-handed particles do not interact
with sphalerons and the total, left plus right, asymmetry could be equilibrated only
by the Yukawa coupling of left- and right-handed fermions to Higgs bosons. They
would wash out all (B + L) if (B − L) = 0 and if the Yukawa coupling is sufficiently
strong. This is not the case for neutrinos if their mass is smaller than 10 keV (see
sec. 6.4). In this case the lepton asymmetry stored in right-handed neutrinos, with
Dirac mass, does not communicate with the asymmetry in the sector of left-handed
particles. Correspondingly (B−L)L in this sector is non-vanishing and as a result the
baryon asymmetry processed by sphalerons becomes non-zero as well, see eq. (434).
A new idea that lepton asymmetry might be produced through CP-violating os-
cillations of sterile neutrinos was explored in ref. [769]. This asymmetry is then
transferred to ordinary neutrinos through their Yukawa coupling with sterile ones.
The lepton asymmetry in the active neutrino sector produces baryon asymmetry at
electro-weak scale through sphaleron processes, as discussed above. In this model
the total lepton number (active plus sterile) is conserved and the redistribution of
lepton asymmetry between active and sterile neutrinos leads to generation of baryon
asymmetry. An important ingredient is the freezing of sphaleron transformation.
Otherwise all asymmetry in the sterile sector would be transformed into the active
sector and since Ltot = 0 the net result would be also zero. From the condition
that sterile neutrinos decayed before the nucleosynthesis epoch, their mass should be
larger than ∼GeV. On the other hand, the condition that the Majorana mass does
not wash out baryon and lepton asymmetry leads to the upper bound on the mass,
Ms ≪ 100 GeV. In the model of ref. [769] it means that the Yukawa coupling con-
stants are bounded by h2 ≪ 10−10 and the mass of active neutrinos, which is given
by ma = h
2v2/Ms, should be in the range ma = (10
−2 − 103) eV. Depending upon
the version of the scenario this limit could be more restrictive. Two of the active
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neutrino species would have masses in the range (10−6 − 10−1) eV and the third one
might have a mass in eV range and make hot dark matter.
The idea to generate (B − L) through Affleck-Dine mechanism [297] with subse-
quent electro-weak reprocessing was suggested in the recent paper [770] in a super-
symmetric hybrid inflation model. The right-handed neutrino superfield naturally
appears in the model to fine-tune dynamically the necessary initial conditions for in-
flation. According to the model the masses of light neutrinos created by the see-saw
mechanism are in the range indicated by the data on neutrino anomalies, if the latter
are interpreted as manifestations of neutrino oscillations.
In ref. [771] the idea to generate lepton asymmetry in scattering processes was
explored. Usually light particles that efficiently participate in scattering are in ther-
mal equilibrium and no charge asymmetry can be generated. However in the version
of ref. [771] leptons of our world communicated with leptons in a hidden sector, e.g.
mirror or shadow world (see sec. 14). There is no equilibrium between these worlds
and lepton asymmetries in both of them could be generated.
In all the papers described above the characteristic scale of generation of lepton
asymmetry was very high, roughly speaking 109−1010 GeV or even higher. In ref. [772]
the model of low energy leptogenesis was suggested at the expense of extending the
standard model of particle physics by adding three right-handed neutrinos with the
mass about 10 TeV and two new charged Higgs fields which are singlets under SU(2)L.
This model operates at the TeV-energies accessible to new accelerators and can be
checked in upcoming experiments.
Another possible way of generating small neutrino masses is realized in the Zee
model, where the masses are induced by radiative corrections and leptonic charge is
broken explicitly [773]. If the non-conservation of leptonic charge in this model is
strong at electroweak scale, then both B and L would be washed out. However, as
is shown in ref. [774], this is not the case because of the approximate conservation
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of the difference of lepton numbers Le − Lµ − Lτ . Thus earlier generated BL would
not be destroyed by the combined action of sphalerons and explicit L-nonconserving
interaction in the Zee model.
Leptogenesis in theories with large extra dimensions was considered in ref. [775].
It was assumed that in addition to the particles of the standard model localized on the
brane, there exists an isosinglet neutrino field living in the bulk (see sec. 15). For com-
pactified extra dimensions this field describes an infinite Kaluza-Klein tower of Dirac
neutrinos which, after an introduction of leptonic charge non-conservation, split into
pairs of nearly degenerate Majorana neutrinos. Each pair of the Majorana neutrinos
presents a strongly mixed two-level system producing a large C- and CP-violation.
Lepton asymmetry generated by decays of these Majorana neutrinos could be very
big and could transform into baryon asymmetry. For successful implementation of
the scenario the universe should be reheated above 5 GeV.
There is a wealth of literature on the subject and many papers on the field may
have been omitted here. In specific models of particle physics the upper limits on
the masses of light neutrinos could be much more restrictive than those presented
in this section. However the bounds are strongly model dependent and sometimes
do not have an important impact on cosmology. So we confine our discussion to
the presented material. More references can be found in the quoted above papers,
especially in the review ones [740, 741, 776].
A few more scenarios relating cosmological baryon asymmetry with neutrino
masses have appeared recently [777]-[779]. A supersymmetric model of ref. [777]
with additional supermultiplets and with string scale unification at ∼ 1013 GeV may
lead to a cosmological lepton asymmetry through the decay of this heavy superfield
and to a conversion of this asymmetry into the observed baryon asymmetry. The
masses of light neutrinos arising in this model naturally fit the atmospheric and solar
neutrino data. In ref. [778] a general analysis of models of lepto/baryo-genesis at
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the low energy scale 1-10 TeV is presented. Several known models of leptogenesis
are discussed and a new model based on three-body decays of right-handed neutri-
nos is proposed. The latter allows successful lepto/baryo-genesis and neutrino mass
generation at low scale. A relation between the Dirac neutrino mass matrix and the
magnitude of the baryon asymmetry is studied in ref. [779]. As is shown in the paper,
if the neutrino mass matrix is related to quark or charged lepton mass matrix the
baryon asymmetry would be 2-3 orders of magnitude smaller than the observed one.
For successful baryogenesis a less pronounced hierarchy of neutrino mass matrix is
necessary.
17 Cosmological neutrino background and ultra-
high energy cosmic rays.
The observation of ultra high energy cosmic rays (UHECR) with E > 1020 eV poses
a serious problem to the standard theory of the origin and propagation of energetic
cosmic particles. At the present day more than twenty such events have been ob-
served by different groups [780]. It is traditionally assumed that the primaries that
induce energetic atmospheric showers are protons formed somewhere in violent cos-
mic sources, e.g. in active galactic nuclei. However such protons cannot come from
a very large distance because of the Greisen-Zatsepin-Kuzmin cutoff [781]. Protons
with the energy E > EGZK = 5 · 1019 eV strongly interact with CMBR, producing
pions in the resonance reaction with the excitation of ∆-isobar: p+γ → ∆→ N +π,
where N is either proton or neutron. The necessary energy for this process can be
roughly found from the condition s ≡ (pp + pγ)2 ∼ 2EpEγ > 2mpmπ which gives a
result rather close to EGZK presented above. Due to this inelastic process a proton
loses half of its energy at a distance of approximately 20 Mpc. Since no possible
sources of high energy cosmic rays are seen in the directions of the primaries of the
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ultra high energy events up to the distance ∼ 100 Mpc, and the interstellar magnetic
fields are too weak (< a few micro-gauss) to bend protons with such a high energy,
the observations [780] present a serious challenge to the standard theory of the origin
of UHECR, for a review see [782].
The directions of arrival of cosmic rays with E > EGZK are not correlated with
Galactic or Supergalactic plane [780]. Possible sources of the UHECR are more or less
uniformly distributed over the sky. However, there are pairs and triplets of UHECR
coming from the same direction on the sky within the resolutions of AGASA [824, 793]
and Yakutsk (ref. 2 in [780]). This small scale clustering component is statistically
significant at the level of 4.5 σ and suggests that sources of UHECR are point-like
[825, 826]. Another important fact is that events in the clusters have different energy
and uncorrelated arrival times. This means that clustered UHECR particles are
neutral. Natural candidates for such particles would be photons, however the photons
with energies E ∼ 1019 − 1020 eV lose energy within 50 Mpc due to creation of e±
pairs on CMBR and cosmic radio background.
A significant (almost 5 σ) correlation of UHECR in both AGASA and Yakutsk
data with BL Lacertae objects (quasars, with jet beamed in our direction and no
strong emission lines in their spectra) found recently in ref. [827] creates even more
puzzles. The nearest such objects are located at the distance 150 Mpc (z = 0.03),
well beyond the GZK volume. The largest part of the known BL Lacertae are lo-
cated at moderate z ∼ 0.1, or unknown redshifts. If they are indeed the sources of
UHECR then they should produce photons with extremely high energies E > 1023
eV. Such photons could propagate several hundred Mpc, constantly losing energy,
and create secondary photons inside the GZK volume. These particles would be
the UHECR registered above the GZK cutoff [828]. However, this model requires
extremely high energies of primary photons, a very small magnitude of (unknown)
extragalactic radio background, and extremely small extra galactic magnetic fields
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(EGMFs), B < 10−12 G. Moreover, if the significant correlation with sources at high
redshifts, z > 0.2, is found, this model will be ruled out.
The only known Standard Model particle that is able to travel from high redshift
sources, z ∼ 1, is the neutrino. The mean free path of very energetic neutrinos with
respect to the resonance production of Z-boson by scattering on the cosmic neutrino
background (CNB) is close to the horizon size [783, 784]. To excite the Z-resonance
the energy of the ultra high energy (UHE) neutrinos should be equal to:
EUHE = m
2
Z/2ECNB ≈ 4 · 1021 eV(1 eV/ECNB) (435)
where ECNB is the energy of the cosmic background neutrinos. If they are massless
then 〈ECNB〉 ≈ 3Tν ≈ 5 · 10−4 eV. For massive neutrinos with mν > Tν , ECNB = mν .
The energy averaged cross-section is
σ¯Z =
∫
(ds/M2Z)σ(ν¯ν → Z) = 2π
√
2GF = 4 · 10−32 cm2 (436)
Because of the resonant nature of the process the cross-section contains only first
power of GF and is much larger than typical weak interaction cross-sections. The
mean free path of UHE neutrinos with respect to this reaction is
lfree = 1/(σZnν) ≈ 5 · 1029 cm (nν/55cm−3)−1 ≈ 150 Gpc (nν/55cm−3)−1 (437)
where nν is the neutrino number density; it is normalized to the standard average
cosmological number density of neutrinos n(0)ν = 55/cm
3, see eq. (65).
Thus a possible source of ultra high energy cosmic ray events could be the decay
of Z-boson produced by very energetic neutrinos annihilated on CNB within 100
Mpc. The primary energetic neutrinos could be produced by active galactic nuclei at
very large distances. This explanation was suggested in the papers [785, 786]. The
Z-boson produced in the reaction ν¯ν → Z would have gamma-factor γ = mZ/2mν =
4.5 · 1010(eV/mν). The average proton multiplicity in Z-decay is 2 and the proton
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energy in the rest frame of Z-boson is roughly 3 GeV. Hence the energy of protons
from such a source would be about 1.3 · 1020(eV/mν) eV, which is very close to the
registered signal formν ∼ 1 eV. If this mechanism is indeed operative, the registration
of UHECR could mean that the cosmic neutrino background has been discovered. The
energetic neutrinos can be considered as messenger fields from distant violent sources.
However, the “Z-burst” mechanism is severely constrained by at least two types
of observational data. First, there are upper limits on the UHE neutrino flux, based
on non-observation of horizontal air showers by the old Fly’s Eye [829] or by the
AGASA [830] experiments and from non-observation of radio pulses that would be
emitted from the showers initiated by the UHE neutrinos on the Moon rim [831].
Second, even if the sources exclusively emit neutrinos, the electroweak interactions
would also produce photons and electrons initiating electromagnetic (EM) cascades
and transferring the injected energy down below the pair production threshold for the
energetic photons on CMBR [782]. The cascades would give rise to a diffuse photon
flux in the GeV range which is constrained by the flux observed by the EGRET
instrument on board of the Compton γ−ray observatory [832].
The first self-consistent calculation of the Z-burst model was done in ref. [794]. It
was assumed there that the distribution of neutrino sources evolves with redshift as
(1 + z)3 or in the way similar to the evolution of active galaxies. It was shown that
in this case the secondary photons with energies E < 100 GeV would overshoot the
measured EGRET flux several times. This means that the ”Z-burst” mechanism in
its simplest version contradicts the data.
A possible solution to this problem is to increase the local neutrino densities by
a factor N > 20 on scales l ∼ 5 Mpc [794]. The probability of neutrino interactions
would locally increase and for the same flux of UHECR (normalized to the experi-
mental data) the secondary EM flux in the EGRET region of energies would be below
the measured values. A development of the local overdensity idea and its different
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applications were discussed in refs. [787] and [788].
The necessary flux of primary energetic neutrinos, which would excite Z-resonance
and would agree with the data, depends upon the number density of CNB and the
neutrino mass. The cosmological number density of relic neutrinos in the case of
vanishing lepton asymmetry is n(0)ν = 55/cm
3. However massive neutrinos could
cluster around gravitationally bound astronomical systems and their number density
might be much higher. According to estimates presented in ref. [792] the enhancement
factors for 1 eV neutrinos are respectively 102, 103, and 104 for galactic supercluster,
cluster, and galactic halo. In the subsequent paper [789] the results are approximately
an order of magnitude weaker. There is an upper limit to the number density of
clustered neutrinos due to their Fermi statistics [483] (see sec. 11.1). The number
density of degenerate neutrinos is nν = p
3
F/6π
2, where pF is the Fermi momentum.
The average velocity is equal to 〈V 〉 = pF/4mν . Hence
nν
n
(0)
ν
≤ 4 · 102
(
mν
eV
)3 ( V
200 km/sec
)3
(438)
where V is the virial velocity, see discussion before eq. (203). This bound does not
permit a too-large enhancement of nν .
The UHE neutrino flux, which is necessary for the explanation of the observed
cosmic rays events by the Z-burst mechanism, can be estimated as follows. One can
see from the AGASA data [793] that the flux of UHECR with E ∼ 1020 eV is
FE2 ≈ 5eV/sec/sr/cm2. (439)
It corresponds to the energy density of the UHECR ρUHECR ≈ 2 · 10−9 eV/cm3. The
rate of production of such energetic cosmic rays can be estimated assuming that they
were produced throughout all cosmological time, tc = 1/H :
ρ˙UHECR = HρUHECR = 0.5 · 10−26 eV
sec cm3
= 0.7 · 1043 erg
Mpc3 year
(440)
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Now we have to take into account the fact that these UHECR are secondary, pro-
duced by the interaction of 1021 eV neutrinos with CNB inside roughly 30 Mpc.
It means that the energy production rate of the primary UHE neutrinos should be
∼ 10(lfree/30Mpc) times bigger than ρ˙UHECR (440). It gives
ρ˙prim = 2 · 1047(n(0)ν /nν)
erg
Mpc3 year
(441)
Such a large rate may require an unusual mechanism of production of UHE neutrinos.
The detailed analysis of constraints on the neutrino flux which came from non-
observation of horizontal air-showers was done in ref. [810]. The authors made a
comprehensive study of possible observational signatures of energetic neutrinos taking
their spectral index and the local neutrino density enhancement as free parameters.
It was shown that the existing data on horizontal showers practically exclude clus-
tering of background neutrinos with a small halo size for explanation of the UHECR.
Marginal room is left for models with low neutrino mass, mν ∼ 0.1 eV, a very large
halo size, about 50 Mpc, and rather flat spectrum with spectral index γ ∼ 1.2. The
analysis made in ref. [811] also disfavors the model with clustering of background
neutrinos. According to this paper the annihilation of UHE neutrinos on CNB could
give no more than 20% of the observed UHECR flux.
An even stronger bound comes from the fact that neutrinos with massesmν < 1 eV
are the Hot Dark Matter particles and their distribution is less clustered than the
distribution of the total mass [478, 504]. The clustering scale for neutrinos with such a
small mass is of the order of the size of clusters of galaxies, i.e. several Mpc. The local
CDM distribution is well known on such scales from peculiar velocity measurements
and does not allow to have overdensities more than by the factor 3-4 [833, 834]. One
could conclude that high overdensities by factor 20 or larger contradict the data.
A possible way to ”reanimate” the Z-burst model was suggested in [812]. Instead
of an unrealistic local neutrino overdensity the model of relic neutrinos with a large
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neutrino chemical potential was considered. Degenerate neutrinos could have a much
larger cosmological number density than the usual 55/cm3 and the constraints of
ref. [810] are not applicable to them. With the concrete value of neutrino mass,
mν = 0.07 eV taken from the Super-Kamiokande data on atmospheric neutrinos
(see sec. 2) the authors of ref. [812] concluded that the necessary value of neutrino
chemical potential should be µν = (4− 5)T . Unfortunately this value is outside the
limits (194) found from CMBR and from BBN bounds for mixed active neutrinos [306]
(see sec. 12.6).
One can assume of course that the Z-burst mechanism is responsible only for
a part of UHECR [790]. In this case both primary neutrino and secondary photon
fluxes can be reduced to obey all existing limits. However, the origin of the remaining
dominant part of UHECR remains mysterious.
Recently a detailed numerical study of the Z-burst model was performed in ref. [835].
The calculations were based on the solution of the Boltzmann transport equations
for the spectra of nucleons, γ−rays, electrons, νe, νµ, ντ , and their antiparticles mov-
ing along straight lines. Arbitrary injection spectra and redshift distributions of the
sources can be substituted into the code and all relevant strong, electromagnetic,
and weak interaction reactions can be taken into account [836]. This code was com-
pared on the level of individual reactions with the older version of such code, used
in ref. [794]. Contrary to the latter, the code of ref. [835] allows to use arbitrary
neutrino masses and distribution of the sources. The neutrino injection spectrum per
comoving volume was parametrized as:
φν(E, z) = f(1 + z)
mE−qνΘ(Eνmax −E)
zmin ≤ z ≤ zmax , (442)
where f is the normalization factor to be fitted from the data. The free parameters are
the spectral index qν , the maximal neutrino energy E
ν
max, the minimal and maximal
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redshifts zmin, zmax, and the redshift evolution index m.
The possibility to vary the distribution of neutrino sources suggested in ref. [835]
permitted to avoid the disagreement of the Z-burst model with the data. In order
to reduce the photon flux in the EGRET region one can introduce non-uniformly
distributed sources more abundant at low redshifts, instead of assuming a local neu-
trino overdensity. The fluxes of cosmic rays for different values of m are presented
in fig. 29. The value m = 3 corresponding to the spectrum of ref. [794], predicts an
excessive photon flux in the EGRET energy region and is excluded by the data. The
uniform source distribution, m = 0, is already in agreement with the EGRET flux,
while the negative value, m = −3, leads to GeV photon flux well below it. The latter
corresponds to the sources which are more abundant now than at high redshifts. For
example, the BL Lacertae objects which are correlated with UHECR according to
ref. [827], are distributed in such a way.
If the Z-burst model works one could reverse the arguments and “measure” neu-
trino mass using the observed spectrum of UHECR because according to eq. (435)
the resonance energy in production of Z-bosons depends upon mν [789]. The main
problem in interpretation of the data is that the protons and photons, produced in
Z-boson decays, interact with cosmic electromagnetic backgrounds and the observed
spectra are very far from those produced by the Z-decays, see fig. 29. Still an upper
bound on neutrino mass about a few eV can be found because for neutrinos with
higher mass the secondary protons and photons from Z-decay would have energies
below the observed UHECR values.
Nevertheless, according to the papers [790, 791] the best fit to the data can be
obtained with mν = 2.34
+1.29
−0.84 eV for the production of UHECR in the Galactic halo
and mν = 0.26
+0.20
−0.14 eV for the extragalactic origin. Later, in ref. [835] was shown that
it was possible to obtain the strong results of refs. [790, 791] because many unknown
parameters, e.g. neutrino injection spectra eq. (442), were fixed at certain definite
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Figure 29: Fluxes of neutrinos, γ−rays, and nucleons predicted by the Z-burst mech-
anism for mν = 0.5 eV, assuming sources exclusively emitting neutrinos with fluxes
equal for all flavors [835]. Three cases of the source evolution parameter, m = −3, 0, 3
are shown by solid, dashed, and dotted lines, respectively. Values assumed for the
other parameters are: extragalactic magnetic field strength B = 10−9 G, minimal ra-
dio background strength, zmin = 0, zmax = 3, E
ν
max = 2×1022 eV, qν = 1. For each case
the neutrino flux amplitude f is obtained from minimizing χ2 for Emin = 2.5×1019 eV.
Also shown are experimental upper limits on γ−ray and neutrino fluxes (see text and
Ref. [782] for more details).
values. Moreover, the authors of refs. [790, 791] did not take into account the flux of
secondary photons, assuming that all of them were cascaded in energy in the EGRET
region. The conclusion of ref. [835] was that the current state of knowledge does not
allow to extract any restrictive information on neutrino masses from the UHECR
data. The results of refs. [790, 791] were reanalyzed in the recent paper [837] where
was found that mν = 0.08 eV− 1.3 eV in agreement with the conclusion of ref. [835].
The Z-burst model discussed above is based on the assumption that astrophysical
sources emit only neutrinos. However, according to standard scenarios, the UHE neu-
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trinos are secondaries from the interactions of primary accelerated protons. Together
with neutrinos the protons produce gamma-rays with approximately the same power
as neutrinos (because both neutrinos and photons are secondaries of pion decays).
The photon spectrum, typically ends up at the energies Eγmax = 100TeV [838]. In
this case the Z-burst scenario is difficult to make consistent with observations. A
possible solution to this problem is to down-scatter most of the EM energy into sub-
MeV range within the source. Only if such mechanism is efficient the EGRET bound
could be satisfied.
One more problem would appear if the source of high energy particles is not com-
pletely opaque to the primary nucleons. Even if a small fraction of them could leave
the source, then according to ref. [795], the nucleon flux between 1018 eV and 1019 eV
would be much higher than observed. If the high energy neutrinos are produced in
photo-meson or proton-proton interactions in the sources that are not much larger
than the mean free path with respect to these reactions then the following upper
bound on neutrino flux can be obtained [796, 797]:
E2νF < 2 · 10−8
GeV
cm2 sec sr
(443)
This result depends upon the spectrum of primary protons. There are two possible
ways to escape this bound, either through production of neutrinos in sources that are
optically thick to photo-nucleon and nucleon-nucleon interactions, so the protons are
trapped in the sources, or in the processes that do not create simultaneously high
energy cosmic rays. Conventional astrophysical sources of this kind are unknown.
Another difficulty of the Z-burst mechanism is the necessity to accelerate primary
neutrino producing protons up to energies Epmax ∼ 10Eνmax ∼ 4 × 1022 eV (eV/mν).
On the other hand, known mechanisms are usually limited by Epmax < 10
22 eV [839].
Thus, the Z-burst model imposes the following requirements for the sources [835]:
they should emit energy only in neutrinos and, possibly, in sub-MeV γ−rays and trap
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most of the primary protons. These protons should be initially accelerated up to very
high energies Epmax > 10
22 eV, which requires an unknown acceleration mechanism.
According to the paper [835] the contribution to the UHECR flux from such hy-
pothetical extragalactic neutrino sources due to the Z-burst mechanism would exhibit
the GZK-cutoff for nucleons and would be dominated by γ−rays at higher energies.
The required UHE neutrino fluxes are close to the existing upper limits and should be
easily detectable by future experiments such as Auger [840], Euso [841], RICE [842],
or by other radio detection techniques [843]. Another possibility to observe energetic
neutrinos by searching for τ -air showers is discussed in ref. [844].
In view of the difficulties of the Z-burst model discussed above, non-traditional
sources of production of UHE neutrinos have been considered, namely superheavy
particles or topological defects, which decay predominantly into neutrinos and other
invisible particles. In ref. [798] was assumed that there exists a long-lived superheavy
relic particles, X, with the mass twice larger than the neutrino resonance energy (435).
The decays of these particles into neutrino and a light invisible partner could produce
the necessary neutrino flux determined by (441) if their mass, life-time, and number
density satisfy the condition:
nXmX
τX
= ρ˙prim ≈ 2 · 10−22
(
n(0)ν
nν
)
eV
sec cm3
(444)
Correspondingly τX ∼ 0.5 · 1026 secΩXh2
(
nν/n
(0)
ν
)
. This simple estimate is reason-
ably close to the results presented in refs. [798, 799].
Both the bound (443) and Fly’s Eye bound (see Fig. 29) are not applicable to the
case of neutrinos coming from heavy particle decays because their spectrum is peaked
at Eν ∼ mX and is very much different from the neutrino spectrum from traditional
astrophysical sources. However, the GLUE bound Fig. 29 still constrains the neutrino
flux near its maximum value. The results for proton and photon fluxes presented in
the paper [835] are applicable to the model of ref. [798].
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Let us also note that if superheavy particles or topological defects have the branch-
ing ratio of the order of 0.01 or larger into visible channels (quarks, gluons or charged
leptons), both photon and proton fluxes would be dominated by these channels and
the contribution from Z-boson decays could be neglected. Though it is possible to ex-
plain the UHECR spectrum in this case [782], the distribution of such sources would
contradict the statistically significant clustering in UHECR data [825, 826].
In addition to the usual astrophysical sources of high energy cosmic rays, several
particle physics candidates have also been proposed. Among them are heavy particle
decays discussed above and topological defects pioneered in ref. [806]. A review of dif-
ferent possibilities and the list of references can be found in [807, 808]. These sources
are nor directly related to neutrinos and thus to the subject of the present review, ex-
cept for ref. [809], where the production of UHE neutrinos from hidden/mirror sector
topological defects was considered.
The idea to invoke decays of superheavy quasistable particles X for the explana-
tion of UHECR events was proposed in refs. [800, 801]. In this scenario the observed
high energy protons come directly from the X-decays and not through the two-step
process X → ν → Z → p discussed above. However this more direct explanation
seems to be excluded or disfavored by non-observation of directional correlations of
the observed UHE events with the shape of galactic dark matter halo where these
superheavy particles should be accumulated [802]. The two-step process through
the Z-burst does not suffer from this restriction because in this case the sources of
UHE protons could be at much larger distances, up to 100 Mpc. Long-lived unstable
particles producing high energy neutrinos were discussed in the literature [803] inde-
pendently of the problem of UHECR. The masses of the particles involved, however,
were much lighter than ∼ 1013 GeV which are necessary for an explanation of UHECR
events. A specific example example of the superheavy particle X being a right-handed
neutrino was recently considered in ref. [804] in a multidimensional model. The mass
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of the νR was assumed to be about 10
14 GeV and a large life-time was realized by the
separation of the wave function of νR from other (normal) fermions along the fifth
extra dimension. The prospect of observation of high energy neutrinos from super-
heavy relics is discussed in ref. [805]. However all those models will be ruled out if a
significant correlation with astrophysical sources BL Lacertae [827] is confirmed by
future observations.
Another possible explanation of the observed UHECR events is that neutrinos
possess a new stronger-than-weak interactions at high energies. This idea was first
suggested in ref. [813]. Earlier works include also refs. [814]. New observations revived
the activity in the field and there appeared several new papers [815]-[821] where it
was assumed that neutrinos could have anomalously strong interactions at energies
around or above TeV scale, while their interactions with photons remain the standard
negligibly weak ones. In this case neutrinos are not subject to GZK cutoff but could
interact with protons in the atmosphere directly with sufficient efficiency inducing
the observed UHECR events. For strong nucleon-neutrino interactions the flux of the
primary neutrinos and their energies could be much smaller than in the Z-burst model
and the restrictions discussed above may be easily satisfied without contradicting the
existing data on cosmic rays. An essential point is that, despite a large neutrino-
nucleon cross-section, the mean free path of energetic neutrinos in the universe would
be much larger than the present day horizon because the cosmological number density
of nucleons is very small, it is 9-10 orders of magnitude smaller than the number
density of photons in CMBR. Within a galaxy the mean free path would be about
Mpc but it is still much larger than the galactic size. The idea of strong interactions of
neutrinos gained new momentum following the suggestion that gravity may be unified
with other interactions at TeV scale, due to large extra dimensions (see sec. 15). In
this case an exchange by the ladder of Kaluza-Klein spin-2 excitations of graviton
could give rise to neutrino-nucleon cross-section compatible with the data [817, 820,
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821]. However, the conclusion of ref. [819] disagrees with this optimistic statement.
It is argued there that the neutrino-nucleon cross-section and the transferred energy
per interaction is too small to explain the observed vertical air showers. The issue of
the high energy behavior of interactions mediated by spin-2 exchange is rather subtle
and deserves more consideration. If the hypothesis of neutrino strong interactions is
confirmed, it could be a serious indication in flavor of a modification of physics at
TeV scale as was suggested in recent years. On the other hand, for Eν = 2 · 1020 eV
the corresponding center of mass energy is only 0.6 TeV and this is somewhat below
theoretical expectations for the new unification scale.
In a recent paper [822] the scattering of high energy protons on cosmic neutrino
background, p + ν¯ → n + e+, was suggested as an explanation of the knee in the
spectrum of the cosmic rays with the energy 1016 eV. If neutrino mass is 0.4 eV then
the threshold of this reaction is just 1016 eV. However one needs a very high number
density of neutrinos to make this process noticeable, nν > 10
12cm−3. On the other
hand, the number density of background protons, np, in the same regions should be
14 orders of magnitude smaller than nν because otherwise proton-proton scattering
would dominate. It is difficult to imagine that there might exist cosmological re-
gions with such a high neutrino density with simultaneous suppression of np. The
characteristic time of neutron-proton transformation on the background neutrinos is
about τnp = 10
9(nν/10
12cm−3 years. In other words, n˙p/np = 1/τnp, and to obtain an
observable effect on the spectrum of cosmic rays one should have a too large number
density of protons in the interaction region in contradiction with the above mentioned
constraints.
A slight modification of the mechanism [822] is discussed in the paper [823]. The
authors explored essentially the same idea but suggested that neutrino interaction
with protons may be stronger than is usually supposed This assumption would allow
weakening criticism aimed at the original version of the scenario discussed above.
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However, this model which involves the new interaction with the anomalous magnetic
moment of neutrinos, demands the latter to be very big, µν ≈ 5 · 10−6µB. This value
is much larger than the cosmological bounds discussed in sec. 6.5 and even than direct
experimental bounds (9). Possibly the model may be cured by introducing a different
form of anomalous ν p-interaction.
To conclude, the problem of UHECR remains unsolved and it is not clear if neu-
trinos play any role in its resolution. If not, then this section would have nothing to
do with the subject of the present review.
18 Conclusion.
As one can see from the material presented above, cosmological implications of neu-
trinos as well as implications of cosmology for neutrino physics are two vast fields
that include diverse physical phenomena that have different “raison d’eˆtre”. It is
important to distinguish the “confidence level” of particular physical models and as-
sumptions discussed in this review. The existence of three families of neutrinos is a
well established fact, while the 4th generation, even very heavy (see sec. 5), is most
probably excluded. It is quite natural to expect that neutrinos are massive and the ac-
cumulated experimental data present quite strong evidence in favor of non-vanishing
mν . Gerstein-Zeldovich upper bound on mν (sec. 4.1) is robust, practically assump-
tionless, and is competitive with direct experimental measurements. Together with
Tremaine-Gunn limit (sec. 11.1), it excludes neutrinos as a dominant component of
cosmological dark matter for any spectrum of primordial density perturbations. This
conclusion can be avoided only if neutrinos have an unknown new interaction which
is much stronger than the usual weak interaction. If neutrinos are thermally pro-
duced in the early universe and have a non-vanishing mass they would form hot dark
matter and inhibit structure formation at small scales. A non-thermal production
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of neutrinos is not excluded. In particular, neutrino oscillations into sterile partners
could strongly distort the spectrum.
The present day analysis of large scale structure formation is sensitive to mν
of several eV and the future data from SDSS will measure neutrino mass with the
accuracy of a fraction of eV (sec. 11.1). A distortion of neutrino spectrum which
should be at the per cent level in the standard model (sec. 4.2) is not observable in
the large scale structure but in the optimistic case may be observed in the angular
variation of CMBR measured by the future Planck mission (see sec. 9).
The number of neutrino species is well measured by BBN (sec 6.1), where one may
expect the accuracy at the level ∆Nν ∼ 0.1. In the coming years similar accuracy
may be achieved in CMBR as well (sec. 9) and the existence of the cosmic neutrino
background will be independently confirmed.
A few years ago the value of ντ mass in MeV region, allowed by the direct experi-
mental limit (3), was discussed in connection with possible cosmological effects: cold
dark matter, BBN, etc. Nowadays, the interpretation of neutrino anomalies in terms
of oscillations demands the mass difference squared between ντ and νe or νµ smaller
or about one eV. This practically excludes ντ with MeV mass. If this is indeed the
case, the limits on mντ and ντ life-time obtained from consideration of primordial
nucleosynthesis (secs. 6.2 and 6.3), taken literally, become not interesting. On the
other hand, a twist that would allow a MeV mass of ντ is not 100% excluded and
the material of these sections might become relevant again. Moreover, the physics
and arguments presented here are applicable to any other hypothetical particles that
might be present during BBN. Anyhow, the upper limit 0.2-0.3 MeV for mντ , if the
latter is stable on BBN time scale, is sufficiently well founded. Another interesting
implication for BBN of massive (unstable) ντ is that its effect is non-monotonic and
could both enlarge or diminish primordial abundances of light elements.
Massive unstable neutrinos could escape the Gerstein-Zeldovich mass limit if their
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life-time is sufficiently short but they would have a noticeable impact on the struc-
ture formation (sec. 8.2,11.4) and on the angular fluctuations of CMBR (sec. 9). If
the decay goes into electromagnetic channel it may be registered by cosmic electro-
magnetic backgrounds, either by the CMBR spectrum or by other forms of radiation
(sec. 8.3,8.4).
Experimental data in favor of neutrino oscillations require studying the role of
oscillations in cosmology (sec. 12). Unfortunately, in the case of mixing between the
three known neutrinos only, there are no observable effects in the standard case of
thermal equilibrium. If the initial state is not the equilibrium one, for example, if
there is a non-negligible cosmological lepton asymmetry, neutrino oscillations would
lead to interesting effects in BBN (sec. 12.6) and, in particular, to quite strong bounds
on neutrino degeneracy.
If there is a new sterile neutrino (or several sterile species) the mixing between
active and sterile ones would lead to striking consequences. In particular, in the
resonance case a large lepton asymmetry in the sector of active neutrinos could be
generated (sec. 12.5). Moreover, this asymmetry could strongly fluctuate as a function
of space point (sec. 12.7). Neutrino oscillations in the early universe would lead to
the excitation of new neutrino species, to the distortion of the spectrum of active
neutrinos, to large (and possibly inhomogeneous) lepton asymmetry. All that would
have a strong impact on BBN and, as a result, restrictive bounds on the oscillation
parameters could be obtained (sec. 12.8). In a sense these results are at the second
level of plausibility, because they invoke an additional hypothesis of the existence of
sterile neutrinos. However, theoretically such case is quite natural. Sterile neutrinos
would appear if Dirac mass is non-zero, or if there exists a mirror or shadow world
coupled to ours through very weak interactions (sec. 14), or if large extra dimensions
generate the Kaluza-Klein tower of sterile neutrinos in our space.
Right-handed sterile neutrinos could be created in the early universe either by
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their coupling to weak currents, proportional to their Dirac mass, (mν/Eν), or due
to new interactions with right-handed intermediate bosons (secs. 6.4). In the latter
case, non-zero neutrino mass is not necessary. In the first case, BBN considerations
lead to the upper limit on neutrino mass of the order of 100 keV. In the second case
one can obtain the lower limit on the mass of the right-handed intermediate bosons of
about 1 TeV or larger. If neutrinos have a non-zero magnetic moment, the spin-flip
in magnetic fields in the early universe would produce additional neutrino species
and BBN permits to derive restrictive upper bounds on neutrino magnetic moment
at the safe level (10−10 − 10−11)µB. With rather conservative hypotheses about the
magnitude of primordial magnetic fields the limit could be considerably stronger,
though less reliable (sec. 6.5).
Very heavy sterile neutrinos with masses in the range 10 - 200 MeV are prac-
tically excluded by the combined experimental data, BBN, cosmic electromagnetic
background, and supernova 1987A (sec. 6.7). Lighter sterile neutrinos with masses in
keV range could contribute to the cosmological warm dark matter. The latter may be
an important component of the total dark matter permitting to solve some problems
present in CDM scenario of large scale structure formation (sec. 11.3).
A simple deviation from the standard cosmological framework can be realized if
there is a large lepton asymmetry of the universe, i.e. a large excess of neutrinos over
antineutrinos or vice versa. This looks rather exotic but there are several possible
models that might generate a large lepton asymmetry, while a small baryon asym-
metry remains undisturbed. Neutrino degeneracy would influence BBN, large scale
structure formation, and CMBR (sec. 10, 11.2). A combined analysis of the data
permits putting the limits (194) on the values of chemical potentials of νe and νµ,τ
neutrinos. They are not very restrictive and a large asymmetry is still allowed but
better bounds may appear in the near future with new more precise observational
data. Moreover, if lepton asymmetry varies on cosmologically large scales the uni-
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verse could be strongly chemically inhomogeneous, while energetically very smooth
(sec. 7).
Some other cosmological implications of neutrinos demands more “ifs”. For ex-
ample astronomically large objects consisting of neutrinos (sec. 13) may in principle
exist, but but this would require either spontaneously broken left-right symmetric
theories or new anomalous neutrino interactions. Such exotic objects could help to
solve some astrophysical mysteries.
If leptonic charge is non-conserved and if baryogenesis proceeds through leptogen-
esis (sec. 16), then from the condition that the processes with L-nonconservation did
not destroy charge asymmetry of the universe (both leptonic and baryonic), one can
derive quite restrictive limits on neutrino masses. However, one should keep in mind
the both “ifs” mentioned above.
The explanation of the spectral features of high energy cosmic rays by the scat-
tering of energetic particles on cosmic neutrino background (sec. 17) might be a
promising way to observe the latter.
To summarize, we see that cosmology definitely confirms neutrino existence, more-
over, the existence of three neutrino species. In the near future astronomers will be
able to measure or to constraint neutrino mass more accurately than direct experi-
ments do. Allowing minor modifications of the standard cosmological model or the
minimal standard model of particle physics new exciting phenomena related to neu-
trinos could be observed in the sky in the near future.
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